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Composition of classical systems

A\B 0 1
0 1/4 1/4 1/2

1 1/4 1/4 1/2

1/2 1/2 1

<latexit sha1_base64="skY5geGG2SXdEbCzx4pyu8IiiPM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpLiKL4fliltzF0DrxMtJBXK0huWvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ106jXvqlZ/aFSat3kcRTiDc6iCB9fQhHtoQRsITOAZXuHNEc6L8+58LFsLTj5zCn/gfP4AWvyNyw==</latexit>

p(a)
<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}
<latexit sha1_base64="VRp3XtozA0b1dJgIrY8QsUgxUvU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpLgaXA7LFbfmLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDGT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1GveVa3+0Kg0b/M4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBXIGNzA==</latexit>

p(b)

<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}

<latexit sha1_base64="i4wVX7IQgVHiFYCBhc2egdCsKfc="></latexit>

Two independent perfect coins: pAB(a, b) = pA(a)pB(b)
<latexit sha1_base64="1+5cIz6FGeWLPjrCbKe65yTHtnk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdUtRj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqRWX3QvvvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0qhXvslK9r5XqN1kceTiBUyiDB1dQhztoQBMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwB6WqOCw==</latexit>

p(0, 1)

<latexit sha1_base64="Y06wI6dYsFPbhOhd1aRT4mLeQnI=">AAACEXicbVDLSgMxFM34rPVVdekmWISuykwRFVfFblxWsA9oS8lk7rShmWRIMmIZ+gtu/BU3LhRx686df2Om7UJbDyQczrn3Jvf4MWfauO63s7K6tr6xmdvKb+/s7u0XDg6bWiaKQoNKLlXbJxo4E9AwzHBoxwpI5HNo+aNa5rfuQWkmxZ0Zx9CLyECwkFFirNQvlLoGHkxak1EsNcs0LEPMRAAx2EsYTCUT+mrSLxTdsjsFXibenBTRHPV+4asbSJpEdgblROuO58amlxJlGOUwyXcTDTGhIzKAjqWCRKB76XSjCT61SoBDqeyZ/sGqvztSEmk9jnxbGREz1IteJv7ndRITXvZSJuLEgKCzh8KEYyNxFg8OmAJq+NgSQpUNhGI6JIpQY0PM2xC8xZWXSbNS9s7LlduzYvV6HkcOHaMTVEIeukBVdIPqqIEoekTP6BW9OU/Oi/PufMxKV5x5zxH6A+fzB3S2ngg=</latexit>

Composition of independent coins:
<latexit sha1_base64="ljwLhfLUXGB69n7KJr93CtohajM="></latexit>

ū 2 CA, v̄ 2 CB leads to ū⌦ v̄ 2 CA ⌦ CB
<latexit sha1_base64="Tx48n+szBLP4PXdT+vBzeAn36BI="></latexit>

Vector notation: ū⌦ v̄ ⌘

u0

u1

�
⌦


v0
v1

�
=

2

664

u0v0
u0v1
u1v0
u1v1

3

775 =

2

664

p00
p01
p10
p11

3

775



Composition of classical systems

A\B 0 1
0 1/2 0 1/2

1 0 1/2 1/2

1/2 1/2 1

<latexit sha1_base64="skY5geGG2SXdEbCzx4pyu8IiiPM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpLiKL4fliltzF0DrxMtJBXK0huWvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ106jXvqlZ/aFSat3kcRTiDc6iCB9fQhHtoQRsITOAZXuHNEc6L8+58LFsLTj5zCn/gfP4AWvyNyw==</latexit>

p(a)
<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}
<latexit sha1_base64="VRp3XtozA0b1dJgIrY8QsUgxUvU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpLgaXA7LFbfmLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDGT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1GveVa3+0Kg0b/M4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBXIGNzA==</latexit>

p(b)

<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}
<latexit sha1_base64="ueRS0joft7ZnV71J7x9hhbAVidw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdUtRj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqRWXvQvvvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0qhXvslK9r5XqN1kceTiBUyiDB1dQhztoQBMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwB6vGODA==</latexit>

p(1, 1)

<latexit sha1_base64="t5X17zEXZCrBNg96gxb8UWs4NQ4="></latexit>

Correlated coins: pAB(a, b) 6= pA(a)pB(b)

<latexit sha1_base64="7Qzj1wXdWw6WmSt7r6N/3/SjtK8=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoIGWmiroRat24rGAf0CnDnTRtQzMPkoxQhvkQN/6KGxeKuHEh+Dem0y609UDCyTn3cnOPF3EmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryjAWhDZIyEPR9kBSzgLaUExx2o4EBd/jtOWNbiZ+64EKycLgXo0j2vVhELA+I6C05JqnjgciiVI3ua6lV46MfTeBEy+NSvo+xpkLqRMq5lOZvbzUNYtW2cqAF4k9I0U0Q901P51eSGKfBopwkLJjW5HqJiAUI5ymBSeWNAIyggHtaBqAntVNsuVSfKSVHu6HQp9A4Uz93ZGAL+XY93SlD2oo572J+J/XiVX/spuwIIoVDch0UD/mWIV4khTuMUGJ4mNNgAim/4rJEAQQpfMs6BDs+ZUXSbNSts/LlbuzYrU2iyOPDtAhKiEbXaAqukV11EAEPaJn9IrejCfjxXg3PqalOWPWs4/+wPj6AYcjokk=</latexit>

p̄AB =
X

a,b

p(a, b)ā⌦ b̄
<latexit sha1_base64="sD2ZM3Kbtwl8wnPR00yu9dJBIOA="></latexit>

ā⌦ b̄ is a basis for the composite system:

<latexit sha1_base64="K/2X8a9QjoBAoXAucmTwtuwmSr0="></latexit>

p̄ =


p(0)
p(1)

�
= p(0)


1
0

�
+ p(1)


0
1

�
= p(0)0̄ + p(1)1̄

<latexit sha1_base64="ku+pExB2RUgo9QK6uZmJx/aqhBw=">AAACDXicbVC7TsMwFHXKq5RXgZHFoiAxVUmFgLHAwlgk+pDaqHJcp7XqxJF9g4ii/gALv8LCAEKs7Gz8DU6bAVquZOnonHvP9T1eJLgG2/62CkvLK6trxfXSxubW9k55d6+lZawoa1IppOp4RDPBQ9YEDoJ1IsVI4AnW9sbXmd6+Z0pzGd5BEjE3IMOQ+5wSMFS/fNQD9gDpJTYmXGPp40hJj3hccEiwjghlk1K/XLGr9rTwInByUEF5Nfrlr95A0jhgIVBBtO46dgRuShRwKoxhL9bMWI/JkHUNDEnAtJtOr5ngY8MMsC+VeSHgKft7IiWB1kngmc6AwEjPaxn5n9aNwb9wUx5GMbCQzhb5scAgcRYNHnDFKIjEAEIVN3/FdEQUoWACzEJw5k9eBK1a1Tmr1m5PK/WrPI4iOkCH6AQ56BzV0Q1qoCai6BE9o1f0Zj1ZL9a79TFrLVj5zD76U9bnDxbtm5I=</latexit>

A basis of probability space

<latexit sha1_base64="/K6gxiS4Ak2WkE5SmFwsr7nW/Wc="></latexit>

Correlations: p̄ 6= ū⌦ v̄ but p̄ =
X

i

piūi ⌦ v̄i



Composition of quantum systems

<latexit sha1_base64="ZUH+6eeXGOa3jkFtLMX2e5OW4Ig="></latexit>

An operator L(HAB) is built via tensor product of operators L(HA) and L(HB).

<latexit sha1_base64="n2wUAYqo3DcrEi74Udfxv/qHYtw="></latexit>

A basis of HAB is built via tensor product of basis of HA and HB .

<latexit sha1_base64="qDDLCk59/GTk0+9I2+ZbauFGP1g="></latexit>

Two Hilbert spaces HA and HB can form a new Hilbert space
<latexit sha1_base64="fpHLutQMFpZKXHXWWcDRlePH2MY="></latexit>

HAB = HA ⌦HB s.t. dimHAB = dimHA ⇥ dimHB .



