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Abstract

Manifold learning is an approach to non-linear dimensionality reduction that attempts to
find a mapping from the high-dimensional feature space to the lower-dimensional space of
underlying parameters. The past two decades has seen a dramatic improvement in the speed
and effectiveness of manifold learning algorithms, leading to impactful research in fields as
diverse as genomics, physics, materials science and medicine. In this review we begin by
introducing the concept of manifold learning. We then survey and critique several of the
most popular manifold learning algorithms and, by contrasting their behaviour, provide
practical advice to the data scientist for algorithm selection.
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1 Introduction

We live in a time of exploding demand for fast, powerful analysis of high-dimensional data,
whether it be in uncovering geometric patterns in complex networks (social, computer, and
transportation) [1], in determining camera orientation from multi-million dimensional image
vectors [2], or in identifying disease-associated loci in million-long DNA sequences [3]. But
despite the backdrop of burgeoning applications, working directly with high-dimensional data
continues to present a challenge for data analysis: it may be computationally intractable,
difficult to visualise, highly sparse, and the abundance of feature variables can often conceal
the presence of a simpler underlying structure [4]. These challenges make it vital to be able
to summarise such a dataset into a lower-dimensional representation before further analysis, a
process known as dimensionality reduction (DR).

A rich history of research in machine learning and applied mathematics has given rise to dozens
of distinct algorithms for DR, each with their own idiosyncrasies and application niches. Tradi-
tionally the most popular choices have been linear DR, algorithms such as Principal Component
Analysis (PCA) and Metric Multidimensional Scaling (MDS); owing their popularity to their
ease of implementation, interpretability and computational speed [5]. However, these linear
DR algorithms have one major deficiency which limits their applicability: the dimensionality
reduction depends only on global properties of the data, making them blind to local geometry.!

In many practical problems, such as genomics and computer vision, the local geometry of data
is highly informative and ought to be preserved by dimensionality reduction [6, 7]. In these
contexts it is vital to use non-linear DR algorithms. Popular strategies for non-linear DR exploit
the fact that the dimensionality of a dataset is often only artificially high; physical and geometric
constraints mean that the high-dimensional features are expressible as a function of only a few
underlying parameters. Geometrically this means that data are often constrained to lie on a low-
dimensional manifold embedded in a high-dimensional feature space, an assumption known as
the manifold hypothesis. Manifold learning, a non-linear dimensionality reduction techniques,
is the process of identifying the map from this feature space to the space of underlying manifold
parameters.

Although many algorithms for manifold learning have been developed, it is possible to roughly
classify these based on their theoretical approach as either Manifold Projection Methods, Eigen-
map Methods, or Topological Embedding Methods. In this review we will discuss the most pop-
ular manifold learning algorithms from each of these categories. The range of manifold learning
algorithms that we discuss will not be entirely exhaustive, since several of these algorithms have
multiple, closely related variants. We therefore focus predominantly on the original, unsuper-
vised versions of these algorithms applied to continuous data. Other techniques for non-linear
dimensionality reduction exist,? but we exclude detailed discussions of algorithms which do
not make explicit use of the manifold hypothesis in their approach. Also note that several
manifold learning algorithms build upon the linear dimensionality reduction techniques of PCA
and MDS. We refer the interested reader to Cunningham and Ghahramani [5] for a more de-
tailed review of these, and other, linear methods. For a review on the more general use of
dimensionality reduction techniques in data analysis see Sorzano et al. [11].

We begin our review in section 2 with an overview of the mathematics, intuition and assumptions
which underpin all manifold learning algorithms. In section 3 we then critically evaluate the
algorithms from each of the three main theoretical approaches, examining how they compare in
terms of underlying theory, computational complexity, domain of applicability, and quality of

!For example, note that with a linear method it is impossible to unambiguously uncover the structure of a
helix, circle, or indeed any non-linear geometry, in a dataset.

*Prominent examples include the techniques of Self-Organizing Map [8], Generative Topological Mapping [9],
and Stochastic Neighbour Embedding [10]



the resulting dimensionality reduction. Throughout this critical analysis we inform and advise
the data scientist looking to implement a manifold-learning algorithm: which option should
they choose? Does the best choice depend on the details of the task/dataset? On the available
computational resources? On the convenience of implementation?

