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CAN WE AVOID THE DEPENDENCE ON C? THE PROBLEM

Last lecture: Ford—Fulkerson makes at most C /
iterations of O(m) time each: O(mC). 100 100

But C is a number, not the size of the input:

five edges can have C = 200 or C = 10”. 1 /@

100 100

@ Can the running time depend \
A4

onmn and m only?

n=4, m=5C =200



RECAP: FORD-FULKERSON TIE BRGIE

Forp-FULKERSON(G, s, 1) ‘,/’/@V\\\
[
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I f(e) « O for every edge e e \ AN o
2 while G has a path from s tot y ) N
|

3 choose such a path P any path will do ¥ AL | )
4 augment f along P by b = bottleneck(P, f) @V\\\ ! -

N 10
5 return f N i - AL

10 / g
N\ / //
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CosT. One iteration takes O(m) time. The

value grows by at least 1 each time, so there @

are at most C iterations: O(mC). val(f') = 30
No path from s to t is left: return f.



FORD-FULKERSON WITH UNLUCKY PATHS TIE BRGIE

G with the flow f G and the next path
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after 200 iterations: val(f) = 200 = C

no augmenting path is left; each iteration added a single unit



LARGER CAPACITIES, MORE ITERATIONS THE PROBLEM

The same five edges, with capacities

bits unlucky
M, M, 1, M, M. M of M paths
The unlucky run takes 2M = C 10 4 20

iterations: the bound O(mC) is tight.
100 / 200

1000 10 2 000
106 20 2000000

@ /s there a rule for choosing the path that
avoids this?

number of iterations of Ford—Fulkerson



CHOOSE THE BEST PATH?

THE PROBLEM

Largest bottleneck (the fattest path):

CLD\ s, u, t, with bottleneck 100.

100 100 Two iterations here, but O(mlog C) in general:
\ still growing with C.
1 /@ Edmonds and Karp, 1972.

Via a modified Dijkstra’s algorithm.

100 100

\ Y Fewest edges (a shortest path):
s, u, t, with 2 edges, found by BFS.

The unlucky path s, u,v,t has 3.



LARGER CAPACITIES, MORE ITERATIONS THE PROBLEM

The same five edges, with capacities

bits unlucky shortest
M, M, 1, M, M. M of M paths paths
The unlucky run takes 2M = C 10 4 20 2

iterations: the bound O(mC) is tight.
100 / 200

2
1000 10 2 000 2
106 20 2000000 2

@ /s there a rule for choosing the path that
avoids this?

Yes: take a shortest path.
Two iterations, whatever M. number of iterations of Ford—Fulkerson



IDEA: ALWAYS TAKE A SHORTEST PATH EbMONDS-KARP

G with the flow f Gy, with the distance d¢(s,Vv) at each node
0
u — <§§\
- . 100 TS
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after 2 iterations: val(f) = 200 = C

no edge leaves s: all distances are infinite, done



THE EDMONDS—KARP ALGORITHM e

EpmonDs-KARP(G, s, t) Shortest means the fewest edges,

I f(e) « O for every edge e whatever the capacities.

> while G¢ has a path from s tot Breadth-first search from s

3 P < ashortest such path finds it in O(m) time.

4 augment f along P by b = bottleneck(P, f) It is still Ford—Fulkerson:

> return f the result is a maximum flow (Lecture 11).

THEOREM. Edmonds—Karp makes at most mn augmentations,
so it runs in time O(m“n), whatever the capacities.



PSEUDO-POLYNOMIAL, WEAKLY AND STRONGLY POLYNOMIAL EDMONDS—KARP

pseudo-polynomial weakly polynomial strongly polynomial

time polynomial in n, m and C n, m and log C n and m only
example Ford—Fulkerson capacity scaling (KT 7.3) Edmonds—Karp
O(mC) O(m? log C) O(m?n)

Fastest known for exact maximum flow:

weakly polynomia|= Chen, Kyng, Liu, Peng, Probst Gutenberg and Sachdeva, 2022 (randomised)
m1 +o(1) |Og C van den Brand, Chen, Kyng, Liu, Peng, Probst Gutenberg, Sachdeva and Sidford, 2023 (deterministic)
strongly polynomial: | orlin, 2013

O (Tlm) King, Rao and Tarjan, 1994
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EDMONDS—KARP ON THE RUNNING NETWORK e

______ distance d¢(s,Vv) from s in Gy
=207
=" fo f1 2 f3
@tl, u l 1 1 o
<- --------
§§§§§ - v 1 1 2 o
10 _
it t 2 2 3 o

© /s that an accident?

no path from s to t: val(f3) = 30
every distance only grew: the last column is co
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WHY IS IT FAST? THREE STEPS

Distances never
decrease

augmenting along a shortest
path creates no shortcuts

df(s>\)) /

Each arc is critical at
most n/2 times

a full arc returns only after its
tail has moved away by 2

<n/2

EDMONDS—KARP

At most mn
augmentations

every augmentation fills some
arc; O(m) time each

O(m?n)
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DISTANCES AND LAYERS DETARNEES Gy

Distance d;(s,V): the fewest arcs on a
path from s to v in Gy (oo if there is none).

Layer L; = {v: d¢(s,v) = i}: the nodes
BFS reaches in round 1.

FAcT 1. Every arc of G¢ goes up
at most one layer.

Else there is a shorter path to its head.