Tensor product of vectors/states

<latexit sha1_base64="hBh+YW6y+dHPGuOfSmPfaLzx/lA=">AAACP3icbVDLSsNAFJ34rPUVdekmWIR2U5Ii6qZQdOOygn1AE8pkOmmHTmbCzKRQ0v6ZG3/BnVs3LhRx685pG4qmXhg495x7uHOPH1EilW2/GGvrG5tb27md/O7e/sGheXTclDwWCDcQp1y0fSgxJQw3FFEUtyOBYehT3PKHtzO9NcJCEs4e1DjCXgj7jAQEQaWprtlExUnsCsj6FLtckRDLySjtS9UiWoqlrFrN+vTw0tk1C3bZnpe1CpwUFEBa9a757PY4ikPMFKJQyo5jR8pLoFAEUTzNu7HEEURD2McdDRnUC71kfv/UOtdMzwq40I8pa87+diQwlHIc+noyhGogs9qM/E/rxCq49hLColhhhhaLgphailuzMK0eERgpOtYAIkH0Xy00gAIipSPP6xCc7MmroFkpO5flyv1FoXaTxpEDp+AMFIEDrkAN3IE6aAAEHsEreAcfxpPxZnwaX4vRNSP1nIA/ZXz/AEecshI=</latexit>

c(|ui ⌦ |vi) = (c|ui)⌦ |vi = |ui ⌦ (c|vi)
<latexit sha1_base64="WlZ3qMLP/ewEV381sZwRUztasEc=">AAACSnicbZDNS8MwGMbTOXXOr6pHL8EhTITRDlEvwtCLxwnuA9ZS0izdwtK0JOlgdPv7vHjy5h/hxYMiXsy2Cm7zhcCP53lekjx+zKhUlvVq5Nby6xubha3i9s7u3r55cNiUUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4m/qtIRGSRvxRjWLihqjHaUAxUlryTDROHIF4jxEnUjQksjweenYmnWuuZnx2s5xcCK56v4ueWbIq1mzgKtgZlEA2dc98cboRTkLCFWZIyo5txcpNkVAUMzIpOokkMcID1CMdjRzp+9x0VsUEnmqlC4NI6MMVnKl/N1IUSjkKfZ0MkerLZW8q/ud1EhVcuynlcaIIx/OLgoRBFcFpr7BLBcGKjTQgLKh+K8R9JBBWuv2iLsFe/vIqNKsV+7JSfbgo1W6zOgrgGJyAMrDBFaiBe1AHDYDBE3gDH+DTeDbejS/jex7NGdnOEViYXP4H/hu12A==</latexit>

|ui ⌦ (|v1i+ |v2i) = |ui ⌦ |v1i+ |ui ⌦ |v2i

<latexit sha1_base64="9QRK2czEXbkDNH09jWSi+Karcq0="></latexit>

Tensor product of vectors: HA ⇥HB ! HA,B = HA ⌦HB

<latexit sha1_base64="44C7qSwyXn3fPE1lO36OD7BiC0A="></latexit>

Vector notation: |ui ⌦ |vi ⌘

u0

u1

�
⌦


v0
v1

�
=

2

664

u0v0
u0v1
u1v0
u1v1

3

775 =

2

664
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3

775

<latexit sha1_base64="krmg/AcmEZ68dILoHn9I2B7z4ok=">AAACcHicdVHLSiNBFK1unVHjzBh1I6hMOUEQkdAtorP0sXGpYFRIh3C7chMLq6ubqttiaLOe/3PnR7jxC6yODT7nQsHhnPs8FWdKWgqCB8+fmPz2fWp6pjb74+evufr8wrlNcyOwJVKVmssYLCqpsUWSFF5mBiGJFV7E10elfnGDxspUn9Eww04CAy37UgA5qlv/d5dHBvRAYSR1lABdCVDF8ah7sMXvbr6WDjmPCG+p4AqhZz mlfMQ5f+2UkkzQ/q/8oNLftezWG0EzGAf/DMIKNFgVJ936fdRLRZ6gJqHA2nYYZNQpwJAUCke1KLeYgbiGAbYd1OAmdoqxYSO+7pge76fGPU18zL6tKCCxdpjELrNc0n7USvIrrZ1T/2+nkDrLCbV4GdTPVWlR6T7vSYOC1NABEEa6Xbm4AgOC3B/VnAnhx5M/g/PtZrjb3D3daewfVnZMs2X2h22wkO2xfXbMTliLCfboLXor3qr35C/5v/21l1Tfq2oW2bvwN58BK9K/Ow==</latexit>

|ui 2 HA, |vi 2 HB leads to |ui ⌦ |vi 2 HA ⌦HB

<latexit sha1_base64="n9+HdIGF3Umu17u3F4zVw1ff4ao="></latexit>

|+i ⌦ |+i = (
1p
2
(|0i+ |1i))⌦ (

1p
2
(|0i+ |1i)) = 1

2
(|0i ⌦ |0i+ |0i ⌦ |1i+ |1i ⌦ |0i+ |1i ⌦ |1i)



Tensor product of vectors/states

<latexit sha1_base64="9YipPdNKnPAfo+h9qFFN0Y0TQa0=">AAACT3icbVHNS8MwHE3n1za/qh69BIfgqbRD1Isw9OJxgvuAdY40+3ULS9OSpMKo+w+96M1/w4sHRcxmD3Pbg8DjvZf8kpcg4Uxp1323CmvrG5tbxVJ5e2d3b98+OGyqOJUUGjTmsWwHRAFnAhqaaQ7tRAKJAg6tYHQ79VtPIBWLxYMeJ9CNyECwkFGijdSzw2c/UcyXRAw4PGZ+rFkECo8m134q+iADSShk86E8skJyHGeFOello0nPrriOOwNeJl5OKihHvWe/+f2YphEITTlRquO5ie5mRGpGzZllP1WQEDoiA+gYKoiZ2s1mfUzwqVH6OIylWULjmTq/IyORUuMoMMmI6KFa9KbiKq+T6vCqmzGRpBoE/RsUphzrGE/LxX0mgWo+NoRQycxdMR0SU6E2X1A2JXiLT14mzarjXTjV+/NK7Savo4iO0Qk6Qx66RDV0h+qogSh6QR/oC31br9an9VPIowUrJ0foHwqlX0gzuCE=</latexit>

| i⌦k = | i ⌦ | i ⌦ ...⌦ | i| {z }
k

<latexit sha1_base64="e7i9+tZmnQTONrwjyfzYZ/mFH10=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gOaUDbbabt0s1l2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeJDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVFJs04YnqREQjZwKbhhmOHamQxBHHdjS+nfntR1SaJeLBTCSGMRkKNmCUGCsFT4HULFBEDDn2yhWv6s3hrhI/JxXI0eiVv4J+QtMYhaGcaN31PWnCjCjDKMdpKUg1SkLHZIhdSwWJUYfZ/Oape2aVvjtIlC1h3Ln6eyIjsdaTOLKdMTEjvezNxP+8bmoG12HGhEwNCrpYNEi5axJ3FoDbZwqp4RNLCFXM3urSEVGEGhtTyYbgL7+8Slq1qn9Zrd1fVOo3eRxFOIFTOAcfrqAOd9CAJlCQ8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gBuhZHy</latexit>

| i
<latexit sha1_base64="e7i9+tZmnQTONrwjyfzYZ/mFH10=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gOaUDbbabt0s1l2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeJDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVFJs04YnqREQjZwKbhhmOHamQxBHHdjS+nfntR1SaJeLBTCSGMRkKNmCUGCsFT4HULFBEDDn2yhWv6s3hrhI/JxXI0eiVv4J+QtMYhaGcaN31PWnCjCjDKMdpKUg1SkLHZIhdSwWJUYfZ/Oape2aVvjtIlC1h3Ln6eyIjsdaTOLKdMTEjvezNxP+8bmoG12HGhEwNCrpYNEi5axJ3FoDbZwqp4RNLCFXM3urSEVGEGhtTyYbgL7+8Slq1qn9Zrd1fVOo3eRxFOIFTOAcfrqAOd9CAJlCQ8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gBuhZHy</latexit>

| i

<latexit sha1_base64="e7i9+tZmnQTONrwjyfzYZ/mFH10=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gOaUDbbabt0s1l2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeJDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVFJs04YnqREQjZwKbhhmOHamQxBHHdjS+nfntR1SaJeLBTCSGMRkKNmCUGCsFT4HULFBEDDn2yhWv6s3hrhI/JxXI0eiVv4J+QtMYhaGcaN31PWnCjCjDKMdpKUg1SkLHZIhdSwWJUYfZ/Oape2aVvjtIlC1h3Ln6eyIjsdaTOLKdMTEjvezNxP+8bmoG12HGhEwNCrpYNEi5axJ3FoDbZwqp4RNLCFXM3urSEVGEGhtTyYbgL7+8Slq1qn9Zrd1fVOo3eRxFOIFTOAcfrqAOd9CAJlCQ8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gBuhZHy</latexit>

| i

<latexit sha1_base64="la9NSnCF4nEikyzvb90EDc/kgjA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKVI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55FoMqzXP9RZA68QvSA0KtIbVr8EoJqmg0hCOte77XmKCDCvDCKfzyiDVNMFkise0b6nEguogW9w6RxdWGaEoVrakQQv190SGhdYzEdpOgc1Er3q5+J/XT010E2RMJqmhkiwXRSlHJkb542jEFCWGzyzBRDF7KyITrDAxNp6KDcFffXmddOqu33DrD1e15m0RRxnO4BwuwYdraMI9tKANBCbwDK/w5gjnxXl3PpatJaeYOYU/cD5/ALlYjWE=</latexit>

....