2 Preliminaries

2.1 Manifolds

At an intuitive level, a d-dimensional manifold can be considered to be a space which locally
resembles d-dimensional Euclidean space, but whose global structure could be very different (for
instance a helix, a torus, a sphere). The only restriction we impose on this global geometry is
that it must be able to be charted back to d-dimensional Euclidean space.? We call this charted
representation of the manifold the parameter space. Formulating these ideas more precisely,

Definition 1. A d-dimensional manifold M is a topological space that is locally homeomorphic
with R%. That is, for each € M, there exists an open neighborhood around z, N,, and a
homeomorphism?* f : N, — R? These neighborhoods are referred to as coordinate patches,
and the map is referred to a a coordinate chart. The image of the coordinate charts is referred
to as the parameter space.

All manifold learning algorithms impose smoothness requirements on the manifold, and this
constrains the class of manifolds we consider to be differentiable manifolds:

Definition 2. A d-dimensional differentiable manifold is a d-dimensional manifold whose co-
ordinate charts are differentiable with a differentiable inverse.

In practice we usually deal with manifolds which lie embedded in a higher dimensional space
than their intrinsic dimension. In fact, often the embedding dimension may be truly vast.
Consider for example video footage of a grandfather clock. The embedding dimension of the
data is equal to the number of pixels (several million) but the intrinsic dimension is only one-
dimensional, described by the angle of swing of the pendulum.

2.2 Manifold Learning

The manifold hypothesis is the heuristic observation that high-dimensional data often lie in
lower-dimensional embedded manifolds which arise as a natural consequence of geometric or
physical constraints on the data [12]. The existence of embedded manifolds implies that the
intrinsic dimensionality of the data is often much lower than the feature space. Practical exam-
ples of embedded manifolds abound in high-dimensional data from images, speech, genomes,
and other sources [7, 13, 14]. It is often pertinent to identify this manifold - either for the pur-
poses of direct data visualization or for finding useful features for machine learning algorithms.
We now proceed to formalise this task, known as the manifold learning problem (MLP):

3Consider for example the surface of the Earth. This surface can clearly be charted back to two-dimensional
Euclidean space. You can even buy these charts in a shop - we call them an atlas. The Earth’s surface is therefore
an example of a two-dimensional manifold.

4Recall that a homeomorphism is a continuous function whose inverse is also a continuous function.



The Manifold Learning Problem (MLP): Given as input a set xi,Xg, ...,X; of k points
in RP that lie on a d-dimensional manifold M, with d < D, then, assuming the manifold’s
parameter space can be mapped by a single coordinate chart,’f : M — R? identify the
set y1,¥2,....,yr of k points in R% known as the embedding representation, such that y; =
f(x), Vie{l,2,....k}.

Over the past two decades many distinct algorithms have been devised to tackle the MLP. The
main reason for the propensity of different approaches is that MLP is in fact a mathematically
ill-posed problem - we do not know apriori what the correct low-dimensional representation
of our data is, or whether this representation is unique. This inherent ambiguity has made it
difficulty to construct a gold-standard metric on which to evaluate algorithm performance. A
further complication is that real data may be noisy, often displaced away from the underlying
manifold, or highly clustered, and this has given rise to different algorithmic approaches which
make different underlying assumptions about the noise and sampling properties of the data.

It is from this background of challenges that three distinct approaches to MLP have emerged
- Manifold Projection Methods, Eigenmap Methods, and Topological Embedding Methods -
with each strategy giving rise to different computational efficiencies, theoretical guarantees, free
parameter choices, and noise robustness. We now proceed to outline the theory that underpins
these distinct approaches, critically examining and contrasting the most popular algorithms.

3 Manifold Learning Algorithms

3.1 Manifold Projection Methods
Isomap

We begin our exposition of manifold learning algorithms with Isomap, a type of manifold
projection method. Introduced by Tenebaum et al. [16] in 2000, Isomap was one of the first
manifold learning algorithms and has since become one of the best known and most widely
applied - seeing numerous applications in biomedicine, climate physics, traffic networking and
many others [14, 17, 18, 19].

