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Introduction to Quantum Computing

Lecture5: Postulate |V System Composition

Raul Garcia-Patron Sanchez



Composition of classical systems

® Two independent perfect coins: pag(a,b) = pa(a)pp(b)
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® Composition of independent coins:
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Composition of classical systems

® Correlated coins: pag(a,b) # pa(a)pp(b)
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® C(Correlations: p # u ® v but p = Zpiﬂi X v;
i

® A basis of probability space p = ggg;] = p(0) [(1)] + p(1) [(1)] = p(0)0 + p(1)1

® @ ®bis a basis for the composite system: pap = Zp(a, bla ® b
a,b



Composition of quantum systems

Two Hilbert spaces H4 and Hp can form a new Hilbert space

HAB — HA @HB S.t. dim?—[AB — dim?—[A X dim’HB.

A basis of H 4p is built via tensor product of basis of H4 and Hp.

&Axn operator L(H ap) is built via tensor product of operators L(H ) and L(H B)/




Tensor product of vectors/states

® Tensor product of vectors: Ha X Hp = Hap = Ha @ Hp

@ |u) € Ha,|v) € Hp leads to |u) ® |[v) € Ha @ Hp

c(lu) ® |v)) = (clu)) ® v) = |u) ® (c|v))

@ [u) ® (Jv1) +[v2)) = |u) & |v1) + |u) ® |vg)
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Tensor product of vectors/states

® Inner-product: Ha Q@ Hp X Ha ® Hp — C

® (|v)a @ |w)p,[v)a ® |w')p) = (v]v')a(w|w)p

® (D ailvi)a®wi)p, Y bilvi)a®w))p) =)  aib;(vilv)a(wilw))s

1 J 1,]

® Additional notation:

e (V)=o) o.. 0 —
E z } = Jih)®*
® [0%)=[0)*"=10)®10)®..®]0) P

O [Z) = |1, 22, ey n) = [01) ® [22) @ .. @ [



Entanglement

® Jjap) € Hap s.t. Ploa) € Ha and |pp) € Hp : |[Yap) =|da) @ |¢B)

Bell states: a basis of Hg ® Hg composed of entangled states.

B+ = %(\0>A®|o> 14 ®1)5) ) — 7<|o> A® |15+ [1)4®[0)5)
D) = \%(IO>A®!0>B— 14 ® [1)5) ) %<|0>A®|1>B— 1)4® [0)5)

© Maximally entangled states of 2 qubits.

@ Bell states are entanglement units. Similarly as an unbiased coins is a unit of randomness.

O V‘¢AB> c Hap : lwAB sz’]
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Tensor product of operators
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Tensor product of operators

® Tensor product of operators: L(Ha) X L(HB) = L(Ha) = L(HAs @ HpB)

@ (A® B)(jv) ® |w)) = (Alv)) ® (Blw)) = Alv) @ Blw)

® (AR B)() aslv) ®|ws)) = a;Alv;) ® Blw;)

® () A ®By)v) ®|w) = ¢;Aiv) @ Bi|w)
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@ Matrix notation: A QR B = , , , .

A.1B A,pB ... A,.B



Example (Dirac notation)

+) H +) basis:
1
+) = —=([0) + 1))
- —H } v
—) = ﬁ(’@ — (1))

(HoH)(+) e |-) = (HH) e H-)  [@eBe)=anesu |




Example (matrix notation)
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Example (Dirac notation)

 HeH)(H)8|-) = H) e H-) =)o)




Entangling operations

® dUsp € L(HAB) S.t. EUA = ﬁ(HA) and Ug € »C(HB) Uap=U4 R Up

Controlled-NOT gate (CNOT gate): T or /L
— X |— -
1 0 0 O]
01 0 0 [I 0 10 00
Ucnor = 00 0 1 :{0 X}:{O O}®I+{O 1}®X
0o 0 1 0

® YU € L(MHap), HV;} € L(Ha) and {W;} € L(Hp): U=> V;@ W,



Outer-products (Dirac notation)
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Entangling operations

® dUsp € L(HAB) S.t. EUA = ﬁ(HA) and Ug € »C(HB) Uap=U4 R Up

Controlled-NOT gate (CNOT gate): T or /L
— X |— -
1 0 0 O]
01 0 0 [I 0 10 00
Ucnor = 00 0 1 :{0 X}:{O O}®I+{O 1}®X
0o 0 1 0

® YU € L(MHap), HV;} € L(Ha) and {W;} € L(Hp): U=> V;@ W,



Entangling operations

Controlled-not gate (cnot gate): ! OT /L
— X -
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Composition of measurement: computational basis

® Let’s ¥ encode the outcome of n bits

LAY =l @) e e )

(Z|9) D Yl = s
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General multi-qubit basis measurement

® Measurement basis {|v;)} :

r________________:::___: /Bell basis \
| — T H A
V) o419 = (0@ 0 £ 1))
) ' X & e
: | ) = (04 @ [1)s £ [1)a @ [0)s)
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