<latexit sha1_base64="gWsB4mPed94GBRvF0EKT3L7Bmro=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSyCp5IUUY9FLx4r2A9oatlsJ+3SzSbubgol9ubFv+LFgyJe/Qve/Ddu2xy09cHA470ZZub5MWdKO863lVtaXlldy68XNja3tnfs3b26ihJJoUYjHsmmTxRwJqCmmebQjCWQ0OfQ8AdXE78xBKlYJG71KIZ2SHqCBYwSbaSOfejBfcKGD16smCeJ6HG4S71IsxAUHow7dtEpOVPgReJmpIgyVDv2l9eNaBKC0JQTpVquE+t2SqRmlMO44CUKYkIHpActQwUxe9rp9I8xPjZKFweRNCU0nqq/J1ISKjUKfdMZEt1X895E/M9rJTq4aKdMxIkGQWeLgoRjHeFJKLjLJFDNR4YQKpm5FdM+kYRqE13BhODOv7xI6uWSe1Yq35wWK5dZHHl0gI7QCXLROaqga1RFNUTRI3pGr+jNerJerHfrY9aas7KZffQH1ucPOCuaKw==</latexit>

⌘ | i⌦k

<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}<latexit sha1_base64="1eDuJHvitC5gHNdVxASMZINaZvY=">AAACPnicbVBNS8NAFNz4WetX1KOXxSJ4CkkR9SIUvXisYNpCk5bNdtMu3WzC7kYoaX+ZF3+DN49ePCji1aPbNqCmDizMm3mPt2+ChFGpbPvZWFpeWV1bL22UN7e2d3bNvf2GjFOBiYtjFotWgCRhlBNXUcVIKxEERQEjzWB4PfWb90RIGvM7NUqIH6E+pyHFSGmpa7pjuzP0BOJ9Ri7Hds46mRcrGhEJh5MfNdeKtWVZRadrVmzLngEuEicnFZCj3jWfvF6M04hwhRmSsu3YifIzJBTFjEzKXipJgvAQ9UlbU470Nj+bnT+Bx1rpwTAW+nEFZ+rviQxFUo6iQHdGSA1k0ZuK/3ntVIUXfkZ5kirC8XxRmDKoYjjNEvaoIFixkSYIC6r/CvEACYSVTrysQ3CKJy+SRtVyzqzq7WmldpXHUQKH4AicAAecgxq4AXXgAgwewAt4A+/Go/FqfBif89YlI585AH9gfH0DL7Sw6w==</latexit>

|0ki = |0i⌦k = |0i ⌦ |0i ⌦ ...⌦ |0i

<latexit sha1_base64="b4xNhIMHx46EqC0CkuXu07ql9Yc=">AAACBHicbZBLS8NAFIUnPmt9RV12M1gEVyUpouKq6sZlBfuANpTJZNIOnUzCzI1YQhdu/CtuXCji1h/hzn/jtM1CWw8MfJxzL8M9fiK4Bsf5tpaWV1bX1gsbxc2t7Z1de2+/qeNUUdagsYhV2yeaCS5ZAzgI1k4UI5EvWMsfXk/y1j1TmsfyDkYJ8yLSlzzklICxenapC+wBsssg4BODCCxjmGYX455ddirOVHgR3BzKKFe9Z391g5imEZNABdG64zoJeBlRwKlg42I31SwhdEj6rGNQkohpL5seMcZHxglwGCvzJOCp+3sjI5HWo8g3kxGBgZ7PJuZ/WSeF8NzLuExSYJLOPgpTgSHGk0ZwwBWjIEYGCFWmBorpgChCwfRWNCW48ycvQrNacU8r1duTcu0qr6OASugQHSMXnaEaukF11EAUPaJn9IrerCfrxXq3PmajS1a+c4D+yPr8AWwnmJg=</latexit>

Additional notation:

<latexit sha1_base64="PPsyeoXQZpAo7pwwuHt1u2OCpuY=">AAACVHicbVFLSwMxGMxurdb6qnr0EixiBSm7RdSLUOvFYwX7gG4p2TRtQ7PZJcluKdv+SD0I/hIvHkzbVfpwIDDMzEe+TNyAUaks69MwU1vp7Z3MbnZv/+DwKHd8Upd+KDCpYZ/5oukiSRjlpKaoYqQZCII8l5GGO3ya+Y2ICEl9/qrGAWl7qM9pj2KktNTJDQuTyBGI9xnpPDq+oh6Rk9GvUrmGk+hy0/+TKlcPDptTGK0kE3G0nO3k8lbRmgNuEjsheZCg2sm9O10fhx7hCjMkZcu2AtWOkVAUMzLNOqEkAcJD1CctTTnSy7XjeSlTeKGVLuz5Qh+u4FxdnoiRJ+XYc3XSQ2og172Z+J/XClXvvh1THoSKcLy4qBcyqHw4axh2qSBYsbEmCAuqd4V4gATCSv9DVpdgrz95k9RLRfu2WHq5yZcrSR0ZcAbOQQHY4A6UwTOoghrA4A18GcAwjA/j20yZ6UXUNJKZU7AC8/AHfSC0cA==</latexit>

(|viA ⌦ |wiB , |v0iA ⌦ |w0iB) = hv|v0iAhw|w0iB
<latexit sha1_base64="IgqdNBEQvsrdrbibAuHwe5UrPlA="></latexit>

(
X

i

ai|viiA ⌦ |wiiB ,
X

j

bj |v0jiA ⌦ |w0
jiB) =

X

i,j

a⇤i bjhvi|v0jiAhwi|w0
jiB

<latexit sha1_base64="UnhWh/HUSB3J8iX8DwLkxF+GYAs="></latexit>

Inner-product: HA ⌦HB ⇥HA ⌦HB ! C

<latexit sha1_base64="uiLz1+X9wPgJLPaqtFXJKtYzmfk="></latexit>

|x̄i = |x1, x2, ...., xni = |x1i ⌦ |x2i ⌦ ...⌦ |xni



Entanglement

<latexit sha1_base64="hHOTelOaX5jkt1FXOyHI6048hKk="></latexit>

8| ABi 2 HAB : | ABi =
X

i,j

 i,j |ii ⌦ |ji

<latexit sha1_base64="Q6MygUps4W8j9o/CTcZ0+UTWOjI="></latexit>

|�+i = 1p
2
(|0iA ⌦ |0iB + |1iA ⌦ |1iB)

<latexit sha1_base64="qUjieLIoT0xY8oFkI8AxoZwdrWw="></latexit>

|��i = 1p
2
(|0iA ⌦ |0iB � |1iA ⌦ |1iB)

<latexit sha1_base64="IYcwj/zlLO/zh5q6/+A1v7GsIhE="></latexit>

| +i = 1p
2
(|0iA ⌦ |1iB + |1iA ⌦ |0iB)

<latexit sha1_base64="o7cUjfLW1OjTJt8UT53v5reoNR4="></latexit>

| �i = 1p
2
(|0iA ⌦ |1iB � |1iA ⌦ |0iB)

<latexit sha1_base64="MS6sJU66ImtcliTYs9NtMAWi3U4="></latexit>

Bell states: a basis of HQ ⌦HQ composed of entangled states.

<latexit sha1_base64="B/gSLDVxO98dFmVC1z8ruonTd8s="></latexit>

Bell states are entanglement units. Similarly as an unbiased coins is a unit of randomness.

<latexit sha1_base64="VqaWmgTwW2Hu3/j9iTXa449tG+s=">AAACF3icbVA9SwNBEN3z2/gVtbRZDILVcRdELUUbG0HBqJCEMLc3Fxf39s7dOTEc+Rc2/hUbC0VstfPfuIkp/How8HhvZnfmRbmSloLgwxsbn5icmp6ZrczNLywuVZdXzmxWGIENkanMXERgUUmNDZKk8CI3CGmk8Dy6Ohj45zdorMz0KfVybKfQ1TKRAshJnarfIryl8ghuZQpK9ThqAt1VGHNLQGh5lvA6vy4iSdbvd6q1wA+G4H9JOCI1NsJxp/reijNRpO5ZocDaZhjk1C7BkBQK+5VWYTEHcQVdbDqqIUXbLod39fmGU2KeZMaVJj5Uv0+UkFrbSyPXmQJd2t/eQPzPaxaU7LZLqfOCUIuvj5JCccr4ICQeS4OCXBqxBGGk25WLSzAgyEVZcSGEv0/+S87qfrjt10+2anv7ozhm2BpbZ5ssZDtsjx2yY9Zggt2xB/bEnr1779F78V6/Wse80cwq+wHv7RNH85/4</latexit>

Maximally entangled states of 2 qubits.

<latexit sha1_base64="REG66wqWLvo2EcPaChrZYOHFlPM="></latexit>

9| ABi 2 HAB s.t. @|�Ai 2 HA and |'Bi 2 HB : | ABi = |�Ai ⌦ |'Bi



Tensor product of operators

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="MFoILQeYqcoBEu5m46rJHDjnvKc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMhszPLTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0N/NbT9xYodUjjlMeJnSgRCwYRSe1uhpFwm2vXPGr/hxklQQ5qUCOeq/81e1rliVcIZPU2k7gpxhOqEHBJJ+WupnlKWUjOuAdRxV1S8LJ/NwpOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcY34USoNEOu2GJRnEmCmsx+J31hOEM5doQyI9ythA2poQxdQiUXQrD88ippXlSDq+rlw2WldpvHUYQTOIVzCOAaanAPdWgAgxE8wyu8ean34r17H4vWgpfPHMMfeJ8/iNmPtg==</latexit>⌦<latexit sha1_base64="MFoILQeYqcoBEu5m46rJHDjnvKc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMhszPLTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0N/NbT9xYodUjjlMeJnSgRCwYRSe1uhpFwm2vXPGr/hxklQQ5qUCOeq/81e1rliVcIZPU2k7gpxhOqEHBJJ+WupnlKWUjOuAdRxV1S8LJ/NwpOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcY34USoNEOu2GJRnEmCmsx+J31hOEM5doQyI9ythA2poQxdQiUXQrD88ippXlSDq+rlw2WldpvHUYQTOIVzCOAaanAPdWgAgxE8wyu8ean34r17H4vWgpfPHMMfeJ8/iNmPtg==</latexit>⌦



Tensor product of operators
<latexit sha1_base64="d+VjwEXk1kCoSa5r6gs+Xw4PVAQ="></latexit>

Tensor product of operators: L(HA)⇥ L(HB) ! L(HAB) = L(HA ⌦HB)
<latexit sha1_base64="UyxtLya4wm1Z3ehKyVCrKmRSAcQ="></latexit>

(A⌦B)(|vi ⌦ |wi) = (A|vi)⌦ (B|wi) = A|vi ⌦B|wi

<latexit sha1_base64="wlGmPu5lwu+5IWakZ7ktJ8xhmuo="></latexit>

Matrix notation: A⌦B =

2

6664

A11B A12B . . . A1nB
A21B A22B . . . A2nB

...
...