The Isomap algorithm is underpinned by a linear dimensionality reduction technique known
as classical Multidimensional Scaling (cMDS). Recall that in ¢cMDS the task is: given as input
a matrix D € R"*"  attempt to construct the set of n points {y;}; (where y; € R™ and
m < n) whose inter-point Euclidean distances match the entries of D as closely as possible.
An underlying assumption made by ¢cMDS is that the data are confined to a linear subspace of
R™ but this assumption is invalid whenever data lie on a non-linear manifold. Isomap manages
to overcome this hurdle by encoding information of the non-linear nature of the manifold in the
dissimilarity matrix D. Specifically this is done by constructing D from estimates of inter-point
geodesic distances, i.e. shortest-path distances along the manifold, before applying cMDS. The
precise algorithic procedure is as follows,

5All the manifold learning algorithms we discuss make this assumption. In practice it is not very limiting
since all smooth compact manifolds can be described by a single coordinate chart [15].

SFor example if the entries of D are the pairwise distances between n cities then cMDS attempts to reconstruct,
up to an arbitrary translation and rotation, the original coordinate locations of the n cities. In the process the
algorithm also automatically provides an estimate of the dimensionality, m, of the Euclidean space in which the
cities lie. For further details on ¢cMDS and other linear dimensionality reduction algorithms see [5].



Isomap
input: x1,x%2,...,x; € RP, K

1. Compute the K-nearest-neighbours to each data point x; based on Euclidean distances,
from this construct the K-nearest-neighbour weighted graph with edge weights W;; =
||x; — x;|| for any two connected points x; and x;.

2. Compute the shortest path difference between all pairs of points on the graph using Floyd
or Dijkstra’s algorithm. Store these path differences as entries in the dissimilarity matrix
D € RF*k,

}T

3. The embedding representation Y = [y1,y2,...,yx] ' is obtained by applying cMDS to the

dissimilarity matrix, i.e. Y = cMDS(D).

There are two defining features of Isomap which set it apart from most other manifold learning
algorithms. Firstly, as its name suggests, it assumes that there exists an isometric (i.e. distance
preserving) chart from the parameter space to the high-dimensional space, and attempts to
find this embedding. Secondly, a convenient feature is that Isomap automatically provides an
estimate of the dimensionality of the underlying manifold, whereas in most manifold learning
algorithms the required embedding dimension is an additional hyperparameter.

In the original Tenebaum et al. paper the authors argue that a non-linear manifold learning
algorithm such as Isomap is required because linear methods are fundamentally inadequate
at capturing geometric structure in a wide class of datasets, citing examples from computer
vision, acoustics, astronomy and Earth sciences. The virtues of the Isomap algorithm are then
quantitatively justified by showing that, for a selection of real and synthetic data sets, residual
variance in the dimensionally-reduced data is consistently less with Isomap than for linear
methods. Following on from this the authors also show a practical example of how Isomap,
when applied to high-dimensional image datasets of face-poses, recovers the correct, three-
dimensional embedding, with the individual dimensions being highly interpretable as measures
of left-right /up-down pose and lighting direction.

Although the above results successfully demonstrate several benefits of Isomap, the analysis
is somewhat incomplete; most notably there no discussion of computational efficiency, noise
robustness, algorithm stability, and there is also no side-by-side visual comparision of embed-
dings produced by linear methods and Isomaps. Furthermore, the datasets used in the paper
are limited to examples from computer vision and the swiss-roll’, and so are by no means
all-encompassing.

Many of these unanswered questions have since been addressed elsewhere. For instance, on
the theoretical front, a deeper understanding of Isomap’s apparent success came when Silva et
al. proved that, for noiseless data, Isomap is guaranteed to asymptotically® recover the true
dimensionality and geometry of any convex manifold [20]. However, with regards to algorithm
stability, Balasubramanian et al. show that in fact Isomap can suffer from a topological insta-
bility: if K is too large, the K-nearest-neighbour graph has ‘short-circuit errors’ which leads
to a misrepresentation of the underlying manifold structure [21]. For similar reasons, Isomap
is also highly sensitive to noise, with its performance depending strongly on careful data pre-
processing [21]. Although a visual comparison of Isomap with PCA is lacking from the original
paper, more recent review papers have reliably demonstrated superior performance of manifold
learning algorithms, including Isomap, over linear dimensionality reduction techniques [14, 22].

