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These notes summarise selected lecture concepts and are not a substitute for working through
the lecture slides, tutorials, and self-study exercises. Feel free to personalise and develop them
into your own summary sheet.

ELBO for iid data — For a model p(v,h;θ) and iid data D = {v1, . . . ,vn}, the overall
ELBO is a sum of ELBOs for each data point

LD(θ, q) =

n∑
i=1

Li(θ, q) Li(θ, q) = Eq(hi|vi)

[
log

p(vi,hi;θ)

q(hi|vi)

]
(1)

Can be expressed as LD(θ, q) = ℓ(θ)−
∑n

i=1KL(q(hi|vi)||p(hi|vi;θ)).

Amortisation — We represent q(h|v) as a member of a parametric family q(h;λ) whose
parameter λ is the output of a learnable function λϕ(v). Instead of optimising Li for each data
point separately, we learn the parameters ϕ of λϕ(v) by maximising LD. While more efficient
this introduces an amortisation gap: Li(θ, q) for q(hi;λϕ̂(vi)) may not attain maxq Li(θ, q).

Reparameterisation — Reparameterisation is the idea of expressing a random variable as
a deterministic function tϕ of noise ϵ and parameters ϕ. For conditional random variables this
becomes: h ∼ qϕ(h|v) ⇐⇒ h = tϕ(ϵ,v), ϵ ∼ p(ϵ). This removes the ϕ dependency from the
expectation in the ELBO and makes optimisation easier:

Li(θ,ϕ) = Li(θ, qϕ) = Eqϕ(hi|vi)

[
log

p(vi,hi;θ)

qϕ(hi|vi)

]
= Ep(ϵi)

[
log

p(vi, tϕ(ϵi,vi);θ)

qϕ(tϕ(ϵi,vi)|vi)

]
(2)

Variational autoencoder — A deep latent variable model with H independent latents hi
and d > H conditionally independent visibles vi, typically generated nonlinearly from the latents.

p(h) =

H∏
i=1

p(hi) (3)

p(v|h;θ) =
d∏

k=1

p(vk|h;θ) (4)

p(vk|h;θ) = p(vk;η
k
θ(h)) (5)

h1 h2 h3

v1 v2 v3 v4 v5

The decoder ηk
θ(h) maps h to the parameters η of the parametric model p(vk;η). Its parameters

θ are learned by maximising the ELBO using amortised variational distributions q(h|v) =
q(h;λϕ(v)) and reparameterisation. The mapping λϕ(v) is called the encoder. If p(h) =
N (h;0, I) and q(h;λϕ(v)) is a factorised Gaussian with means µk(v) and variances σ2

k(v)

Li(θ,ϕ) =
d∑

k=1

Eqϕ(hi|vi)

[
log p(vik;η

k
θ(hi))

]
+

1

2

H∑
k=1

(
1 + log(σ2

k(vi))− σ2
k(vi)− µ2

k(vi)
)

(6)

Gaussian VAEs — p(vk;ηk) is Gaussian with ηk = (µk, s
2
k) equal to the mean and variance.

Bernoulli VAE — p(vk; ηk) is Bernoulli with ηk = pk equal to the success probability.
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