...
...

An1B An2B . . . AnnB

3

7775

<latexit sha1_base64="qHo6Y2eqsnWrjt+RMzU3DQ3zpiI="></latexit>

(A⌦B)(
X

i

ai|vii ⌦ |wii) =
X

i

aiA|vii ⌦B|wii
<latexit sha1_base64="XFAQYLc92nD86SYn5TkHlrm5HWI="></latexit>

(
X

i

ciAi ⌦Bi)|vi ⌦ |wi =
X

i

ciAi|vi ⌦Bi|wi



Example (Dirac notation)
<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H

<latexit sha1_base64="wKixlZP3daF+ABwfiVdcZ7xll8s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMgCGE3iHoMevEYwTwkWcLspDcZMjO7zMwKIeYrvHhQxKuf482/cZLsQRMLGoqqbrq7woQzbTzv28mtrK6tb+Q3C1vbO7t7xf2Dho5TRbFOYx6rVkg0ciaxbpjh2EoUEhFybIbDm6nffESlWSzvzSjBQJC+ZBGjxFjp4emso4jsc+wWS17Zm8FdJn5GSpCh1i1+dXoxTQVKQznRuu17iQnGRBlGOU4KnVRjQuiQ9LFtqSQCdTCeHTxxT6zSc6NY2ZLGnam/J8ZEaD0Soe0UxAz0ojcV//PaqYmugjGTSWpQ0vmiKOWuid3p926PKaSGjywhVDF7q0sHRBFqbEYFG4K/+PIyaVTK/kW5cndeql5nceThCI7hFHy4hCrcQg3qQEHAM7zCm6OcF+fd+Zi35pxs5hD+wPn8Aa+8kFc=</latexit>

|+i
<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H

<latexit sha1_base64="gzPfyr1QjJoK7ZukqsbLTEK2bno=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbAbRD0GvXiMYB6SLGF20psMmZldZmaFEPMVXjwo4tXP8ebfOEn2oIkFDUVVN91dYcKZNp737eRWVtfWN/Kbha3tnd294v5BQ8epolinMY9VKyQaOZNYN8xwbCUKiQg5NsPhzdRvPqLSLJb3ZpRgIEhfsohRYqz08HTWUUT2OXaLJa/szeAuEz8jJchQ6xa/Or2YpgKloZxo3fa9xARjogyjHCeFTqoxIXRI+ti2VBKBOhjPDp64J1bpuVGsbEnjztTfE2MitB6J0HYKYgZ60ZuK/3nt1ERXwZjJJDUo6XxRlHLXxO70e7fHFFLDR5YQqpi91aUDogg1NqOCDcFffHmZNCpl/6JcuTsvVa+zOPJwBMdwCj5cQhVuoQZ1oCDgGV7hzVHOi/PufMxbc042cwh/4Hz+ALLSkFk=</latexit>

|�i

<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}
<latexit sha1_base64="QWHt4ETeM19f6rfCq4Z39Sg/zUQ=">AAACMHicbVDLSgMxFM3UV62vUZdugkWYIpaZIupGKLqwywr2Ae1QMmnahmaSIckIpe0nufFTdKOgiFu/wrQdilYPBM49515u7gkiRpV23VcrtbS8srqWXs9sbG5t79i7e1UlYolJBQsmZD1AijDKSUVTzUg9kgSFASO1oH898Wv3RCoq+J0eRMQPUZfTDsVIG6ll3zilptA0JAqWcs7ouCkR7zKSaKOTpM5dOqW5mUtcI839lp118+4U8C/xEpIFCcot+6nZFjgOCdeYIaUanhtpf4ikppiRcaYZKxIh3Edd0jCUI7PQH04PHsMjo7RhR0jzuIZT9efEEIVKDcLAdIZI99SiNxH/8xqx7lz4Q8qjWBOOZ4s6MYNawEl6sE0lwZoNDEFYUvNXiHtIIqxNxhkTgrd48l9SLeS9s3zh9jRbvEriSIMDcAgc4IFzUAQlUAYVgMEDeAZv4N16tF6sD+tz1pqykpl98AvW1zfx9qj0</latexit>

(H ⌦H)(|+i ⌦ |�i) = (H|+i)⌦ (H|�i)
<latexit sha1_base64="FWNxb7BdJ+us5KyKh7eVSyBbXGM=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaSIuhGKblxWsA9oQplMb9qhk5kwMxFKWnDjr7hxoYhbf8Kdf+O0zUJbDwyce8693LknTBhV2nW/raXlldW19cJGcXNre2fX3ttvKJFKAnUimJCtECtglENdU82glUjAccigGQ5uJn7zAaSigt/rYQJBjHucRpRgbaSOfXg1cn2JeY+BLzSNQY28vO7YJbfsTuEsEi8nJZSj1rG//K4gaQxcE4aVantuooMMS00Jg3HRTxUkmAxwD9qGcmy2Bdn0hrFzYpSuEwlpHtfOVP09keFYqWEcms4Y676a9ybif1471dFlkFGepBo4mS2KUuZo4UwCcbpUAtFsaAgmkpq/OqSPJSbaxFY0IXjzJy+SRqXsnZcrd2el6nUeRwEdoWN0ijx0garoFtVQHRH0iJ7RK3qznqwX6936mLUuWfnMAfoD6/MHMduX4w==</latexit>

= |0i ⌦ |1i

<latexit sha1_base64="7LVrCVP9WdZLGOmecdv1Opj4DkA=">AAACLXicbVBdSwJBFJ21L7OvrR57GZJAX2RXonoJ1Hro0SA/wF1kdpzVwdnZZWbWEPUP9dJfiaAHI3rtbzTqEqUdGDj3nHu5c48XMSqVZU2N1Nr6xuZWejuzs7u3f2AeHtVlGAtMajhkoWh6SBJGOakpqhhpRoKgwGOk4fVvZn5jQISkIX9Qw4i4Aepy6lOMlJba5m2u7ISKBkTCSj43HjgC8S4jiTZ+TOr8dXnZg5Uft21mrYI1B1wldkKyIEG1bb46nRDHAeEKMyRly7Yi5Y6QUBQzMsk4sSQRwn3UJS1NOdL73NH82gk800oH+qHQjys4V39PjFAg5TDwdGeAVE8uezPxP68VK//KHVEexYpwvFjkxwyqEM6igx0qCFZsqAnCguq/QtxDAmGlA87oEOzlk1dJvViwLwrF+/NsqZLEkQYn4BTkgA0uQQncgSqoAQyewAuYgnfj2XgzPozPRWvKSGaOwR8YX982gKlk</latexit>

(A⌦B)(|vi ⌦ |wi) = A|vi ⌦B|wi

<latexit sha1_base64="Q4ob6V9om7GgmOOXqEUD6IaRnB0=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCpVAmRdSNUHTjsoK9QKeUTJppQzOZMckIZTrP4cZXceNCEXfixrcxbWehrQcCH/9/Difn9yLOlHacb2tpeWV1bT23kd/c2t7Ztff2GyqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiHYC3BfMZwRrI3VtNC65Eos+p5euLzFJUJq46l7qpJKmxbGTmaUxyuikaxecsjMtuAgogwLIqta1P91eSOKACk04VqqNnEh3Eiw1I5ymeTdWNMJkiPu0bVDggKpOMj0thcdG6UE/lOYJDafq74kEB0qNAs90BlgP1Lw3Ef/z2rH2LzoJE1GsqSCzRX7MoQ7hJCfYY5ISzUcGMJHM/BWSATYJaZNm3oSA5k9ehEaljM7KldvTQvUqiyMHDsERKAIEzkEV3IAaqAMCHsEzeAVv1pP1Yr1bH7PWJSubOQB/yvr6AaWkoT0=</latexit>

|+i = 1p
2
(|0i+ |1i)

<latexit sha1_base64="jR7wYJQ9KYEEqzIbsox7wBGjrhg=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCXbRMiqgboejGZQV7gU4pmTTThmYyY5IRynSew42v4saFIu7EjW9j2s5CWw8EPv7/HE7O70WcKe0439bS8srq2npuI7+5tb2za+/tN1QYS0LrJOShbHlYUc4ErWumOW1FkuLA47TpDa8nfvOBSsVCcadHEe0EuC+YzwjWRuraaFxyJRZ9Ti9dX2KSoDRx1b3USSVNi2MnM0tjlNFJ1y44ZWdacBFQBgWQVa1rf7q9kMQBFZpwrFQbOZHuJFhqRjhN826saITJEPdp26DAAVWdZHpaCo+N0oN+KM0TGk7V3xMJDpQaBZ7pDLAeqHlvIv7ntWPtX3QSJqJYU0Fmi/yYQx3CSU6wxyQlmo8MYCKZ+SskA2wS0ibNvAkBzZ+8CI1KGZ2VK7enhepVFkcOHIIjUAQInIMquAE1UAcEPIJn8ArerCfrxXq3PmatS1Y2cwD+lPX1A6wmoUE=</latexit>

|�i = 1p
2
(|0i � |1i)