Several modified versions of Isomap have been developed which address the original algorithm’s

"A standard swiss-roll is defined by parameteric equations = = wucos(u), z = usin(u), y = v with 1.57r < u <
4.5m, 0 < v < 20.
8i.e. as the size of the input data set tends to infinity, assuming we draw samples from over the entire manifold.



limitations. The standard Isomap algorithm, with a computational complexity O(N?log N),
does not scale well to large datasets. To address this issue of computational complexity Silva
et al. developed a modified version of Isomap, known as Landmark Isomap, which uses n < N
‘landmark’ datapoints to greatly reduce the dimensionality of the dissimilarity matrix and
hence speed-up the final MDS stage, reducing the time complexity to O(NN log N), albeit at
the expense of reducing the accuracy of the obtained manifold [20]. In that paper the authors
also address another limitation of the standard Isomap - the restrictive assumption of assuming
the existence of an isometric map. They developed a modified version of Isomap, known as
C-Isomap, which requires the map only to be angle-preserving, rather than both angle and
distance preserving.” And finally, to address the issue of noise-sensitivity, a closely related
algorithm, known as Locally Linear Embeddings (LLE), was developed [23]. LLE is one of the
many so-called eigenmap methods for manifold learning, which we shall now discuss.

3.2 Eigenmap Methods

Shortly after the original Isomap paper, a flurry of research led to the development of several
faster, more noise-robust algorithms - the so-called eigenmap methods. The most well-known
and widespread eigenmap methods include Locally Linear Embeddings (LLE) [23], Local Tan-
gent Space Alignment (LTSA) [24], Hessian Eigenmaps (HE) [25], Laplacian Eigenmaps (LE)
[26], and Diffusion Maps (DM) [27]. Although each different in their details, these algorithms
obtain an embedding representation by following the same three generic steps, which we call
the ‘eigenmap strategy’:

Eigenmap Strategy
input: xi,Xs,...,x; € RP, K or r

1. Assign neighbours to each data point x; based on Euclidean distances. Denote this
collection of neighbours as N (7). Neighbours can be defined in one of two ways either (i)
all data points within a radius r ball around x;, or (ii) the K-nearest-neighbours to x;.
This arbitrary choice, as well as the values of K and r, are free parameters common to
every eigenmap algorithm.

2. For each local neighbourhood N (i) construct a corresponding weight matrix W;. In
general this weight matrix will be a function of coordinates of each of the neighbours of
x;, as well as possibly one or more free parameters, details of the construction of W; being
different for each algorithm.

3. The embedding representation ¥ = [yl,yg,...,yk}T is obtained as the matrix which

minimises some convex function ®(Y; W1, ..., Wy), subject to specific normalization con-

straints on Y. Details of the form of ®, as well as the normalizing constraints, are
different for each algorithm. Often this optimization problem can be reformulated as an
eignenvalue problem, hence the paronymous term ‘eigenmap’.

In the appendix to this report we explain in detail how the eigenmap strategy is followed for
the Laplacian Eigenmaps algorithm. The interested reader can find analogous descriptions of
each of the other eigenmap algorithms in [28].

Comparing Eigenmap Methods

Eigenmap methods, by virtue of being faster and more robust than the standard Isomap al-
gorithm, are scalable to large, real world datasets, and have found numerous applications in

9Maps which only preserve angles are known as conformal. Hence the term C-Isomap.



bio-informatics, computational chemistry, and medicine amongst others [13, 29, 30].

