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Introduction to Quantum Computing

Lecture 19: Quantum Phase Estimation

Raul Garcia-Patron Sanchez
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Recap Fourier Transform




Quantum Fourier Transform over Zgn

Binary representation of integers: z = z125....2,
—1 —2 —1
z2=212""1 4 252" 2 4 4 22 212 4 212+ 2
. . w1 W,
Binary fraction: O.wi...wm = — + ...+ 5~
2 2 J
@ Encode ¢ € [0, 1] into a phase e*™%
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Quantum Fourier Transform over Zgn
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@ QFT up to a reverse of the order of qubits. iy, = {O 6i27r/2k:|
N Y

@ Unitary as composed of unitary gates.
_ - O(n°)
@n+(n—1)+..4+1=n(n+1)/2 gates are required
+n/2 SWAP gates (3 CNOT) ( gates y
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Quantum phase estimation




Quantum phase estimation: applications

ﬂ/leasurement register t qubits Binary encoding of ¢ \

—

— QFT — QFT'

- R

S
|1

@ Factoring: Shor’s algorithm

@ Quantum counting = Grover + Quantum phase estimation
@ Quantum chemistry and many-body physics: energies estimation

® Quantum Metropolis Sampling



Quantum phase estimation: applications
ﬂ/leasurement register t qubits \

10) < H}—¢ L

10) —{H} ?

\Q>—@ ’ . QFTTf

10) —{H} . I -
K — U -U21: U? U2 - /

@ Factoring: Shor’s algorithm

@ Quantum counting = Grover + Quantum phase estimation

@ Quantum chemistry and many-body physics: energies estimation

® Quantum Metropolis Sampling



The eigenspace and eigenvalues of unitary matrices

/\Spectral theorem| Unitary U :UU' =U'U =1 I
3V : VUVT = D = diag(e?™#1, ..., e™¥N)

o N eigenvalues in the unit circle: \; = e*™*¥"

N N
O U = ZGQWi@i’Ui><U¢\> and V' = Z ) (s
i=1 1=1

.

X| = —HH/HHRF




The eigenspace and eigenvalues of unitary matrices

/\Spectral theorem| Unitary U :UU' =U'U =1 I
3V : VUVT = D = diag(e?™#1, ..., e™¥N)

o N eigenvalues in the unit circle: \; = e*™*¥"

N N
O U = Z€2m%’ui><ui‘a and V' = Z ) (s
i=1 1=1

\

& Degeneracy )
L O P=I
oU = Z e’ P, i=1 I
i=1 O r; =rank(F;) : Zri = N
\_ i=1 -



Quantum phase estimation

[Projective measurement on the basis |u;) with outcome ¢; € |0, 1]]

Assumptions: O we can perform the controled-U 2" operation
O All ¢; have at most t digits in binary encoding

measurement register t qubits Binary encoding of QD\
0) —H ® — |¢i1)
0) —H ® — |i,2)
0) —H ’ QFTT— leia)
0) —H —[pi,¢)
Target register T

Quﬁ{ U U21£ U2 UQtE}M -




Quantum phase estimation

ﬂ/leasurement register t qubits Binary encoding of CP\
0) —H 9 — |i1)
0) —H * — |i,2)
0) —H * QFTT — leia)
0) —H L[5
Target register T
) { v D2l e 2

0" @ ) = [0") @ ZPW Z|0”>®Pw %Zm ® P[v)

© With probability HP W}Hz the measurement outputs |©;)
O and the target register is projected to the subspace P;|vy)




Quantum phase estimation: Proof

-

pi € [0, 1]
U\uz> _ 2772907,

\

o

ﬂ

[ ©; = 0.0; 10 2....05 ¢t =

Pi,1 ¥Pi,2 Pit
5 -+ 52 o

|

(10} + 1)) @ |ui) —

(10) + e

1) ® [us))

easurement register t qubits
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Target register
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Quantum phase estimation: Proof

- . N
Ulu;) = e ™

;) [ 2pi = pig + 222 4+ 24 }
2" 2mi2% o, Tl
9 U ’uz> — p<MLET P Uz> ) [ ‘O) + eQﬂ'ithz

2 2t—1
ﬂ/leasurement register t qubits

1) _ ‘0) 4 eZwiD.api,g...cpi,t‘lﬂ

\

|0> T 627Ti0-<Pi,1<Pz‘,2---<Pi,t |1>

0= ——_"_ _ __ —— o
: O> H o |0> i 6271'@0.907;,2...907;,t|1>:
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0) —H I
Target register
1] 2 t [ .
u) {— v Ho?'H o 2 = Hus)
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Quantum phase estimation: Proof

[907; c [O, 1[ i = 0.051052....05t = 90;’1 + 902222 + ...+ (/;Ztt}

| ( O> =F e2710.0i,10i,2... i ’1>) /\/}

[627T?:2kg0 . 627Ti(2k_190i,1+---+90i,k)60-907L,k—|—1---SOi,t — 60.¢i,k+1...¢i,t}

H
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O> ]_.] ® (O> _|_627Ti0-80i,3---90i,t‘1>> /\/5
\O} H I (\O} + 2000t |1)) //2
1] | 5 o
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Quantum phase estimation: Proof

