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Single Layer Networks




Terminology

Learn a system which maps an input vector  to an output vector y

® Runtime: Compute the output y for each input x

® Training: Optimise the parameters of the network such that the correct y is
computed for each x

® Generalisation: We are most interested in the output accuracy of the system for
unseen test data

® Single Layer Network: Use a single layer of computation (linear / affine

transformation) to map between input and output
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Single Layer Networks

Input vector x = (xy, .. .,xd)T
Output vector y = (y1,...,yx)"
Weight matrix W: wy; is the weight from input x; to output yx

Bias vector b: by is the bias for output k

d
yk:ZWkixi+bk ; y=Wx+bd

i=1
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Single Layer Networks

Input vector x = (xy, .. .,xd)T
Output vector y = (y1,...,yx)"
Weight matrix W: wy; is the weight from input x; to output yx

Bias vector b: by is the bias for output k

d
yk:ZWkixi+bk ; y=Wx+b

i=1

Also known as Linear Regression
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Graph Visualization

3 Outputs n Ys Ys

Input-to-output
weights w3 5
w11
5 Inputs
T T2 T3 T4 Ts
d
y=Wx+b Y = E Whixi + by
=1
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Training Single Layer Networks

Training set N input/output pairs {(z",t") : 1 <n < N}
Target vector t" = (t,..., tl’é)T - the target output for input ="

Output vector y" = y"(x"; W, b) — the output computed by the network for input x"
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Training Single Layer Networks

Training set N input/output pairs {(z",t") : 1 <n < N}
Target vector t" = (t,..., tl’é)T - the target output for input ="
Output vector y" = y"(x"; W, b) — the output computed by the network for input x"

Trainable parameters weight matrix W, bias vector b
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Training Single Layer Networks

Training set N input/output pairs {(z",t") : 1 <n < N}

Target vector t" = (t,..., tl’é)T - the target output for input ="

Output vector y" = y"(x"; W, b) — the output computed by the network for input x"
Trainable parameters weight matrix W, bias vector b

Supervised learning There is a target output for each input

Training problem Set the values of the weight matrix W and bias vector b such that

each input " is mapped to its target t"

Error function Define the training problem in terms of an error function E; training

corresponds to setting the weights so as to minimise the error

& informatics
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Error function

® Error function should measure how far an output vector is from its target — e.g.
(squared) Euclidean distance — mean square error.

E™ is the error per example:
1 1o
E"| = = n_4n) 2 _ _ n _ 4n\2
U PITELY

E is the total error averaged over the training set:

(B)= ZE"— Z(—n t"||2)
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Error function

® Error function should measure how far an output vector is from its target — e.g.
(squared) Euclidean distance — mean square error.
E™ is the error per example:

K
= iy =71 = 2w -
k=1

2

E is the total error averaged over the training set:
N N
1 1 1
El= — En N - n_ tn 2
—% NZ(zny ||)
n=1 n=1
® Training process: set W and b to minimise E given the training set

N
1 1
“r*,b* — 0 § - n_tn 2
arng,g N (ZHy ”)
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Gradient Descent

® Weight space: A K X d dimension space — each possible
weight matrix corresponds to a point in weight space.
E(W) is the value of the error at a specific point in weight
space (given the training data).

& = ”k: L”I \I\l\H(\IV\u/I\)V\l&ul(m!
&y informatics
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H. Bishop, Deep Learning’
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Gradient Descent

® Weight space: A K X d dimension space — each possible
weight matrix corresponds to a point in weight space.
E(W) is the value of the error at a specific point in weight
space (given the training data).

® Gradient of E(W) given W is Vy/ E, the matrix of partial
derivatives of E with respect to the elements of W':
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Gradient Descent

® Weight space: A K X d dimension space — each possible

weight matrix corresponds to a point in weight space.

E(W) is the value of the error at a specific point in weight o
space (given the training data).