<latexit sha1_base64="NG8AgTpzDe6+obCxiG47Oco/tq8=">AAACBXicbVC7SgNBFJ31GeMraqnFYBCswm4QFaugjWUE84BsCLOTm2TI7Owyc1cMaxobf8XGQhFb/8HOv3HyKDTxwIXDOffO3HuCWAqDrvvtLCwuLa+sZtay6xubW9u5nd2qiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgv7VyK/dgTYiUrc4iKEZsq4SHcEZWqmVO3jw49DXTHUlUB/hHlNKqX1RmIthK5d3C+4YdJ54U5InU5RbuS+/HfEkBIVcMmManhtjM2UaBZcwzPqJgZjxPutCw1LFQjDNdHzFkB5ZpU07kbalkI7V3xMpC40ZhIHtDBn2zKw3Ev/zGgl2zpupUHGCoPjko04iKUZ0FAltCw0c5cASxrWwu1LeY5pxtMFlbQje7MnzpFoseKeF4s1JvnQ5jSND9skhOSYeOSMlck3KpEI4eSTP5JW8OU/Oi/PufExaF5zpzB75A+fzB/XfmDk=</latexit>

|±i basis:



Example (matrix notation)
<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H

<latexit sha1_base64="wKixlZP3daF+ABwfiVdcZ7xll8s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMgCGE3iHoMevEYwTwkWcLspDcZMjO7zMwKIeYrvHhQxKuf482/cZLsQRMLGoqqbrq7woQzbTzv28mtrK6tb+Q3C1vbO7t7xf2Dho5TRbFOYx6rVkg0ciaxbpjh2EoUEhFybIbDm6nffESlWSzvzSjBQJC+ZBGjxFjp4emso4jsc+wWS17Zm8FdJn5GSpCh1i1+dXoxTQVKQznRuu17iQnGRBlGOU4KnVRjQuiQ9LFtqSQCdTCeHTxxT6zSc6NY2ZLGnam/J8ZEaD0Soe0UxAz0ojcV//PaqYmugjGTSWpQ0vmiKOWuid3p926PKaSGjywhVDF7q0sHRBFqbEYFG4K/+PIyaVTK/kW5cndeql5nceThCI7hFHy4hCrcQg3qQEHAM7zCm6OcF+fd+Zi35pxs5hD+wPn8Aa+8kFc=</latexit>

|+i
<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H

<latexit sha1_base64="gzPfyr1QjJoK7ZukqsbLTEK2bno=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbAbRD0GvXiMYB6SLGF20psMmZldZmaFEPMVXjwo4tXP8ebfOEn2oIkFDUVVN91dYcKZNp737eRWVtfWN/Kbha3tnd294v5BQ8epolinMY9VKyQaOZNYN8xwbCUKiQg5NsPhzdRvPqLSLJb3ZpRgIEhfsohRYqz08HTWUUT2OXaLJa/szeAuEz8jJchQ6xa/Or2YpgKloZxo3fa9xARjogyjHCeFTqoxIXRI+ti2VBKBOhjPDp64J1bpuVGsbEnjztTfE2MitB6J0HYKYgZ60ZuK/3nt1ERXwZjJJDUo6XxRlHLXxO70e7fHFFLDR5YQqpi91aUDogg1NqOCDcFffHmZNCpl/6JcuTsvVa+zOPJwBMdwCj5cQhVuoQZ1oCDgGV7hzVHOi/PufMxbc042cwh/4Hz+ALLSkFk=</latexit>

|�i

<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}<latexit sha1_base64="NNEIf6ap2WmSRBP86DQq++tIAPo="></latexit>

|+i ⌦ |�i ⌘

1/
p
2

1/
p
2

�
⌦
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1/
p
2

�1/
p
2

�
=

1

2

2

664

1
�1
1
�1

3

775

<latexit sha1_base64="+vClZybn9mYBDek5843YJxaQ+oI="></latexit>

H ⌦H =
1p
2


H H

H �H

�
=

1

2

2

664

1 1 1 1
1 �1 1 �1
1 1 �1 �1
1 �1 �1 1

3

775

<latexit sha1_base64="xu9H7oWeNQXlrdylMwTIedUtajk="></latexit>

| i = (H ⌦H)(|+i ⌦ |�i) ⌘ 1

2

2

664

1 1 1 1
1 �1 1 �1
1 1 �1 �1
1 �1 �1 1

3

775⇥ 1

2

2

664

1
�1
1
�1

3

775 =

2

664

0
1
0
0

3

775 = |0i ⌦ |1i

<latexit sha1_base64="JSp4wOyvP4S5vehk7XUVHKPKDFI="></latexit>

A⌦B =

2

6664

A11B A12B . . . A1nB
A21B A22B . . . A2nB

...
...

...
...

An1B An2B . . . AnnB

3

7775



Example (Dirac notation)
<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H

<latexit sha1_base64="wKixlZP3daF+ABwfiVdcZ7xll8s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMgCGE3iHoMevEYwTwkWcLspDcZMjO7zMwKIeYrvHhQxKuf482/cZLsQRMLGoqqbrq7woQzbTzv28mtrK6tb+Q3C1vbO7t7xf2Dho5TRbFOYx6rVkg0ciaxbpjh2EoUEhFybIbDm6nffESlWSzvzSjBQJC+ZBGjxFjp4emso4jsc+wWS17Zm8FdJn5GSpCh1i1+dXoxTQVKQznRuu17iQnGRBlGOU4KnVRjQuiQ9LFtqSQCdTCeHTxxT6zSc6NY2ZLGnam/J8ZEaD0Soe0UxAz0ojcV//PaqYmugjGTSWpQ0vmiKOWuid3p926PKaSGjywhVDF7q0sHRBFqbEYFG4K/+PIyaVTK/kW5cndeql5nceThCI7hFHy4hCrcQg3qQEHAM7zCm6OcF+fd+Zi35pxs5hD+wPn8Aa+8kFc=</latexit>

|+i
<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H

<latexit sha1_base64="gzPfyr1QjJoK7ZukqsbLTEK2bno=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbAbRD0GvXiMYB6SLGF20psMmZldZmaFEPMVXjwo4tXP8ebfOEn2oIkFDUVVN91dYcKZNp737eRWVtfWN/Kbha3tnd294v5BQ8epolinMY9VKyQaOZNYN8xwbCUKiQg5NsPhzdRvPqLSLJb3ZpRgIEhfsohRYqz08HTWUUT2OXaLJa/szeAuEz8jJchQ6xa/Or2YpgKloZxo3fa9xARjogyjHCeFTqoxIXRI+ti2VBKBOhjPDp64J1bpuVGsbEnjztTfE2MitB6J0HYKYgZ60ZuK/3nt1ERXwZjJJDUo6XxRlHLXxO70e7fHFFLDR5YQqpi91aUDogg1NqOCDcFffHmZNCpl/6JcuTsvVa+zOPJwBMdwCj5cQhVuoQZ1oCDgGV7hzVHOi/PufMxbc042cwh/4Hz+ALLSkFk=</latexit>

|�i

<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}
<latexit sha1_base64="uC9JJRT+HFuj9eV7U3P74mqemis="></latexit>

(H ⌦H)(|+i ⌦ |�i) = (H|+i)⌦ (H|�i) = |0i ⌦ |1i



Entangling operations

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X
<latexit sha1_base64="8ZiD9bXrRXU8jnz3qk5CNaNKBwE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmAckS5idzCZjZmeWeQhhyT948aCIV//Hm3/jJNmDJhY0FFXddHdFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctLa0itEkkl6oTYU05E7RpmOG0kyqKk4jTdjS+nfntJ6o0k+LBTFIaJngoWMwINk5q9WTKre6XK37VnwOtkiAnFcjR6Je/egNJbEKFIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMAJ1WE2v3aKzpwyQLFUroRBc/X3RIYTrSdJ5DoTbEZ62ZuJ/3lda+LrMGMitYYKslgUW46MRLPX0YApSgyfOIKJYu5WREZYYWJcQCUXQrD88ipp1arBZbV2f1Gp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOm9eO/ex6K14OUzx/AH3ucP0kiPTA==</latexit>�

<latexit sha1_base64="rKd1C0Was+Wy/SK4n5lwqno29Yo=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6jHoxWME85BkCbOT2WTIPJaZXjEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4oEdyC7397K6tr6xubha3i9s7u3n7p4LBpdWooa1AttGlHxDLBFWsAB8HaiWFERoK1otHN1G89MmO5VvcwTlgoyUDxmFMCTnroAnuCTJtJr1T2K/4MeJkEOSmjHPVe6avb1zSVTAEVxNpO4CcQZsQAp4JNit3UsoTQERmwjqOKSGbDbHbwBJ86pY9jbVwpwDP190RGpLVjGblOSWBoF72p+J/XSSG+CjOukhSYovNFcSowaDz9Hve5YRTE2BFCDXe3YjokhlBwGRVdCMHiy8ukWa0EF5Xq3Xm5dp3HUUDH6ASdoQBdohq6RXXUQBRJ9Ixe0ZtnvBfv3fuYt654+cwR+gPv8wdwn5DV</latexit>or

