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FROM FLOWS TO LINEAR PROGRAMS LINEAR PROGRAMS

Maximum flow is already a linear program:

numbers to choose, linear constraints,

~ a linear objective.
2/3 2/2

0/ \® maximise fsa + Tstb

/3 l 3/3 -~ subjectto O < fe < Ce forevery edge e
\@/ fsa = fav + Tat (at a)
fsb +Tab =Tot  (at b)

Flow conservation at a: 2in = 0 + 2 out.

3

@ \Vhich other problems have this form?

Today [0 the model J —> [e its geometry J —> [e a first algorithm J —> [o integer programs J




A PROBLEM: THE DIET

LINEAR PROGRAMS

Two energy drinks, R and M.

60 60

per can
calories

vitamin A
vitamin C

cost

12
10

£4

6
30

£5

need per day
at least 300
at least 36
at least 90

as small as possible

Each day we drink
x cans of R
and y cans of M.

© How many of each,
at the lowest cost?



THE DIET AS A LINEAR PROGRAM LINEAR PROGRAMS

minimise 4x -+ 5
R M need T Y

calories 60 60 > 300 subject to x+ y> 5 .o

vitamin A 12 6 > 36
vitamin C 10 30 > 90 2Xx+ Yy=6 -6
cost £4 £5 minimise

x+3y =9 -0

Unknowns: x cans of R,

y cans of M per day. Xy, Y >0 no negative cans



LINEAR PROGRAMS LINEAR PROGRAMS

LINEAR PROGRAM (LP), STANDARD FORM.

maximise Ci1X1 + -+ CnXn

subjectto  @i1X1 + -+ QinXp < by

fori=1,...,m

X1yeooyXn

In matrix form:

T

maximise ¢ ' X subject to Ax < b, x >

Given: A(m xn),b € R™, c € R™.
Unknown: x € R™,

Linear: only sums of (number) x (unknown).

Example withn =m = 3:

maximise

subject to

PER
A= 412
34 2

—

5x1 +4x2 4 3x3
2X1 + 3%> X3 <O
4x1 + x2 +2x3 < 11
Ix1 +4%x2 +2x3 < 8
X1, X2, X3 = 0
- - _
b= [ 11| ¢c=
. 8_ .

Optimum: x* = (2, 0, 1), value 13




EVERY LP CAN BE WRITTEN IN STANDARD FORM L2 FRG AN

With the objective negated:

maximise —4x — 5y
minimise f — maximise —f

subjectto —x— y < -5
a'x > B s —a'x <=
—2x— Yy < —6
a'x=p — a'x<B, —a'x<-p
—X — oY < —7 . .
S0 Xj any sign — Xj =X" — X, %, X =0
XY =
Standard form: maximise, <, x > 0

T

WV
O

Every LP can be written as maximise ¢’ x subject to Ax < b, x



THE FEASIBLE REGION CEonETE

m X+ Yy=9 8y
@ 2x+ Yy =6 7( (a) ) T
(0, 6)
> )
3 X+3y =7 5 p feasible region
@ X > 0 5 K2
(5) y =0 :

Solution: a point (x,y).

Feasible solution: a solution that satisfies

every constraint. 1

Feasible region: all of them: a polyhedron

(a polytope if bounded).



THE OBJECTIVE: LEVEL LINES

GEOMETRY

Cost of a diet: 4x + dy.

A level line joins the diets of equal cost:

4x + 5y = k.

The cost grows along ¢ = (4,5),
perpendicular to the level lines.