® Gradient of E(W) given W is Vy/ E, the matrix of partial
derivatives of E with respect to the elements of W':

® Gradient Descent Training: adjust the weight matrix by WAl w l “
B
moving a small direction down the gradient, which is the L

direction along which E decreases most rapidly. wa VE
o update each weight wy; by adding a factor —n - 9E/owg; Image credit: ‘C. M. Bishop,
o 7 is a small constant called the step size or learning rate. H. Bishop, Deep Learning’

® Adjust bias vector similarly
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Gradient Descent Procedure

1. Initialise weights and biases with small random numbers

2. For each epoch (complete pass through the training data)
2.1 Initialise total gradients: Awy; =0, Abg =0
2.2 For each training example n:
2.2.1 Compute the error E"
2.2.2 For all k, i: Compute the gradients 0E" /dwy;, OE™ [ by
2.2.3 Update the total gradients by accumulating the gradients for example n

n OE™
Vk, i Aby «— Aby +
Wi abk

Vk

Awg; — Awg; +
2.3 Update weights:

Awg; — Awy;/N; Wii < Wi —nAwy; Yk, i

Aby < Aby/N; bx < b —nAbx  Vk

3. Terminate: after a number of epochs; or when error stops decreasing (threshold).
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Gradient Descent Pseudocode (linear network)

1: procedure GDTRAINING(X, T', W .b)

2 Initialize W and b to small random numbers

3 while not converged do

4: Initialise total gradients: Awy; = 0, Abg =0
5 forn «— 1,N do

6 fork — 1,K do

7 yp Z;‘;l Wiix? + by

8: gy -t

9: fori— 1,d do

10: Awg; — Awg; +g]': 055
11: Abk(—Abk +g;:
12: for k — 1,K do
13: fori «— 1,d do
14: Wii < Wi — 1 - Awgi /N
15: by « by —n - Abx/N
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Applying gradient descent to a single-layer network

® Error function:
d

N
1
S0y ZE” Z(yk - tk remember y; = Z WeiXi + bi
n=1

i=1
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Applying gradient descent to a single-layer network

® Error function:
d

L K
_1 . n 1 L e .
I5 = N ;E E" = > ;(yk - 1) remember y; = Zwkixi + by

i=1
in _8E“ ayr _( rl_tn)‘ n
Owrs | 0 0 =Y r Xs
! Yr  OWrs
oE 1 N 9E™ 1 N
) :_E =_§(yf—tf)xg
Wrs N —1 awrs N e

n

® Gradients:
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Applying gradient descent to a single-layer network

® Error function:

L X
=— ) E"
N

d
Z(yk - tk remember y; = Z wgiX; + by

i=1

® Gradients (grads_wrt_params):

@ informatics

JOE™

ow
s

JoE

OWrs

JOE™ Y, - (-t -
oY awrs —_— ——
— output error input

error.grad

N N
l aEn =lZ( n_tn)'xfl
N - Wy N Yr r s

n= n=1
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Applying gradient descent to a single-layer network

® Error function:

N d
1
S0y ZE” Z(yk - tk remember y; = Z WeiXi + bi
n=1 i=1
® Gradients (grads_wrt_params):
n
23 OE™ Y, n o n
Owrs | = (yr -1 -
s Yy awrs \.._ e~ —
— output error input

error.grad

v

E | 15 E 1<, . i om

T )= N Lty = W2
1 OWrs

n= n=1

® Weight update
N
1
Wrs <~ Wps — 11 N Z(y? - t;l)xg
n=1

€ informatics
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Applying gradient descent to a single-layer network
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Gradient Descent




Gradient Descent

’@ Training by batch gradient descent is very slow for large training data sets

® The algorithm sums the gradients over the entire training set before making an
update

® To be able to fit a model to a dataset well, many updates are typically needed

5 < ””»‘ THE UNIVERSITY of EDINBURGH
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Gradient Descent

’@ Training by batch gradient descent is very slow for large training data sets

® The algorithm sums the gradients over the entire training set before making an
update

® To be able to fit a model to a dataset well, many updates are typically needed

How can we make GD faster?