<latexit sha1_base64="z4lQcsv7R9Lt0dxSze15dy/cHNM="></latexit>

9UAB 2 L(HAB) s.t. @UA 2 L(HA) and UB 2 L(HB) : UAB = UA ⌦ UB

<latexit sha1_base64="pQd/5ce8XLFUMSe35ArTcPqJ654="></latexit>

8U 2 L(HAB), 9{Vi} 2 L(HA) and {Wi} 2 L(HB) : U =
X

i

Vi ⌦Wi

<latexit sha1_base64="BOtahM0C+/o5DYPKe6KNCCUiAtA="></latexit>

UCNOT =

2

664

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

3

775 =


I 0
0 X

�
=


1 0
0 0

�
⌦ I +


0 0
0 1

�
⌦X

<latexit sha1_base64="yBLG5wu1VPPfTdkhraWo5EPD7Fc=">AAACEHicbZDLSgMxFIYzXmu9VV26CRZRF5aZIiquxG5ceQHbCm0pmfS0hmaSITkjlqGP4MZXceNCEbcu3fk2prWCtx8CH/85h5Pzh7EUFn3/3Rsbn5icms7MZGfn5hcWc0vLFasTw6HMtdTmMmQWpFBQRoESLmMDLAolVMNuaVCvXoOxQqsL7MXQiFhHibbgDJ3VzG3UEW4wLWmFRksJre2T0wvaYQh0s/SFWwf9Zi7vF/yh6F8IRpAnI501c2/1luZJBAq5ZNbWAj/GRsoMCi6hn60nFmLGu6wDNYeKRWAb6fCgPl13Tou2tXFPIR263ydSFlnbi0LXGTG8sr9rA/O/Wi3B9n4jFSpOEBT/XNROJEVNB+nQljDAUfYcMG6E+yvlV8wwji7DrAsh+H3yX6gUC8FuoXi+kz88GsWRIatkjWySgOyRQ3JMzkiZcHJL7skjefLuvAfv2Xv5bB3zRjMr5Ie81w//35vm</latexit>

Controlled-NOT gate (CNOT gate):



Outer-products (Dirac notation)

<latexit sha1_base64="GuS7YmzCy/wR2YmVuEE2BMDI120=">AAACUXicbVFLSwMxGPy6vmrro+rRS7AIglCSIupFKHrxWME+oC0lm6ZtaDa7JFmhbPsXPejJ/+HFg2K67UHbDoQMM9+QZOJHUhiL8UfG29jc2t7J7ubye/sHh4Wj47oJY814jYUy1E2fGi6F4jUrrOTNSHMa+JI3/NHDzG+8cG1EqJ7tOOKdgA6U6AtGrZO6heEd7SYYTye4rakaSN6W6Ybw5HLmkFWHpA5xGbI2Q8iqQybdQhGXcAq0SsiCFGGBarfw1u6FLA64skxSY1oER7aTUG0Fk3yaa8eGR5SN6IC3HFU04KaTpI1M0blTeqgfareURan6N5HQwJhx4LvJgNqhWfZm4jqvFdv+bScRKootV2x+UD+WyIZoVi/qCc2ZlWNHKNPC3RWxIdWUWfcJOVcCWX7yKqmXS+S6VH66KlbuF3Vk4RTO4AII3EAFHqEKNWDwCp/wDT+Z98yXB543H/Uyi8wJ/IOX/wX4ArNb</latexit>

= a00|0ih0|+ a01|0ih1|+ a10|1ih0|+ a11|1ih1|

<latexit sha1_base64="tiYIt9QoVh+ZC4baMhfJAFrblrw="></latexit>

|0ih0| ⌘

1
0

�
⇥

⇥
1 0

⇤
=


1 0
0 0

�

<latexit sha1_base64="FFHowULaOEMXnDqYFgOp5uqH3XY="></latexit>

|1ih0| ⌘

0
1

�
⇥

⇥
1 0

⇤
=


0 0
1 0

�

<latexit sha1_base64="jstazdENIQj7xeiuZ1jcRDj/HeI="></latexit>

|0ih1| ⌘

1
0

�
⇥

⇥
0 1

⇤
=


0 1
0 0

�

<latexit sha1_base64="PzjM+/3wea5BvBZiOO7uNDPzTLc="></latexit>

|1ih1| ⌘

0
1

�
⇥

⇥
0 1

⇤
=


0 0
0 1

�

<latexit sha1_base64="iF//dSyfoB7m3CzwiN/wCcwQZbo="></latexit>
a01 a01
a10 a11

�
= a00


1 0
0 0

�
+ a01


0 1
0 0

�
+ a10


0 0
1 0

�
+ a11


0 0
0 1

�



Entangling operations

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X
<latexit sha1_base64="8ZiD9bXrRXU8jnz3qk5CNaNKBwE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmAckS5idzCZjZmeWeQhhyT948aCIV//Hm3/jJNmDJhY0FFXddHdFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctLa0itEkkl6oTYU05E7RpmOG0kyqKk4jTdjS+nfntJ6o0k+LBTFIaJngoWMwINk5q9WTKre6XK37VnwOtkiAnFcjR6Je/egNJbEKFIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMAJ1WE2v3aKzpwyQLFUroRBc/X3RIYTrSdJ5DoTbEZ62ZuJ/3lda+LrMGMitYYKslgUW46MRLPX0YApSgyfOIKJYu5WREZYYWJcQCUXQrD88ipp1arBZbV2f1Gp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOm9eO/ex6K14OUzx/AH3ucP0kiPTA==</latexit>�

<latexit sha1_base64="rKd1C0Was+Wy/SK4n5lwqno29Yo=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6jHoxWME85BkCbOT2WTIPJaZXjEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4oEdyC7397K6tr6xubha3i9s7u3n7p4LBpdWooa1AttGlHxDLBFWsAB8HaiWFERoK1otHN1G89MmO5VvcwTlgoyUDxmFMCTnroAnuCTJtJr1T2K/4MeJkEOSmjHPVe6avb1zSVTAEVxNpO4CcQZsQAp4JNit3UsoTQERmwjqOKSGbDbHbwBJ86pY9jbVwpwDP190RGpLVjGblOSWBoF72p+J/XSSG+CjOukhSYovNFcSowaDz9Hve5YRTE2BFCDXe3YjokhlBwGRVdCMHiy8ukWa0EF5Xq3Xm5dp3HUUDH6ASdoQBdohq6RXXUQBRJ9Ixe0ZtnvBfv3fuYt654+cwR+gPv8wdwn5DV</latexit>or

<latexit sha1_base64="z4lQcsv7R9Lt0dxSze15dy/cHNM="></latexit>

9UAB 2 L(HAB) s.t. @UA 2 L(HA) and UB 2 L(HB) : UAB = UA ⌦ UB

<latexit sha1_base64="pQd/5ce8XLFUMSe35ArTcPqJ654="></latexit>

8U 2 L(HAB), 9{Vi} 2 L(HA) and {Wi} 2 L(HB) : U =
X

i

Vi ⌦Wi

<latexit sha1_base64="BOtahM0C+/o5DYPKe6KNCCUiAtA="></latexit>

UCNOT =

2

664

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

3

775 =


I 0
0 X

�
=


1 0
0 0

�
⌦ I +


0 0
0 1

�
⌦X

<latexit sha1_base64="yBLG5wu1VPPfTdkhraWo5EPD7Fc=">AAACEHicbZDLSgMxFIYzXmu9VV26CRZRF5aZIiquxG5ceQHbCm0pmfS0hmaSITkjlqGP4MZXceNCEbcu3fk2prWCtx8CH/85h5Pzh7EUFn3/3Rsbn5icms7MZGfn5hcWc0vLFasTw6HMtdTmMmQWpFBQRoESLmMDLAolVMNuaVCvXoOxQqsL7MXQiFhHibbgDJ3VzG3UEW4wLWmFRksJre2T0wvaYQh0s/SFWwf9Zi7vF/yh6F8IRpAnI501c2/1luZJBAq5ZNbWAj/GRsoMCi6hn60nFmLGu6wDNYeKRWAb6fCgPl13Tou2tXFPIR263ydSFlnbi0LXGTG8sr9rA/O/Wi3B9n4jFSpOEBT/XNROJEVNB+nQljDAUfYcMG6E+yvlV8wwji7DrAsh+H3yX6gUC8FuoXi+kz88GsWRIatkjWySgOyRQ3JMzkiZcHJL7skjefLuvAfv2Xv5bB3zRjMr5Ie81w//35vm</latexit>

Controlled-NOT gate (CNOT gate):



Entangling operations

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X

<latexit sha1_base64="gQC2NZM3XAl38e9NLj/VuPp93cA=">AAACEHicbZBNSwMxEIazftb6terRS7CIerDsFlHxJHrxqGBroS0lm07bYDZZklmxLP0JXvwrXjwo4tWjN/+Naa2g1RcCD+/MMJk3SqSwGAQf3sTk1PTMbG4uP7+wuLTsr6xWrE4NhzLXUptqxCxIoaCMAiVUEwMsjiRcRdeng/rVDRgrtLrEXgKNmHWUaAvO0FlNf6uOcIvZqVZotJTQ2lUaaYch0G3+jTtH/aZfCIrBUPQvhCMokJHOm/57vaV5GoNCLpm1tTBIsJExg4JL6OfrqYWE8WvWgZpDxWKwjWx4UJ9uOqdF29q4p5AO3Z8TGYut7cWR64wZdu14bWD+V6ul2D5sZEIlKYLiX4vaqaSo6SAd2hIGOMqeA8aNcH+lvMsM4+gyzLsQwvGT/0KlVAz3i6WLvcLxySiOHFknG2SbhOSAHJMzck7KhJM78kCeyLN37z16L97rV+uEN5pZI7/kvX0CX72cxg==</latexit>