FACT 2. A shortest s—t path goes up

exactly one layer per arc. =P Up one layer — same layer or down
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LEMMA: DISTANCES NEVER DECREASE DISTANCES GROW

/ o o
LEMMA. Let f" arise from f by augmenting d¢(s, V) in the run on the running network

along a shortest s—t path of G¢. Then
d¢ (s, v) > d¢(s,v) for every node v. fo t1 12 13

Idea. The arcs that G/ has and G¢ has not
point backwards: no shortcuts.

t 2 2 3 o

So during a run of Edmonds—Karp
every distance only grows, every row grows from left to right

and the augmenting paths never get shorter.

14



PROOF, STEP 1: WHAT AUGMENTING CHANGES DISTANCES GROW

Augment along the shortest path P
by its bottleneck b.

e Every arc of P goes up exactly one layer.

e The bottleneck arc is full:

it disappears.

e Each arc (x,y) of P gives a

reverse arc (Y, x), new or bigger:

it goes down one layer.

Nothing else changes.
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PROOF, STEP 2: NO ARC GOES UP BY TWO LAYERS DISTANCES GROW

G/, drawn in the layers of Gy¥.
Two kinds of arcs:

e Old arcs (already in Gy):

up at most one layer, by Fact 1.

e New arcs: reverses of arcs of P,

so one layer down.

Every arc (x,y) of G¢/ has
df(S>U) < df(3>x) + 1.
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PROOF, STEP 3: A PATH CLIMBS ONE LAYER PER ARC DISTANCES GROW

A shortest path s = xg,X1,..., Xk =Vvin Gg¢/:

k = d¢ (s, V).
arcs used ] o1 2 3
node X s a d c

layerof x;inGy O 1 2 2

Each arc goes up at most one layer of G¢:

after j arcs we are in a layer < j.

So d¢(s,v) < k = d¢/ (s, V). H

The new layers: a node can only move to the right.
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THE LEMMA IN ACTION: A WHOLE RUN DISTANCES GROW

Lo L, L, Ls L, 50 distance d¢(s, V)

fo T1 T2 13 T4 T5

- ams omn =D oS
——‘—
-
-
-
-
-
-
”
-

1 a1 11 3 3 oo
a b1 1 1 1 1 oo
< ————————

~~~~~~~~ c 2 2 3 3 3 oo
T d2 2222w
¥ t 2 3 3 3 4 oo

no entry ever decreases

no path from s to t: val(fs) =7

every other node is at distance oo
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WHERE DID WE USE THAT P IS SHORTEST? DISTANCES GROW

P =s,b, qa,c,tis an augmenting path,
but not a shortest one: its last arc

goes down two layers.

Augmenting adds the reverse arc (t, c):
it goes up two layers, a shortcut.

The distance of ¢ drops from 3 to 2.

On a shortest path every arc goes up

exactly one, so every reverse arc
goes down exactly one.
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CRITICAL ARCS TG

DEFINITION. An arc of the augmenting
path P is critical if its residual capacity
equals the bottleneck b.

o After augmenting it has capacity O:
it leaves Gr.

e Every augmentation has

at least one critical arc.

augmentations < critical (arc, time) pairs

iteration

1
2
3

path P b critical arcs
s,u,t 10 (u, t)
s, v, t 10 (s, V)

s,u,v,t 10 (s,u), (v,t)

the run on the running network
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CAN A CRITICAL ARC COME BACK? TG

0 Time 1, flow f: (u,v) is critical, so
d¢(s,v) = d¢(s,u) + 1. It leaves Gr.

time 1 f N |
© To return, flow must be pushed along (v, u). critical

At time 2 (flow g) that arc is on a shortest @ ............ @ @
path: dg(s,u) — dg(S,V) + 1. ._[ J—>'
! > 2 farther :

> ti 2
© By the lemma dg(s,v) = d¢(s,Vv), so ime Y Sushe bl

dg(S,LL) > df(S,U) + 2.
o 1 | O+
e Time 3 (flow h): critical again, and

dh(s)u) > dg(S,U) > df(5>u) + 2.

time 3 h N |
critical

Between two critical times of (u,Vv) the @ ............................. @.»@

distance of u from s grows by at least 2.

21



EACH ARC IS CRITICAL AT MOST /2 TIMES COUNTING

(u,v) lies on a shortest s—t path: 8
at most n — 1 arcs, 7
and u is not its last node. 6
So0 < d(s,u) <n—2. 5
At each critical time, 4
d(s,u) is at least 2 more 3
than at the previous one. 2
]

LEMMA. An arc is critical 0

at most Tl/z times. time (augmentations)

< n/2 = 5 critical times
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COUNTING THE AUGMENTATIONS COUNTING

arcs: a forward and a backward arc per edge <Z2m
critical times of each arc (previous slide) <n/2
critical (arc, time) pairs <2m- % — mn
every augmentation has at least one: augmentations < mn
time per augmentation: BFS, augment, new G¢ O(m)

THEOREM. Edmonds—Karp runs in time mn - O(m) = O(m*n).
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POLYNOMIAL, WHATEVER THE CAPACITIES COUNTING

Ford-Fulkerson Edmonds-Karp

choice of P any path a shortest path
augmentations < C < mn
running time O(mC) O(mzn)
depends on the capacities yes no

real capacities may never stop always stops
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SUMMARY SUMMARY

@ The choice of path matters: unlucky paths need C iterations
even on five edges, so O(mC) is tight.

© Edmonds-Karp augments along a shortest path
(fewest edges), found by BFS.

© Distances never decrease: augmenting along a shortest path

adds only arcs that point backwards.

© Critical arcs: each arc is a bottleneck at most 1./2 times,

so at most mn augmentations, O(m) each.

2

Maximum flow in time O(m<n), whatever the capacities.

Reference: CLRS, Chapter 24.2
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