The algorithms all differ in their theoretical approach, and so make different accuracy and com-
putational trade-offs [22]. For instance, LLE performs well on sparse, non-uniformly sampled
datasets but is not very robust to noise. LSTA improves on LLE by being less sensitive to
hyperparameter choice, but at the cost of making more restrictive assumptions on the manifold
structure. HE handles non-covex geometry well, albeit at the expense of computational speed.
LE is noise-robust and works well on sparse data, but depends strongly on the requirement
that the data be uniformly sampled. DM improves on LE by handling non-uniformly sampled
data, although at the expense of increased computational cost and high dependence on careful
hyperparameter tuning. In addition to these differences, the algorithms also make different
assumptions about the type of manifold embedding; see Table 1 in section 3.3 for detailed
comparisons.

A common strength of the eigenmap papers is that they all contain a detailed theoretical
justification for the chosen approach, as well as each showing several examples of the approach
applied to synthetic datasets. However, the degree to which the approach is then benchmarked,
theoretically analysed, and contrasted with existing algorithms, varies.

The Laplacian Eigenmap (LE) paper particularly excels in that, in addition to tests on synthetic
datasets, it is one of the few papers (alongside LLE, LTSA) to test the algorithm on real datasets
from computer vision, linguistics, and speech - showing that, on these datasets, the resulting
dimensionality reduction leads to interpretable results which uncover underlying patterns in
the data not detected by PCA. It is also one of the few papers (alongside DM) to explore the
performance sensitivity of the algorithm to its free parameters. However, unlike LE, LTSA is
the only paper which runs experiments testing noise robustness, whereas HE is the only paper
to visualise how its embedding compares with other manifold learning algorithms - in particular,
showing how it is superior to LE and Isomap for a certain type of non-convex'® manifold.

Despite their various merits, a common deficiency of the papers is the omission of a proof of a
convergence guarantee, and so the central question - whether the algorithm is able to uncover
the true underlying low-dimensional structure - was left unanswered until the theoretical work
of Goldberg et al. [28]. There the authors prove that, for an arbitrary manifold, there is in fact
no guarantee that the output of any eigenmap method (up to an arbitrary affine transformation)
should resemble the original sample. The class of manifolds on which this guarantee fails is wide,
including non-isometrically embedded manifolds and real world data. They even proceed to
show various specific examples of such failures, for instance showing how, somewhat bizarrely,
LE completely fails to recover the structure of a rectangular manifold if the aspect ratio is
greater than two (to correct for this undesirable behaviour, Gerber et al. have since developed
a more robust version of LE, although this is at the price of increased computational expense,
thereby making it unsuitable for large datasets [31]). The cautionary message here is that
eigenmap methods, although fast, can in some circumstances yield inaccurate embeddings.

Yet despite this warning, eigenmap methods are generally found to be superior to Isomap
in practical settings. For example, in [13] the authors contrasted the performance of several
common dimensionality reduction algorithms (including PCA, MDS, Isomap, LE, and LLE) by
evaluating the performance of a cancer-detection binary classifier algorithm on eleven different
biomedical datasets of cancerous and non-cancerous genomic sequences. They found that,
on average, eigenmap methods marginally outperform Isomap (and Isomap outperformed all
linear methods). This is in agreement with a similar finding by Wittman [22], where the author
performs a wide-ranging practical comparison of eight popular manifold learning algorithms,

10A simple way to make a convex manifold non-convex is to ‘punch a hole in it’. Indeed, the HE authors use
exactly this approach - taking a swiss-roll manifold and then removing datapoints along a rectangular strip to
make it non-convex.



applied to over a dozen different synthetic manifold geometries. The key result is that although
no algorithm universally outperforms the others, there always exists, for the most commonly
encountered manifold geometries, at least one eigenmap method which outperforms Isomap in
both speed and embedding quality. Specifically Wittman concludes that if the data are non-
convex and densely sampled then HE performs best, if the data are noisy or uniformly sampled
then LE is the preferred choice, otherwise LLE typically yields the most accurate embedding.!!

3.3 Topological Embedding Methods

Topological Data Analysis (TDA) is a recently emergent field in data analysis which applies
tools and concepts from the mathematical branch of algebraic topology to perform a rigorous
study of shape and structure in datasets. In the short timespan since its inception, it has led
to a multitude of applications in fields of medicine, physical-chemistry, cosmology, and many
others [32, 33, 34, 35]. The message is simple - geometric structure in data can be insightful.