Controlled-not gate (cnot gate):
<latexit sha1_base64="8ZiD9bXrRXU8jnz3qk5CNaNKBwE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmAckS5idzCZjZmeWeQhhyT948aCIV//Hm3/jJNmDJhY0FFXddHdFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctLa0itEkkl6oTYU05E7RpmOG0kyqKk4jTdjS+nfntJ6o0k+LBTFIaJngoWMwINk5q9WTKre6XK37VnwOtkiAnFcjR6Je/egNJbEKFIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMAJ1WE2v3aKzpwyQLFUroRBc/X3RIYTrSdJ5DoTbEZ62ZuJ/3lda+LrMGMitYYKslgUW46MRLPX0YApSgyfOIKJYu5WREZYYWJcQCUXQrD88ipp1arBZbV2f1Gp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOm9eO/ex6K14OUzx/AH3ucP0kiPTA==</latexit>�

<latexit sha1_base64="rKd1C0Was+Wy/SK4n5lwqno29Yo=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6jHoxWME85BkCbOT2WTIPJaZXjEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4oEdyC7397K6tr6xubha3i9s7u3n7p4LBpdWooa1AttGlHxDLBFWsAB8HaiWFERoK1otHN1G89MmO5VvcwTlgoyUDxmFMCTnroAnuCTJtJr1T2K/4MeJkEOSmjHPVe6avb1zSVTAEVxNpO4CcQZsQAp4JNit3UsoTQERmwjqOKSGbDbHbwBJ86pY9jbVwpwDP190RGpLVjGblOSWBoF72p+J/XSSG+CjOukhSYovNFcSowaDz9Hve5YRTE2BFCDXe3YjokhlBwGRVdCMHiy8ukWa0EF5Xq3Xm5dp3HUUDH6ASdoQBdohq6RXXUQBRJ9Ixe0ZtnvBfv3fuYt654+cwR+gPv8wdwn5DV</latexit>or

<latexit sha1_base64="iYgitg8OQTeekyBKtiE3L4YQTUc="></latexit>

UCNOT =


1 0
0 0

�
⌦ I +


0 0
0 1

�
⌦X = |0ih0|⌦ I + |1ih1|⌦X

<latexit sha1_base64="tiYIt9QoVh+ZC4baMhfJAFrblrw="></latexit>

|0ih0| ⌘

1
0

�
⇥

⇥
1 0

⇤
=


1 0
0 0

�

<latexit sha1_base64="FFHowULaOEMXnDqYFgOp5uqH3XY="></latexit>

|1ih0| ⌘

0
1

�
⇥

⇥
1 0

⇤
=


0 0
1 0

�

<latexit sha1_base64="jstazdENIQj7xeiuZ1jcRDj/HeI="></latexit>

|0ih1| ⌘

1
0

�
⇥

⇥
0 1

⇤
=


0 1
0 0

�

<latexit sha1_base64="PzjM+/3wea5BvBZiOO7uNDPzTLc="></latexit>

|1ih1| ⌘

0
1

�
⇥

⇥
0 1

⇤
=


0 0
0 1

�



Composition of measurement: computational basis

<latexit sha1_base64="e7i9+tZmnQTONrwjyfzYZ/mFH10=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gOaUDbbabt0s1l2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeJDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVFJs04YnqREQjZwKbhhmOHamQxBHHdjS+nfntR1SaJeLBTCSGMRkKNmCUGCsFT4HULFBEDDn2yhWv6s3hrhI/JxXI0eiVv4J+QtMYhaGcaN31PWnCjCjDKMdpKUg1SkLHZIhdSwWJUYfZ/Oape2aVvjtIlC1h3Ln6eyIjsdaTOLKdMTEjvezNxP+8bmoG12HGhEwNCrpYNEi5axJ3FoDbZwqp4RNLCFXM3urSEVGEGhtTyYbgL7+8Slq1qn9Zrd1fVOo3eRxFOIFTOAcfrqAOd9CAJlCQ8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gBuhZHy</latexit>

| i

<latexit sha1_base64="VGa2I0oO1BiK5JGWke+XE89wRXo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9YaRQtMvV7yqN4e7SvycVCBHo1/+6kWKZgmTSAUxput7KQYTopFTwaalXmZYSuiIDFjXUkkSZoLJ/Nqpe2aVyI2VtiXRnau/JyYkMWachLYzITg0y95M/M/rZhhfBxMu0wyZpItFcSZcVO7sdTfimlEUY0sI1dze6tIh0YSiDahkQ/CXX14lrVrVv6zW7i8q9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AbhJjzs=</latexit>

...

<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

} <latexit sha1_base64="eWR2gUvYTmumX0oibp0eyziDYUw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildi+gOnua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1bus1u4vKvWbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGmQo/I</latexit>

x̄

<latexit sha1_base64="F8O/mSEl8uZe05CAA1MBEiwKYPQ="></latexit>

|hx̄| i|2 = |hx̄|
X

ȳ2{0,1}n

 ȳ|ȳi|2 = | x̄|2

<latexit sha1_base64="/aU0gUtEVZmdFOehbXqUFr35k5o="></latexit>

Let’s x̄ encode the outcome of n bits

<latexit sha1_base64="n6rgwu+1dedc25zE86J52lro4Xo=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0VwFZJS1I1QdCOuKtgHNCFMptN26GQSZibSkvaf3PgjLgRxoYhb/8FpG9C2HrhwOOde7r0niBmVyrZfjdzK6tr6Rn6zsLW9s7tn7h/UZZQITGo4YpFoBkgSRjmpKaoYacaCoDBgpBH0ryd+44EISSN+r4Yx8ULU5bRDMVJa8s3bkRsgkQ7GrkC8y8jlaOA7GXcjRUMitVKaVyyNX5Nnpm8WbcueAi4TJyNFkKHqm89uO8JJSLjCDEnZcuxYeSkSimJGxgU3kSRGuI+6pKUpR3qfl05/HsMTrbRhJxK6uIJT9e9EikIph2GgO0OkenLRm4j/ea1EdS68lPI4UYTj2aJOwqCK4CRA2KaCYMWGmiAsqL4V4h4SCCsdc0GH4Cy+vEzqJcs5s8p35WLlKosjD47AMTgFDjgHFXADqqAGMHgEL+AdfBhPxpvxaXzNWnNGNnMI5mB8/wABXqzv</latexit>

|x̄i = |x1i ⌦ |x2i ⌦ ....⌦ |xni



General multi-qubit basis measurement

<latexit sha1_base64="e7i9+tZmnQTONrwjyfzYZ/mFH10=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gOaUDbbabt0s1l2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeJDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVFJs04YnqREQjZwKbhhmOHamQxBHHdjS+nfntR1SaJeLBTCSGMRkKNmCUGCsFT4HULFBEDDn2yhWv6s3hrhI/JxXI0eiVv4J+QtMYhaGcaN31PWnCjCjDKMdpKUg1SkLHZIhdSwWJUYfZ/Oape2aVvjtIlC1h3Ln6eyIjsdaTOLKdMTEjvezNxP+8bmoG12HGhEwNCrpYNEi5axJ3FoDbZwqp4RNLCFXM3urSEVGEGhtTyYbgL7+8Slq1qn9Zrd1fVOo3eRxFOIFTOAcfrqAOd9CAJlCQ8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gBuhZHy</latexit>

| i

<latexit sha1_base64="3AC2ubG45wFMerD/B1ObjuALD1o=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4xkUcCGzI79MLI7M46M0tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooWWqGNaZFFK1AqpR8BjrhhuBrUQhjQKBzWB4O/ObI1Say/jBjBP0I9qPecgZNVZqdPAp5aNuseSW3TnIKvEyUoIMtW7xq9OTLI0wNkxQrduemxh/QpXhTOC00Ek1JpQNaR/blsY0Qu1P5tdOyZlVeiSUylZsyFz9PTGhkdbjKLCdETUDvezNxP+8dmrCa3/C4yQ1GLPFojAVxEgye530uEJmxNgSyhS3txI2oIoyYwMq2BC85ZdXSaNS9i7LlfuLUvUmiyMPJ3AK5+DBFVThDmpQBwaP8Ayv8OZI58V5dz4WrTknmzmGP3A+fwDEhY9D</latexit>⌘<latexit sha1_base64="cERiXZbTOiNQojWMXcRvVJ+fgis=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnu8Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj91Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+5v0uUJmxMQSyhS3txI2pIoyY9Mp2hC85ZdXSbNa8a4q1YfLcu02j6MAp3AGF+DBNdTgHurQAAYDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwBfzo3d</latexit>vi
<latexit sha1_base64="e7i9+tZmnQTONrwjyfzYZ/mFH10=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gOaUDbbabt0s1l2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeJDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVFJs04YnqREQjZwKbhhmOHamQxBHHdjS+nfntR1SaJeLBTCSGMRkKNmCUGCsFT4HULFBEDDn2yhWv6s3hrhI/JxXI0eiVv4J+QtMYhaGcaN31PWnCjCjDKMdpKUg1SkLHZIhdSwWJUYfZ/Oape2aVvjtIlC1h3Ln6eyIjsdaTOLKdMTEjvezNxP+8bmoG12HGhEwNCrpYNEi5axJ3FoDbZwqp4RNLCFXM3urSEVGEGhtTyYbgL7+8Slq1qn9Zrd1fVOo3eRxFOIFTOAcfrqAOd9CAJlCQ8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gBuhZHy</latexit>