;““”"/‘ THE UNIVERSITY of EDINBURGH
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Stochastic Gradient Descent (SGD)

® |n SGD the complete gradient dE/dwy; (obtained by averaging over the entire
training dataset) is approximated by the gradient for a point 9E" /dwy;

® The weights are updated after each training example rather than after the batch of
training examples

® [naccuracies in the gradient estimates are washed away by the many approximations

® Present the training set in random order, to prevent multiple similar data points (with

similar gradient approximation inaccuracies) appearing in succession
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SGD Pseudocode (linear network)

procedure GDTRAINING(X, T', W ,b) procedure SGDTRAINING(X, T', W .b)

1: 1:

2 Initialize W and b to small random numbers 2 initialize W and b to small random numbers
3 while not converged do 3 randomize order of training examples in X
4 Initialise total gradients: Awy; =0, Abg =0 4: while not converged do

5: forn «— 1,N do 5: forn < 1,N do

6 for k «— 1,K do 6: fork < 1,K do

7 Yl — 3L wex! + b 7 Yl — XL wix! + by

8 8 gr < yg -t

9 9 fori < 1,d do

GE T Ye Tk
fori«— 1,d do

10: Awgi — Awgi — gt - x| 10: Wii < Wi =1 gt - X[
11: Aby — Abi + gi. 11: b —br—n-9g¢
12: fork «— 1,K do
13: fori — 1,d do
14: Wki ¢ Wi — 1 - Awgi /N
15: bx « b —n - Abi/N
@ informatics
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Minibatches

® Batch gradient descent — compute the gradient from the batch of N training examples

® Stochastic gradient descent — compute the gradient from 1 training example each
time

® [ntermediate — compute the gradient from a minibatch of M training examples —

M>1,M<< N

2 MW: THE UNIVERSITY of EDINBURGH
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Minibatches

® Batch gradient descent — compute the gradient from the batch of N training examples

® Stochastic gradient descent — compute the gradient from 1 training example each
time

® [ntermediate — compute the gradient from a minibatch of M training examples —
M>1,M<< N

® Benefits of minibatch:

o Computationally efficient by making best use of vectorisation, keeping processor pipelines
full - can parallelise the forward prop and gradient computations by processing examples
in a minibatch together

o Possibly smoother convergence as the gradient estimates are less noisy than using a single

example each time

2 MW: THE UNIVERSITY of EDINBURGH
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SGD Pseudocode (linear

1: procedure SGDTRAINING(X, T, W ,b)

23 initialize W to small random numbers

3 randomize order of training examples in X
4 while not converged do

5: forn «— 1,N do

6: for k «— 1,K do

7: Yl — XL wix! + by

g e < Y~k

9 fori — 1,d do

0

1 Wei < Wii =1 g - X[
11: b —br—n-9g¢
@ informatics
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SGn Dcnllrlnt‘nrln (l;nnar “ﬂ'l'\llnl‘l[\
How would you modify this code for minibatch training?

1: procedure SGDTRAINING(X, T, W ,b)

2 initialize W to small random numbers

3 randomize order of training examples in X
4 while not converged do

5 forn < 1, N do

6: fork «— 1,K do

7 Yl — XL wix! + by

8 gz — y,’: — t]’:

9 fori — 1,d do

0 Wki‘_Wki_’]'g]r:'x
1

JEE—Y

b —br—n-9g¢

THE UNIVERSITY of EDINBURGH
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Classification




MNIST Digit Classification
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Classification and Regression

Regression  predict the value of the output given an example input

vector - e.g. what will be tomorrow’s rainfall (in mm)

€ informatics
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Classification and Regression

Regression  predict the value of the output given an example input

vector - e.g. what will be tomorrow’s rainfall (in mm)

Classification predict the category given an example input vector
e.g. will it be rainy tomorrow (yes or no)?
o Binary output: 1 (yes) or 0 (no)
o Probabilistic output: p, 1 — p (for a 2-class problem)

€ informatics
& 16730



Activation functions for two-class classification

Output: y y= f(Z)

Single-layer network, binary/sigmoid output

1 if z>0.5
Binary (step function): f(z) =
0 if z<0.5
1
Probabilistic (logistic sigmoid function): | f(2) = T+ exp(=2)

€ informatics
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Logistic sigmoid function

Logistic sigmoid activation function g(a) = 1/(1+exp(-a))

& informatics
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Sigmoid single layer networks

® Binary output: activation is not differentiable.
o Non-convex function

o No subgradients

L1 loss: f = |x|

) 2.0, x>0.5,
Step function: f(x) =
1.0, x <0.5.
—
_
0.5 ! !

|
‘ Subgradient= [-1.0,1.0]
G informatics
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Sigmoid single layer networks

® Binary output: activation is not differentiable.

