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FORD-FULKERSON: WHAT IS LEFT?

the last residual graph Gy

0 Feasibility. Is every result a flow?  recture9 . ./"@“\\
///, \ \\10
Q Termination. Does it stop? LECTURE 9 e \ N
p 20 | \
Q Running time. How fast? LECTURES 9, 10 ®‘\ i ,,@
e 10 20~
a Optimality. Is the flow maximum? TODAY 10 ,:' e
\\ VI’}//

©® G has no path from s to t. Why can no other flow be larger?



WHY 30 CANNOT BE BEATEN

Our flow has value 30.

(LD\ ©® Could another flow do better?
/ All flow starts at s:

S 20/20 10/1(\ T it has to leave through (s, u) and (s, V).
10/30 @ These two edges carry at most
Pl 20 + 10 = 30.
10/10 20/20

\ v No flow has value more than 30.
Ours is maximum.

val(f) = 30
@ /s there always such a bottleneck?



IN A LARGER NETWORK

G with a flow f of value 23 its residual graph G: no s—t path
A 12
ol FomaoN
ol A ) 12/V A 7 .
12/16 19/20 / / BN

11/13 4/4 L v
\ \
\ / \\ ‘/" 11 \\‘ *

ofto

® How do we know this flow is optimal?




CuTS AND THEIR CAPACITY

DEFINITION.
An (s,t)-cut is a partition of the nodes

intotwo sets Sand T withs € Sandt &€ T.
Example: S = {s,u}and T = {v, t}. g 20/ 10 .
DEFINITION. \

30
The capacity of the cut is /®

C(S>T) — Z Ce, 10 20
e out of S \
the edges from Sto T
(edges from T to S do not count).

c(S,T) =10+ 30+ 10 = 50



FOUR CcUTS T

AN

30

Rod

10

20

N
~

T

S capacities out of S ¢(S, T)
(s) 20 + 10 30
(s,u} 10+30+10 50
(s, v} 20420 40
{s, u, v} 10+ 20 30

An edge from | to S does not count:
(u,v) for S ={s,v}.

Smallest: 30, reached twice.
With n nodes there are 2™ 2 cuts.



How MUCH FLOW CROSSES A CUT? LS AN EUTS

foU'(S): the flow on the edges out of S The cut S =15, v, T =, t:
f"(S): the flow on the edges into S
foU(S) = 20 + 20 = 40

fin(S) = 10
g 20/2(/ 10/10 T | fout(S) — f"(S) =40 — 10 = 30 = val(f)
G @ S fOUt(S) fm(S) fOUt(S) _fln(S)
/ {s} 30 0 30
ts, W 30 0 30
10/10 20/20

\ {s, v} 40 10 30
CD/ {s,u,v} 30 0 30

val(f) = 30 © A coincidence?



FACT 1: THE NET FLOW ACROSS A CUT

FLOWS AND CUTS

FACT 1 (FLOW VALUE LEMMA).
For every flow f and every cut (S, T),

val(f) = fU(S) — £"(S).

© \al(f) = rout(s) — fin(s), as no edge enters s.

9 Every other w € S is an inner node, as t € T:
fout(w) — f"(w) = 0, by conservation.

© Add this up over all of S:
val(f) = ) (f(w) — f"(w)).

WES

@ Why is this sum the net flow across the cut?

10/10 T
\@

o
o

30 +0 =30



FACT 1: COUNTING EDGE BY EDGE FLOWS AND CUTS

Each edge e = (x,y) appears in the terms of its ends:
f(e) in the term of x, if x € S
—f(e) in the term of y, ify € S

/ both ends in S +f(e) — f(e) =0

S +20 T fromStoT +f(e)
fromT to S —f(e)

-10 @ both ends in T not in the sum

+10-10=0 +20/ val(f) = Z fle) — Z f(e)
e out of S e into S
\ _ fout(S) _ fin(§).

20+20—10 =30 ‘ FAcT 2. From the T side: val(f) = f"(T) — foUt(T).