| i <latexit sha1_base64="4Vg9IlZ3xxR6+CnZeaOKd3c1tXs=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtwFUcugjYVFBPMByRH2NnvJkr3dY3dOiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWEiuAHP+3ZWVtfWNzYLW8Xtnd29krt/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC0fXUbz0wbbiS9zBOWBCTgeQRpwSs1HNL3VsWgeaDIRCt1WPPLXsVbwa8TPyclFGOes/96vYVTWMmgQpiTMf3EggyooFTwSbFbmpYQuiIDFjHUkliZoJsdvgEn1iljyOlbUnAM/X3REZiY8ZxaDtjAkOz6E3F/7xOCtFlkHGZpMAknS+KUoFB4WkKuM81oyDGlhCqub0V0yHRhILNqmhD8BdfXibNasU/r1Tvzsq1qzyOAjpCx+gU+egC1dANqqMGoihFz+gVvTlPzovz7nzMW1ecfOYQ/YHz+QM6gJN4</latexit>,
<latexit sha1_base64="ND2rQURZW/2ZwaWs9oWSIYzF2hg=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0mKqMeiF48VTFtoY9lsJunSzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fsqZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRWyWZpODShCey6xMFnAlwNdMcuqkEEvscOv7oduZ3xiAVS8SDnqTgxSQSLGSUaCN57iAfTx/7AYkikINqza7bc+BV4hSkhgq0BtWvfpDQLAahKSdK9Rw71V5OpGaUw7TSzxSkhI5IBD1DBYlBefn86Ck+M0qAw0SaEhrP1d8TOYmVmsS+6YyJHqplbyb+5/UyHV57ORNppkHQxaIw41gneJYADpgEqvnEEEIlM7diOiSSUG1yqpgQnOWXV0m7UXcu6437i1rzpoijjE7QKTpHDrpCTXSHWshFFD2hZ/SK3qyx9WK9Wx+L1pJVzByjP7A+fwAMDJJJ</latexit>

U †
v

<latexit sha1_base64="cERiXZbTOiNQojWMXcRvVJ+fgis=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnu8Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj91Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+5v0uUJmxMQSyhS3txI2pIoyY9Mp2hC85ZdXSbNa8a4q1YfLcu02j6MAp3AGF+DBNdTgHurQAAYDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwBfzo3d</latexit>vi
<latexit sha1_base64="RlPLiSsF+PyxlcTyqxoXqlKhk3A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9y2qteVGp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0ceM9A==</latexit>

i
<latexit sha1_base64="qjEW18jYzIuhhO5BDWuFXvKVgFA=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlaSIuiy6cSNUsA9oQ5hMb9qhkwczk2IJ+QU3/oobF4q4defOv3HSZqGtBwYO59x7597jxZxJZVnfxsrq2vrGZmmrvL2zu7dvHhy2ZZQICi0a8Uh0PSKBsxBaiikO3VgACTwOHW98nfudCQjJovBeTWNwAjIMmc8oUVpyzWpfwYNKb4HIREAAocI4wxOXYTx3MNbjmcxcs2LVrBnwMrELUkEFmq751R9ENMlHUk6k7NlWrJyUCMUoh6zcTyTEhI7JEHqahiQA6aSzizJ8qpUB9iOhn15ppv7uSEkg5TTwdGVA1Eguern4n9dLlH/ppCyMEwUhnX/kJxyrCOfx4AETQBWfakKoYHpXTEdEEKp0iGUdgr148jJp12v2ea1+d1ZpXBVxlNAxOkFVZKML1EA3qIlaiKJH9Ixe0ZvxZLwY78bHvHTFKHqO0B8Ynz8VCZ0q</latexit>

Measurement vi basis

<latexit sha1_base64="UYhgZTu16xk8Wl6Nq603YFgfnZ0=">AAACFXicbVDLSgMxFM34rPU16tJNsAgupMwUUXFVdONGqGAf0Cklk95pQzOZIckUy9ifcOOvuHGhiFvBnX9j2s5CWw8EDufce3Pv8WPOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGz5RwJmAqmaaQyOWQEKfQ93vX439+gCkYpG408MYWiHpChYwSrSR2vaxp+FepzdAVCIhBKGxGccUxiOMvfRh0GaeJKLLwRtdtO2CU3QmwPPEzUgBZai07S+vE9FkPJZyolTTdWLdSonUjHIY5b1EQUxon3ShaaggIahWOrlqhA+N0sFBJM0za03U3x0pCZUahr6pDInuqVlvLP7nNRMdnLdSJuJEg6DTj4KEYx3hcUS4wyRQzYeGECqZ2RXTHpGEahNk3oTgzp48T2qlontaLN2eFMqXWRw5tI8O0BFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362NaumBlPXvoD6zPH8tJnzQ=</latexit>

Measurement basis {|vii} :

<latexit sha1_base64="Nzo55gu1PLLR1jRgn9kNwIDKPUw=">AAACB3icbVDLSgMxFM34rPVVdSlIsAiuykwRFVelblxWsA9oh5JJ77ShmQfJHbEM3bnxV9y4UMStv+DOvzHTdqGtBwKHc+5Jco8XS6HRtr+tpeWV1bX13EZ+c2t7Z7ewt9/QUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3id+c17UFpE4R2OYnAD1g+FLzhDI3ULRx2EB0yrICU19whNA2A6URBAiFfjbqFol+wJ6CJxZqRIZqh1C1+dXsSTLM0l07rt2DG6KVMouIRxvpNoiBkfsj60DQ1ZANpNJ3uM6YlRetSPlDkh0on6O5GyQOtR4JnJgOFAz3uZ+J/XTtC/dFMRxglCyKcP+YmkGNGsFNoTCjjKkSGMK2H+SvmAKcbRVJc3JTjzKy+SRrnknJfKt2fFSnVWR44ckmNyShxyQSrkhtRInXDySJ7JK3mznqwX6936mI4uWbPMAfkD6/MHZuSZqA==</latexit>

Bell basis measurement:

<latexit sha1_base64="j8R7/duBuTw2Kvxd+Cm2ngkyznE="></latexit>

|�±i = 1p
2
(|0iA ⌦ |0iB ± |1iA ⌦ |1iB)

<latexit sha1_base64="zsWriilq9dQ/rleJQyPOnxAEkVI="></latexit>

| ±i = 1p
2
(|0iA ⌦ |1iB ± |1iA ⌦ |0iB)

<latexit sha1_base64="KL+HxU8YrnJGTwLR58PHzOOpL6k=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9klRj0SvHjERB4JbMjs0MCE2UdmelWy8ilePGiMV7/Em3/jAHtQsJJOKlXdM93lx1JodJxvK7e2vrG5ld8u7Ozu7R/YxcOmjhLFocEjGam2zzRIEUIDBUpoxwpY4Eto+ePrmd+6B6VFFN7hJAYvYMNQDARnaKSeXewiPGJaAympeUfoac8uOWVnDrpK3IyUSIZ6z/7q9iOeBBAil0zrjuvE6KVMoeASpoVuoiFmfMyG0DE0ZAFoL52vPqWnRunTQaRMhUjn6u+JlAVaTwLfdAYMR3rZm4n/eZ0EB1deKsI4QQj54qNBIilGdJYD7QsFHOXEEMaVMLtSPmKKcTRpFUwI7vLJq6RZKbsX5crtealay+LIk2NyQs6ISy5JldyQOmkQTh7IM3klb9aT9WK9Wx+L1pyVzRyRP7A+fwB61ZQm</latexit>

Bell basis<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H
<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X

<latexit sha1_base64="2E1sbmrmlnlk8QemZSnyJlBY0Os=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3mW1dn9Rqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6DWjW4=</latexit>

}
<latexit sha1_base64="mbL6l+T1o5vrKjJzciK6FonaWC4=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqswUUZelblxWsA9oS8mkt21o5kFyRyxDV278FTcuFHHrN7jzb8y0s9DWA4HDOfckuceLpNDoON9WbmV1bX0jv1nY2t7Z3bP3Dxo6jBWHOg9lqFoe0yBFAHUUKKEVKWC+J6Hpja9Tv3kPSoswuMNJBF2fDQMxEJyhkXr2cQfhAZMqSEnNPUJTH5iOFfgQ4LRnF52SMwNdJm5GiiRDrWd/dfohj9Mwl0zrtutE2E2YQsElTAudWEPE+JgNoW1owHzQ3WS2xpSeGqVPB6EyJ0A6U38nEuZrPfE9M+kzHOlFLxX/89oxDq66iQiiGCHg84cGsaQY0rQT2hcKOMqJIYwrYf5K+YgpxtE0VzAluIsrL5NGueRelMq358VKNasjT47ICTkjLrkkFXJDaqROOHkkz+SVvFlP1ov1bn3MR3NWljkkf2B9/gDeZZlk</latexit>

Bell basis measurement
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