® Probabilistic output: single layer network with logistic sigmoid output — statisticians

would call this logistic regression.

Let z be the value of the weighted sum of inputs, before the activation function, so:
Z:Zwix,-+b:'uﬂa:+b
i
y=f(2
® Two classes, so single output y,

o yfort=1(class 1),
o 1-yfort=0/(class 2)

€ informatics
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Sigmoid single layer networks

® Training sigmoid single layer network: Gradient descent requires 9E/dw; for all

weights:
JE"  9E™ gy 92"

ow; B 8y”@a_w,~

For a sigmoid:

y=f&) L= =F0-f@)

€ informatics
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Sigmoid single layer networks

® Training sigmoid single layer network: Gradient descent requires 9E/dw; for all
weights:
OE" _ 9E" oy" 92"
ow; B oy" 9z" dw;

For a sigmoid:

y=f&) L= =F0-f@)

® Therefore gradients of the error w.r.t. weights and bias (grads_wrt_params):

En

(;wi = (y"-t") f(z")(A-f(z")
N—— ——
output error £ (zm) input

OE™

| = =1 fFEDA-f(")
N——

B THE UNIVERSITY o EDINBURGH output error f'(z")
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Cross-entropy error function (1)

® |f we use a sigmoid single layer network for a two class problem (C; (target t = 1) and
C, (t = 0)), then we can interpret the output as follows

y~P(Ci|x)=P(t=1]z;W)
(I1-y) ~P(C|x)=P(t=0]|x;W)

€ informatics
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Cross-entropy error function (1)

® |f we use a sigmoid single layer network for a two class problem (C; (target t = 1) and
C, (t = 0)), then we can interpret the output as follows

y~P(Ci|x)=P(t=1]z;W)
(I1-y) ~P(C|x)=P(t=0]|x;W)

® Combining, and recalling the target is binary (t =0 or t = 1):
P(t| ;W) =y' - (1-y""
This is a Bernoulli distribution. We can write the log probability:

InP(t| ;W) =tlny+ (1-1t)In(1-1y)

€ informatics
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Cross-entropy error function (2)

® Optimise the weights W to maximise the log probability — or to minimise the
negative log probability.

E"=-InP(t" | 2", W) = —("Iny" + (1 - ") In(1 - y")) .

This is called the cross-entropy error function

€ informatics
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Cross-entropy error function (2)
® Optimise the weights W to maximise the log probability — or to minimise the

negative log probability.
=—InP(t" | 2", W) ==(t"Iny" + (1 -t")In(1 -¢")) .

This is called the cross-entropy error function
® Require grads_wrt_params for gradient descent training: dE/ow;

(w; connects the ith input to the single output).
OE" " 1-1t" —(1— ”)t+y(1—t") (y" —t")

oyn - yn 1-— yn y (1 _ n) y (1 _ n)

OE" | 9E"™ ay" 9"  (y"—t") m )Xl
i =50 o g S Yy A = 2
i y 0z awvi y (1 )

Derivative of the sigmoid y(1 — y) cancels.

enEXercise: What is the gradient for the bias ( " )?
) informatics
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Multi-class networks

® [f we have K classes, then use a “one-from-K” (“one-hot”) output coding - target of

the correct class is 1, all other targets are 0

class 1 class 2 class 3

6D informatics
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Multi-class networks

® [f we have K classes, then use a “one-from-K” (“one-hot”) output coding - target of

the correct class is 1, all other targets are 0

class 1 class 2 class 3

How should the output look like for multi-class problems?