Recently, McInnes et al. showed how tools from TDA can be applied to directly tackle the
manifold learning problem - with an algorithm known as Uniform Manifold Approximation and
Projection (UMAP) [36]. We now proceed to discuss in broad terms the operational principle
behind this algorithm, what makes it unique, and critically analyse its performance within the
context of other manifold learning algorithms. Note that our level of exposition will assume
no prior familiarity with TDA and will therefore necessarily omit several technical points. For
a more in-depth introduction to TDA for the data scientist see [37], and for a more general
introduction to algebraic topology see [38].

UMAP Algorithm

At the high level, UMAP works by constructing a topological representation'? of high-dimensional
data and finding the lower-dimensional embedding (of specified dimension d) whose topolog-
ical representation is most similar to that of the original dataset. Crucial to the operation
of UMAP is the assumption that the high-dimensional data lie on a lower dimensional man-
ifold M. UMAP can therefore be seen as a manifold learning algorithm that seeks to find a
coordinate chart f : M — R% which most faithfully preserves topological structure.

UMAP, despite arising from very different theoretical foundations to Isomap and Eigenmap
methods, shares several key similarities in its computational implementation. Specifically, it
is also a weighted-graph based algorithm whose first two steps are identical to those of the
Eigenmap strategy - only in the case of UMAP the set of weight matrices have been carefully
chosen based on a theoretical motivation to encode topological information. The most signifi-
cant area in which UMAP differs is in the computation of the embedding representation. Here
the embedding dimension must be specified in advance, and the embedding representation is
then found by performing stochastic gradient descent (SGD) on a force-directed graph drawing
of the K-nearest-neighbour-graph of the embedded coordinates, where the cost function being
minimised by SGD is the cross-entropy between the topological representations of the embed-
ding and the original dataset. The optimisation problem is non-convex, and so UMAP is a
stochastic algorithm - yielding a slightly different embedding for the same input data each time
it is run. We refer the reader to [36] for additional mathematical details and computational
details of the algorithm.

"But note that LTSA was not studied. There is evidence that LTSA may produce a superior embedding [24].
12The type of topological representation chosen is known as a fuzzy simplicial set.



Algorithm  Embedding Embedding Free Computational Available

Type Dimension  Parameters Complexity Variants

Isomap [16] Globally Isometric Learnt 1 O(N?%log N) U/SS/S [39, 40]
LE [26] Unknown Specified® 3 O(N?) U/SS/S [41, 42]
DM [27] Unknown Specified* 4 O(N?) U/SS [43]

LLE [23] Conformal Specified 2 O(N?) U/SS/S [44]
LTSA [?] Locally Isometric ~ Specified* 2 O(N?) U/SS/S [45]
HE [25] Locally Isometric ~ Specified* 2 O(N?) U/SS/S [46]
UMAP [36] Fuzzy Topological Specified 4 O(N14) U/SS/S [47]

(*) although the embedding dimension is a free parameter and must be specified, the
algorithm provides a heuristic method for estimating it.

Table 1: Comparison of the most popular manifold learning algorithms based on several of
their key attributes. Embedding Type refers to the type of chart map that is learnt by the
algorithm (Isometric - conserves distances, Conformal - conserves angles but not lengths, Fuzzy
Topological - conserves topological properties). For simplicity, Computational Complezity is
shown only with respect to the input data size IV, not any other algorithm free parameters. U,
SS and S are short for Unsupervised /Semi-Supervised /Supervised respectively.

Figure 1: A comparison of several dimension reduction algorithms on Coil20, MNIST, Fashion-
MNIST, and Word Vectors datasets. Note in particular how UMAP does the best of preserving
the topological structure in Coil20, and generally preserves both the global structure (that is
well represented by e.g. Laplacian Eigenmaps) and also the fine local structure (well preserved
by LargeVis and t-SNE). Figure adapted from [36].