Push the line towards smaller cost, as long

as it still touches the region:
cost k = 22

OPTIMAL SOLUTION: X =3,y = 2.
OPTIMAL VALUE: 4-3+5-2 =22

c = (4,5)

cost 22 \




THE OPTIMUM IS AT A VERTEX GEOMETRY

VERTEX. A feasible point where n independent L

constraints are tight (hold with equality). T minimise x +

FAcT. If an LP has an optimal solution, then a vertex

is optimal.
(1, 4)

© Lt x* be optimal, not a vertex: fewer than n ! o

independent constraints are tight. Then some vector ,

d € R™, d # 0, keeps all of them tight: tight at

x* + td for every t. ; o
e x* 4 td is feasible for small [t], so ¢’ d = 0: the value (3, 2)

does not change along d. 1 g

a Walk along +=d until a new constraint is tight (x > 0
stops us): after at most n rounds, a vertex. 1 2 3 4 5 6 7




TRY ALL VERTICES CEonETE

m = 3 constraints and n = 2 unknowns, x,y > 0.

Y
A vertex: n = 2 of these m 4+ n = 5 tight. ¢
Candidates: (m;:“) — (g) = 10 pairs. 7 E

30
lines  point feasible? cost 6D
(1), (2) (1,4) v 24
(1), (3) (3, 2) 4 22
(1), 4) (0, 5) X (2)
(1, (5) (5, 0) X (3)
(2),(3) (9/5,12/5) X (1)
(2), (4) (0, 6) v 30
(2), (5) (3,0) X (1) (3)
(3), 4) (0, 3) X (1) (2)
(3), (5) (9, 0) v 36 (3)
: 0, 0 X (1)(2) (3
), (5) (0,0) (1) (2) (3) 36 ()
A

In general: (™M) > (M2) " candidates 5 6 7 8 9 10
€.8.

m = n: at least 2™, (5 O) ~ 1027 X

10



THREE OUTCOMES CEonETE

©® What can happen when we try to solve an LP?

infeasible unbounded optimal

3 3 : : 3

diet constraints
6 6 6
C
4 4 4
(3, 2)
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10

budget 4x + 5y < 20: maximise 4x + dy: minimise 4x + 5y:
no feasible solution arbitrarily good values best value 22, at (3, 2)

Every LP is infeasible, unbounded, or has an optimal solution.

11



TURNING THE OBJECTIVE

minimise 4x 4+ 5y for cost vector ¢

optimal: the vertex

(3, 2), value 22

Other choices of c:

(3, 1): the vertex (0, 6)
(2, 1): the whole edge from (1, 4) to (0, 6)
(1, 1): the whole edge from (1, 4) to (3, 2)
(1, 3): the whole edge from (3, 2) to (9, 0)
(—1, —1): unbounded

GEOMETRY

12



ELIMINATING A VARIABLE SRR METER

Fourier—Motzkin elimination (Fourier 1826, Motzkin 1936) y
7
1) x=5—y 4 x=0
6
@ x=(6-y)/2 ) y=0
() x=9—3y 6 x < (30—>5y)/4 ;
(6) is new: a budget, the cost is at most £30. ,
=3
Y 3p————r— o--@ -
largest lower bound 2
smallest upper bound 3.75 2
v an x exists, from 2 to 3.75
1
LEMMA. For a given y, an x exists
iff every lower bound < every upper bound. 1 5 3 4 . 6 . 8

13



PAIRS OF BOUNDS SRR ST

1 x=25—y 4 x=0
2 x=z(6-y)/2 6 y=0
3 x=9—3y 6 x<(30—->5y)/4

Each lower bound with each upper bound:

©s5- 1y < B30-5y)/d4=y<10
© 6-v)/2 < (30-5y)/4=y <6
© -3y < 30-5y)/d=y=6/7
Qo< 30-5y)/4=y<6

© v >0 (noxinit)

ResuLT. The system (1)—(6) has a solution
iff the system 6/7 <y < 6 has one.

Takey =3:2 <x < 15/4,eg. (x,y) = (2, 3).

14



OPTIMISING: THE COST AS A VARIABLE FOURIER-MOTZKIN

Let xo be the cost: minimise X 7 P
subject to (1)-(5) and (6") 4x + 5y < x

Eliminate x: each lower bound with the upper bound.