[%L < [Oa 1[ i = 0.0;,105,2--Pit = i1 + ri,2 4o+ (Pi,t}

2 e 21

QFT

{xla L2y ooy In—1, CUn> > omn/2 (|O> T 62W20.xn‘1>)(’0> T 627”0.3%_13% ’1>)(’0> + 627TZO.5131:182...:En 1>)}
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Quantum phase estimation: Proof

[907; c [0,1] ©0; = 0.05 1052 D5t = 90;,1 n 90222 L (/;t}
|£1317£U27 ...,33n—17$n> ” 2:/2 (|O> + 627Ti0.:cn‘1>)(’0> 4 627Ti0.a:n_1:1:n’1>)m(’0> 4 627ri0.:1;1:c2...:z:nu>)
QFT
/O> H ® . \
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‘O> H . I — [ry
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Quantum phase estimation

ﬂ/leasurement register t qubits Binary encoding of CP\
0) —H 9 — |i1)
0) —H * — |i,2)
0) —H * QFTT — leia)
0) —H L[5
Target register T
) { v D2l e 2

0" @ ) = [0") @ ZPW Z|0”>®Pw %Zm ® P[v)

© With probability HP W}Hz the measurement outputs |©;)
O and the target register is projected to the subspace P;|vy)




Application and Discussion
ﬂ/leasurement register t qubits \

0) —{H}— — l¢i1)

0) —H] ¢ ]L |03,2)

o 0) —{H] v FT L |pi3)
[o >®w>%z%>®p@-¢>} ) ; QFT'H

i 0) —{H] I —|i,t)

N \— v Hurf o v =} Pl y

@ Can we implement U lefﬁciently?

O Sometimes YES!!, see Shor’s algorithm.
O Most of the time not! or we could exp-accelerate quantum simulation.

@ To obtain ¢ accurate to n bits with probability of error €

1
O we need to satisfy: ¢t =n + [log(2 + Q_H
€
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Shor algorithm:

QPE for modular exponentiation
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Shor’s Algorithm for Factoring

Input: N € N. An n digits integer number.

Promise: N = pip2 where p1, ps are prime numbers.
Problem: find p; and ps

® Major breakthrough in 1994

® Changed the ﬁeld of quantum computation

Héme. Abod hbkAb"h'h"fph BReviewsh”
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The surprising story of e young sc
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Summary Factoring
® Pick kK € N: kK < N at random.

® Compute GCD(x, N) Using Fuclid’s Algorithm.
If GCD(k,N)# 1= GCD(k,N) = p;1 or ps {rAS“”“ke'yas & }

andom guessing

[fN,H;(SE‘) = k"(modN) Least positive r : K" (modN) = 1}

@ We call ORDER FINDING to obtain 7.
® GCD(k"/? —1,N) =p1 GCD(x"/2+1,N) = ps

[Hl riseven: 7/2e N.  H2 k™2 +1#£0 (modN)jz@
@ We have a verification of solution. [ Pk < N:H1NH2| > 1/212'@
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Phase-estimation for order finding

/ \ﬂ/leasurementregistertqubits EI‘I‘OI’ pI‘Ob, A
Uly) = |ky(modN)) 0) —{z— — om s/t
| o) {1 ' £

kUlrlltary as GCD(k,N) =1 ) 0y~ .- QF T —
o . ) 2] : —
Binary encoding of N J I
\L — Hog(N)—‘ @S> — U E U215 U22 U2t C—— ”U,S> /

® |u,) is eigenvector of U of eigenvalue e2™*/" with s € {0,r — 1}
r—1
1 . .
ug) = = 3 e 27 5l (mod) N) Ulug) = e*™5/™|u,)
" =0
® Continued fractions extract s/r from ¢ |

® Approximation ¢ of 2L + 1 bits, if t = 2L + 1 4 [log(2 + 2—)]
€



The input state

/ \ ister t qubits .
Uly) = \liy(modN)>/ o>_@g : Err(_)i prob. €\
0) =] ? p S/T’
Unitary as GCD(k, N) =1 ) o) — — —
)1 ’ i
I
1) — U Hu?H 02— v? — |us)
K — LT L /

@ |u,) is eigenvector of U of eigenvalue p2mis/T

® But to generate |us) we need r!

7 D ug) =11)=10) ®....® [0) ®|1)



Post-processing: potential error

/ \ﬂ/leasurementregistertqubits EI‘I‘OI’ pI‘Ob, €
Uly) = lry(mod )| = b
| 0) —{z] ' P~ S/T
kUmtary as GCD(k,N) =1 ) |(;)>_|E r— QFT! —
0) —{] ' I —
— v Hu?H v v — |us)

[ =

@ Continued fractions computes the nearest s'/r’ such that GCD(s',r") =1

® Error if s'/r' = s/r and GCD(s,r) # 1 =
1) = — s
O For random s € {0,r — 1} high prob. GCD(s,r) =1 ) VT ; o)

#co-primes: €2(r/loglogr) = repeat O(log L)
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