A unique strength of the UMAP paper is that the authors, in addition to visualizing the effects
of changing the algorithm’s hyperparameters, also conduct an expansive range of benchmark
tests on real world datasets (from fields of computer vision, bioinformatics, space engineer-
ing, cellular biology, linguistics, and others). These tests are then used to facilitate a detailed
comparison of the practical efficacy of UMAP with several other dimensionality reduction al-
gorithms.'® In particular, UMAP is shown to be the fastest of the algorithms on all but the
smallest of datasets, whilst being particularly computationally efficient for higher dimensional
embeddings.!* Furthermore, the authors use embedding visualisation to show that UMAP
is unique among the dimensionality reduction algorithms by faithfully preserving both large-
scale structure and local fine structure. The superiority of UMAP’s embedding is then shown
quantitatively by training a kNN classifier on the embedding spaces produced by the various
algorithms, and finding that the resulting classifier accuracy is consistently highest for UMAP.
This superior embedding performance of UMAP has subsequently been independently verified
by Moon et al. who showed that UMAP outperformed Diffusion Maps, Isomap, and LLE on a
quantitative metric for visualization performance on biological datasets [49].

Although the original UMAP paper was limited to the discussion of an unsupervised learn-
ing algorithm, this has since been extended to semi-supervised and supervised domains with
parametric-UMAP [47]. Both UMAP and parametric-UMAP have since seen numerous applica-
tions in machine learning, materials science, and bioinformatics among others [50, 51, 52, 53, 54].
Notably, it has found widespread use in population genetics to study population structure, en-
abling state-of-the-art visualizations of ancestral components and geographic patterns in human
genetic datasets [6].

Despite its popularity and effectiveness, most algorithms must make trade-offs, and UMAP is
no exception. Notable issues with UMAP are that random noise does not always look random,
and that hyperparameter fine-tuning is essential for accurate results. Another major limitation
is in its interpretability. UMAP’s objective is to preserve topological structure but, as a fact
any undergraduate student of topology would be eager to share, a doughnut is topologically
equivalent to a teacup, and so blindly preserving topology can sometimes lead to unintuitive
results. For UMAP this means that the cluster sizes, as well as the distances between clusters,
may be meaningless. In fact, if preserving global structure is of primary interest, then it has been
shown that PHATE [55], a manifold learning-inspired algorithm which combines concepts from
diffusion maps and MDS for fast dimensionality reduction whilst preserving global structure,
generally has superior performance to UMAP [49].

4 Summary

Many areas of modern science rely on exploratory data analysis and visualization of vast,
high-dimensional datasets. These datasets can be simplified by recognising that physical and
geometric constraints often result in data lying on low-dimensional manifolds embedded in the
feature space. In this review we have critiqued and compared the most popular and historically
significant algorithms which attempt to learn this underlying manifold structure.

Identifying the underlying manifold is a mathematically ill-posed problem and so many different
algorithms, each with different theoretical assumptions and procedures, have been developed.
Isomap, introduced in 2000, was the first manifold learning algorithm to improve significantly
on linear dimensionality reduction methods, and still continues to find applications in fields of

13Specifically PCA, LE, t-SNE, and LargeVis [48]

For instance, the authors showed that UMAP could operate directly on a 1.8 million dimensional dataset.
This is in contrast to other manifold learning algorithms which would require dimensionality reduction prepro-
cessing (e.g. with PCA) for such a high-dimensional dataset.



medicine and traffic control to this day [14, 18]. The algorithm has several appealing properties,
namely a convergence guarantee and an automatic determination of the manifold dimension.
However, the computational inefficiency of Isomap, combined with its sensitivity to noise, has
made it unsuitable for the many of the modern challenges in big data.

To address these fundamental limitations, several faster, more noise-robust algorithms were
subsequently developed: Locally Linear Embeddings (2000), Local Tangent Space Alignment
(2002), Hessian Eignmaps (2003), Laplacian Eigenmaps (2003), and Diffusion Maps (2006).
Through extensive review studies it has been shown that none of these algorithms is universally
superior to the others. Rather, the choice of which algorithm to use depends heavily on the form
of the dataset - whether it is densely sampled or non-convex (use Hessian Eigenmaps), is noisy
or uniformly sampled (use Laplacian Eigenmaps), or noise-free (use LLE or LTSA). What
is remarkable is that each of these algorithms, although developed from distinct theoretical
motivations, can be analysed under a common framework known as the eigenmap method.
A disadvantage of all eigenmap methods is that, unlike Isomap, they have no convergence
guarantee. Additionally, many of these algorithms have several free parameters which must
be carefully fine-tuned for optimal results. Finally, although typically faster than Isomap, all
eigenmap algorithms are at least O(NN?) time complexity, and remain inappropriate for handling
the largest of datasets, such as those which appear in geonomics; in these cases other non-linear
dimensionality reduction algorithms, namely t-SNE, LargeVis, and UMAP, are preferred.