The edges out of S are the edges into T, and vice versa.



FACT 3: NO FLOW BEATS A CUT LGS AN CUTS

FAcT 3.
For every flow f and every cut (S, T):

val(f) < C(S,T) /

S 20/20 10/10 T

val(f) = fout(S) — fin(S)  Fact N\

< fOUt(S) f"(S) > 0 10/30 /@
- Ze out of S f(e) definition l 20/20

10/10
< Ze out of S Ce capacity: f(e) < ce \
— C(S, T) definition []
@ Can equality always hold, for some flow and cut?
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WHEN IS THE BOUND TIGHT? LGS AN CUTS

Fact 3 loses something in two places. By the flow value lemma (Fact 1),

c($,T)—val(f)= Y (ce—f(e)) + F"(S).

e out of S

unused capacity flow coming

. €T onthewayout  backintos S 1) —vallf)
{8} 30 0 0 0
{s, u} 50 20 (u, v) 0 20
{s, v} 40 0 10 (u, v) 10
{s, u, v} 30 0 0 0

Tight (c(S, T) = val(f)) exactly when
every edge out of S is full, f(e) = ce,
and every edge into S is empty, f(e) = 0.
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FLOWS BELOW, CUTS ABOVE FLOWS AND CUTS

val(f) < ¢(S, T) for every flow f and every cut (S, T)

fo @ @ ) @ values of the flows of the run
o — ™ X ™ 10 — 20 —/ /X — 30 —————4) ——— 50 ———— 60 »
capacities of the cuts @ (s} ® (s, v} ® (s, u
® (s, u, v}

If val(f) = c(S, T), then f is a maximum flow
and (S, T) is a minimum cut.

@ Can we always find such a pair?
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ONE SEARCH, TWO OUTCOMES CONSTRUCTING A CUT

Search from s in G¢ (BFS or DFS):

Q which nodes can we reach?
A Y e
20" RN ti hed: ti th
. \ o is reached: an augmenting pa
7
St /S d S (s,v,u,t, when val(f) = 20).
0 | \ . .
¢ 20 i f 1s not maximum; augment.
‘\\\ : ‘,,/’
S~ 10 .20 t is not reached: let S* be
N\ ' //
"’.\ [ 7 the set of nodes reached, T* the rest.
N\

‘Cyj#/ (S*, T*) is a cut.

c(S*, T*) =20+ 10 = 30 = val(f)
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THE cuT (S*, T*) ON THE LARGER NETWORK CONSTRUCTING A CUT

G with the flow f of value 23 the residual graph G¢

@- 12/12 »
ar b

12/16 19/20
G< 0/4 0/9 7/7
11/13 /
b - 11/14 »

Reachable from s in G¢: S* ={s, a, b, d}; the rest: T* ={c, t}
Out of S*: all full (f = ¢). Into S*: all empty (f = 0).
This is sufficient for Fact 3 to be tight (slide 11): ¢(S*, T*) = val(f) = 23.

S>l<
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FACT 4: EDGES OUT OF S™ ARE FULL CONSTRUCTING A CUT

S*: the nodes reached from s in G¢. t ¢ S*.

@7 f(e) =ce = T* Take an edge e = (u,v) withu € S*,v € T*.

S>l<
Suppose f(e) < ce. Then Gy has
@ the forward arc (u,v).
u is reached, so v is reached: v € S*.
. Contradiction.

f(e) = ce: every edge out of S* is full.
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FACT 4: EDGES INTO S™ ARE EMPTY CONSTRUCTING A CUT

S*: the nodes reached from s in G¢. t ¢ S*.

Q 4 - Take an edge e’ = (x,y) withx € T*,y € §*.

Suppose f(e’) > 0. Then Gy has
@ the backward arc (y, x).

y is reached, so x is reached: x € §*.

f(e’) = 0: every edge into S* is empty.
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FACT 4: THE CAPACITY OF THE CUT CONSTRUCTING A CUT

FACT 4.
12/12 » If G¢ has no s—t path,

then (S*, T*) is a cut with ¢(S*, T*) = val(f).