O5-y < (xo—-5y)/d=x0>20+y

O (6-y)/2 < (xo—5Y)/4=x0 > 12+ 3y '
99—3y < (xo—5y)/4d=x%x9 =236 —7y 3
(xo —5y)/4 = x0 = 5y

<
> 0 (noxinit)

Try other costs: xo = 30

vV 6/7<y<6 1 2 3 4 5 6

- B -

15



OPTIMISING: ELIMINATE Y, READ OFF THE COST FOURIER-MOTZKIN

Eliminate y: pair each lower bound T
with each upper bound. The results bound xo. | | | X0
y=>0 y=(36—x0)/7
<Xo—20 xO>ZO Xo}ZZ

Y
y<(xo—12)/3 %o =12  x0>19.2
Y

<Xo/5 XO}O Xo}]S

xo = 22: the least cost is 22 (3, 2)

2 O
Xo=22=2<y<2=3<x<3
so the cheapest diet is (x, y) = (3, 2).

16



FOURIER-MOTZKIN BLOWS UP FOURIER-MOTZKIN

liminati
P lower and d upper bounds eliminations

give p -  new inequalities. st - 6
Example: 4 x 1=4and 2 x 3 = 6 (the last two slides). after 1 - 0
p + g < m, so after one step after 2 _ 20
at most m? /4 inequalities (m > 4).
sfer 3. | 100
After k steps: up to about (m/4)2",
doubly exponential in k. afters — 200

] 10 100 1000
Correct, but hopeless for LPs with number of inequalities (logarithmic scale)

thousands of unknowns.

17



WHAT ELIMINATION PROVES SRR METER

Eliminate until only x¢ is left (diet region):

the LP what is left on X outcome
minimise 4x + 5y xo = 22 (the largest of 6) optimal, 22
maximise 4x + 5y no inequality is left unbounded
minimise 4x + 5y, with 4x + 5y < 20 0 < —1 (false) infeasible

THEOREM. If an LP with rational data has an optimal solution,
it has a rational one, and its value is rational.

0 Every new inequality is a rational combination of old ones.
9 The optimal value is the best of finitely many such bounds on x,.

e Back-substitution picks each unknown in a rational interval.

18




INTEGER LINEAR PROGRAMS INTEGER PROGRAMS

ILP: an LP whose unknowns

must be integers. Y
3¢ o o o o ¢
maximise x + 3y
subjectto 3x+ y <12
x+oy < 11
X,y =0 integers

Feasible: the 11 integer points inside the polygon.

LP relaxation (drop “integers”):

optimum (7/2, 3/2), value 8

ILP optimum (1, 2), value 7 < 8

19




ROUNDING DOES NOT WORK INTECER FROGEAVS

© solve the LP, then round? Y

The four roundings of (7/2, 3/2): S | ? ? ? ? ‘
rounding feasible? value
6,1 Y 6 B Y X :
(3, 2) X x+ 5y < 11 fails (7/2.3/2)
(4, 1) X 3x+y < 12 fails e :
(4, 2) X 3x+y <12, x+5y <11 fails

Best rounding: (3, 1), value 6. ) — @—————
The optimum (1, 2), value 7, is not near. (l)

20



EASY AND HARD

feasible set
optimum

methods

time

Linear programs

a polyhedron
at a vertex

simplex (next lecture),

ellipsoid, interior point

weakly polynomial

polynomial in m, n
and the bit length of the numbers

INTEGER PROGRAMS

Integer linear programs
the integer points in it
not necessarily at a vertex

try all integer points,
or branch and bound, cutting planes:

still exponential

NP-hard

no polynomial algorithm unless P = NP

21



SUMMARY SUMMARY

© An LP: linear objective, linear constraints.
Infeasible, unbounded or optimal.

© Geometry: an optimum can be moved to a vertex.
There may be exponentially many vertices.

© Fourier-Motzkin: eliminate unknowns by pairing bounds.

Correct, but doubly exponential.

O Integer LPs: NP-hard. Vertices and rounding fail.
LPs can be solved in weakly polynomial time.

Next: the simplex method.

If an LP has an optimal solution, a vertex is optimal.

Reference: Vanderbei, Chapter 1
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