Most recently, progress in designing computationally efficient and scalable manifold learning
algorithms has come from applying tools from Topological Data Analysis (TDA). In particular,
UMAP, first introduced in 2018, is a manifold learning algorithm which achieves its embedding
by attempting to preserve the topological structure of the dataset under dimensionality reduc-
tion. It is faster than all other manifold learning algorithms on all but the smallest of datasets
(N < 500), and is unique amongst the manifold learning algorithms in that it faithfully pre-
serves both global scale and local fine scale structure [36]. UMAP also ranks higher than any
other manifold learning algorithm on several quantitative tests for embedding quality [36, 49],
making UMAP a good candidate as a first algorithm of choice for manifold learning.

5 Conclusion

The past two decades has seen enormous progress in the development of manifold learning
algorithms, and they have since found a multitude of applications in machine learning, genomics,
cell-cytometry, physics and elsewhere [31, 56, 53]. The flurry of recent advances means that
today the data scientist can choose from nearly a dozen manifold learning algorithms, all with
different behaviours when it comes to embedding type, theoretical guarantees, robustness to
noise and computational efficiency. Yet this diversity of approaches means that the decision of
which manifold learning algorithm to choose is not always transparent.

In this review we have showed that manifold learning algorithms based on topological em-
beddings (namely UMAP and parametric-UMAP) generally stand out as superior due to their
scalability and high embedding quality. But what is deemed desirable in an embedding is highly
application specific, and all manifold learning algorithms are highly sensitive to the choice of
free parameters. The importance of thorough experimentation and evaluation should there-
fore not be undervalued, since techniques and parameters which are most appropriate on one
dataset might not be transferable to another. This review has contrasted and critiqued the ma-
jor differences amongst the popular manifold learning algorithms, thereby providing the data
scientist with the necessary prerequisite knowledge to aid in this evaluation process.
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A Laplacian Eigenmaps

To elucidate the eigenmap strategy we explore in detail how it is followed for one particular eigenmap
algorithm, Laplacian Eigenmaps. Note that step one of the eigenmap strategy is common to all of the
algorithms, so we shall begin at step two by discussing the choice of weight matrix.

Let W;; denote the jt" entry of the weight matrix W;. The intuition behind Laplacian Eigenmaps is
that we choose a form of a weight matrix W;; that measures the degree of local similarity between x;
and x;. More precisely we choose

L —>x; 1%
W =€ =7 if x; € N(i)
1] T
0 otherwise
where o is a free parameter to be set manually. This choice of weight matrix is known as the Gaussian
heat kernel, and it can be shown to result in several convenient properties for the algorithm - a complete
theoretical justification is given in [26].

If x; and x; lie close together on the manifold we see that they have a high degree of similarity as
measured by W;;. In a faithful embedding, we intuitively expect that the corresponding points y; and
y; in the embedding representation should try maintain this similarity as much as possible. In the
Laplacian Eigenmaps algorithm this intuition is the motivation for defining the following convex cost
function
=3 Willys -yl
ij

which we minimise with respect to Y = [y1,¥2,...,y&] | to extract the embedding. Note, however, that
naively minimising ® results in y; = y3 = ... = yx = 0; a useless embedding. To avoid this trivial
solution we enforce the normalization constraints yZT Dy; =1, Vi € {1,2,...,k} where D is the diagonal
matrix with elements D;; = ) y Wi;;. In this case the optimization problem, including constraints, can
be reformulated as an eigenvalue problem!® which can be solved with sparse vector routines in O(N?)
time complexity.

Y5Specifically, Ly = ADy where L := D — W is known as the Laplacian matrix. See [26] for mathematical
details.
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