5@

S 12/16 19/20 |

val(f) = fout(S*) — f"(S*)
Fact 1

0/4

t _
A (S*) - Ze out of S* Ce
11/13 4/ every edge out of S* is full
N fin($*) =0
b 11/14 » every edge into S* is empty

Soval(f) = c(S*, T*).

4\ /

O
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FORD-FULKERSON IS CORRECT S B RTIN =T

For a flow f, the following three statements are equivalent:

(a) f is a maximum flow

otherwise we could augment
Fact 3

no flow beats a cut

Fact 4 (c) val(f) = ¢(S, T)
_ _ )
(b) Gf has no st path the reachable set is such a cut for some cut (S, T)

Ford—Fulkerson stops exactly when (b) holds:

its flow is a maximum flow.

It stops for integer capacities: Lecture 9.

Edmonds—Karp always stops: Lecture 10.
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THE MAX-FLOW MIN-CUT THEOREM MAX-FLOW MIN-CUT

THEOREM.

In every flow network, the value of a maximum flow equals the capacity of a minimum cut:

max val(f) = min c¢(S, T).

f (S,T)
fo @ f1 sz T f3 T flows of the Edmonds—Karp run
0 —— 10 — 20 ——— 30 40 ——— 50 ———— 60 —— 70 »
capacities of the 16 cuts lcoc (I l o e o 0 0o o o o
{s, a, b, d} A

Proof. Fact 3 (no flow beats a cut).

<
>: Edmonds—Karp stops (Lecture 10) with a flow f* whose G¢+ has no s—t path.

Fact 4 (the reachable set is a tight cut): c(S*, T*) = val(f*).
So maxy val(f) > val(f*) = ¢(S*, T*) = min(s 1y¢(S, T).
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FINDING A MINIMUM CUT S B RTIN =T

©® How do we find the value of a minimum cut?
/<>\ Run Ford—Fulkerson (or Edmonds—Karp):
S 20/20 10/10 T it is the value of the flow it returns.

@ ©® How do we find a minimum cut?
- e Search the last G once more:
\ v S* = the nodes reached from s (here {s}).
Time: that of Ford—Fulkerson (or Edmonds—Karp),

plus one search, O(m).

10/30

c(S,T) =10+ 20 = 30 Not unique: {s, u, v} is a minimum cut too.

20



INTEGRALITY e LG RN =ET

THEOREM. .
a maximum flow that Ford—Fulkerson finds

If all capacities are integers, some maximum flow

has an integer value f(e) on every edge. @\
N

© rord-Fulkerson starts with f = 0: integral. 1/1

1/1
A
© iffis integral, so are the residual capacities @— 1/1 >GI @
N
0/1

and the bottleneck b, hence sois f’ = f 4+ b on P. o/
9 It stops with a maximum flow (today): ‘@/

an integral one.

Why it matters: with capacities 1, value 1 in both cases

flows are yes/no choices (Lecture 12: matchings).

21




TRY IT: CUTS OF A NETWORK MAX-FLOW MIN-CUT

OXE S =(s, a,b)

/ A A T ={c, d, t}

\ capacity of the cut
oa 05 77 (1) clsm=12+14=2

net flow across it

11/13 4/4 fout(S) — fi"(S) =23 -0 =23

@_ 11/14 >d gap = unused capacity + flow coming back
26—23=3+0
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SUMMARY SUMMARY

@ Cuts. (S, T) counts the edges from S to T.
The net flow across every cut is val(f), so val(f) < c¢(S, T).

© The cut from G. If G has no s—t path,
the nodes reachable from s form a cut with ¢(S*, T*) = val(f).

€) Consequences. Ford—Fulkerson returns a maximum flow

and a minimum cut; integer capacities give an integral flow.

Max-flow min-cut: the value of a maximum flow

equals the capacity of a minimum cut.

Reference: KT, Chapter 7.2; CLRS, Chapter 24.2
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