\““””z‘ THE UNIVERSITY of EDINBURGH
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Multi-class networks

® |f we have K classes use a “one-hot” (“one-from-N”) output coding — target of the

correct class is 1, all other targets are zero
® |t is possible to have a multi-class net with sigmoids

® This will work...but we can do better

€ informatics
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Multi-class networks

® |f we have K classes use a “one-hot” (“one-from-N”) output coding — target of the

correct class is 1, all other targets are zero
® |t is possible to have a multi-class net with sigmoids

® This will work...but we can do better

® Using multiple sigmoids for multiple classes means that the outputs of the network

are not constrained to sum to one
® To interpret the outputs of the net as class probabilities, require > P(Cx|x) =1

® Solution — use an output activation function with a sum-to-one constraint: softmax

€ informatics
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Softmax

exp(zx)
25'(:1 exp(zj)

d
Zk = Z WgiXi + bk

i=1

Yk =

® This form of activation has the following properties
o Each output will be between 0 and 1

0 The denominator ensures that the K outputs will sum to 1

2 MW»‘ THE UNIVERSITY of EDINBURGH
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Softmax

exp(zx)
25'(:1 exp(zj)

d
Zk = Z WgiXi + bk

i=1

Yk =

® This form of activation has the following properties
o Each output will be between 0 and 1

0 The denominator ensures that the K outputs will sum to 1
® Using softmax we can interpret the network output y;' as an estimate of P(Cy|x")

® Softmax is the multiclass version of the two-class sigmoid — as sigmoid models a
Bernoulli distribution, so softmax models a Multinoulli (Categorical) distribution
€ informatics
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Softmax

class 1 class 2 class 3

B THE UNIVERSITY o EDINBURG
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Softmax — Training (1)

® We can extend the cross-entropy error function to the multiclass case

En = —lnP(C[n|m”) = —Z t]r; lnyl’;

C
k=1

where Cn is the correct class for example n: (t;;, = 1).
@ informatics
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Softmax — Training (1)

® We can extend the cross-entropy error function to the multiclass case

c
E" = —InP(Cpn|x™) = —Z ty Iny;!
k=1

where Cn is the correct class for example n: (t;;, = 1).

® Computing grads_wrt_params:

oE" | ch OE dy. oz _ te Aye
Wi — Y, 0z OWg; i 0z !
E _ Z JE 9y, 9z Z te JYc
b )” Loy, oz b L oye o

2 Mw: THE UNIVERSITY of EDINBURGH
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Softmax — Training (2)

® Note that the kth output unit — and hence the weight wy; — influences the error
function through all the output units, because of the normalising term in the

denominator. We have to take this into account when differentiating,.

€ informatics
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Softmax — Training (2)

® Note that the kth output unit — and hence the weight wy; — influences the error
function through all the output units, because of the normalising term in the

denominator. We have to take this into account when differentiating,.

® |f you do the differentiation you will find:

0
- = yc(éck - yk)
0z

Where 6. is called the Kronecker delta: 6. = 1ifc =k, 5. =0ifc # k

® We can put it all together to obtain grads_wrt_params:

aEn n n n aEn n n
owe |~ (yg — 5)x; b |~ (yp — 1)

Softmax output with cross-entropy error function results in gradients with the same

& et QFM,As for linear outputs with mean square error!
&y informatics
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Exercises

1. Modify the SGD pseudocode for sigmoid outputs
2. Modify the SGD pseudocode for softmax outputs
3. For softmax and cross-entropy error, show that

OE™
oW

= (y; — )}

(use the quotient rule of differentiation, and the fact that Zle t.yr = yi because of
1-from-K coding of the target outputs)
4. Think of activation and error functions when an input can belong to multiple

categories (e.g. two digits in an image).

5 < ””»‘ THE UNIVERSITY of EDINBURGH
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Summary
® Reading:
o Nielsen chapter 1
o Goodfellow et al chapter 1; sections 4.3
(p79-83), 5.1,5.7, 5.9, 6.1, 6.2, 8.1
® Stochastic gradient descent (SGD) and

minibatch
® (lassification and regression

® Sigmoid activation function and

cross-entropy

® Multiple classes — Softmax

® Next lecture: multi-layer networks and
hidden units https://forms.cloud.microsoft/e/WdeYNv4A5c
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