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FROM VERTICES TO A WALK ERIERY

LEcTUuRE 13. If an LP has an optimal solution, -
then a vertex is optimal. t
@
Trying all vertices: (™ ™) candidates.
100 " 29
Far too many: (50) ~ 10-7. e
[
© Find the best vertex without visiting them all? . / \
2 V\ O
: ®
Idea: walk from vertex to vertex, uphill. \ /

This is the simplex method (Dantzig, 1947). ®



WHY THE SIMPLEX METHOD? OVERIEY

Not polynomial: for the classical pivot rules, some LPs need

exponentially many pivots (next lecture).
Klee and Minty, 1972.

Other algorithms: the ellipsoid method and interior-point methods

are weakly polynomial.
Khachiyan, 1979 (ellipsoid); Karmarkar, 1984 (interior point).

© 7hen why study the simplex method?

O Insight into LPs: vertices, proofs of optimality, duality (next lecture).

© Fastin practice.
Smoothed analysis: after a small random perturbation of the data,
the expected number of pivots is polynomial.
Spielman and Teng, 2001.

© Open problem: a pivot rule that makes it polynomial may still exist.



WALKING FROM VERTEX TO VERTEX ERIERY

OUR EXAMPLE.

maximise ( = 5x71 +4x> + 3x3 X3
subjectto  2x7 +3x2 + x3 <5 T >
[ J
4x1 + xo2 4+ 2x3 < 11
3X1 T 4X2 T 2X3 < 8
X1y X2, %3 2 0 10 o\
13
o3
( at every vertex. X5 \./
Walk: move to a better neighbouring vertex. \. 75
Stop when no neighbour is better. 20 2
B ®
At (2,0,1)9C=13. O

No neighbour is better (25/2, 12, 10): stop.

@ How do we find the neighbours without a picture?



Vertices and dictionaries

How do we describe a vertex without a picture?



SLACK VARIABLES VERTICES AND DICTIONARIES

maximise (=0 +5x71 +4xr, + 3x3

00—

subjectto w; =5 —2x7 —3x2 — X3
wr =11 —4x7 — %2 —2x3
W3 — 8 —37(1 —4X2—2X3

X1, X2, X3, W1, W2, W3 = 0
Slack variable w;: the room that is left in constraint 1.
Constraint 1 holds «<— w; > 0: the same LP.

x; = O: the point is on a coordinate plane.

w; = 0O: constraint 1 is tight, the point is on its face.
A vertex: three of the six variables are 0.



SLACK VARIABLES IN GENERAL VERTICES AND DICTIONARIES

The LP, with three variables and three constraints: With slack variables wi, Wy, w3:
maximise C1X1+ C2X2 + C3X3 maximise (=0 4+ c1x1+ Crx2+ cC3X3
subject to aji1x7 4+ ajz2xz2 + ajz3xz < by subjectto wj =bj —aj1x7 —ajzx2 — ayzxs
a21x71 + a22X2 + az3x3 < by > W2 = by — az1X7 — a22X2 — A23X3
az1x1 + azzxz + azz3xz < bs W3 = b3 — az1Xx1 — az2Xy — a33x3
X1>X2>X3>O X1>XZ>X3>W1>W2>W3>O
In matrix form: In matrix form:

T

WV
S

maximise ¢ ' x subject to Ax < b, x (=c'x,w=0b— Ax, x, w = 0.



DICTIONARIES VERTICES AND DICTIONARIES

DicTIONARY. The basic variables and C, written with the non-basic variables.

basic non-basic
X3
(=0 4+5%x1+4x> +3%3 A
@)
Wy =5 —2%x1—3%x2— X3 /
@
wyr = 11 —4x71— xo— 2% e «x
2 ] 2 3 Xz\/ \.] 1
w3y =8 —3x71—4%x, —2%x3 '\/
»
Basic solution: set the non-basic variables to 0. Feasible: all basic variables > 0.

x =(0,0,0) w=(5,11,8) (=0 Vertex: three variables are 0.



The pivot

How do we move to a better neighbouring vertex?



THE ENTERING VARIABLE THE PIVOT

~
|

0 +5%x1+4x%x2+3%;3

11 —4X1 — Xz—ZXg

3
||

f
W1 = 5 —2X1—3X2— X3 /‘
©

W3 = 8 —3X] —4X2—2X3 / ® X1
Xz\

o
o
Entering variable: x, the largest coefficient (5). \ /

Any positive coefficient would do.

10



STEP 2: HOW FAR? THE RATIO TEST THE PIVOT

~
|

0 +5 X1 + 4X2 + 3 X3  limit  value

X3

. t

w1 =5 |—2x1|—3%x2 — X3 5 O T

wr = 11 —4x7 — x3 —2%3 ' ./
ws =8 —3x71—4x%x, —2x% o ' X
3 ] 2 3 Xz\/ \‘/v 1

.

New vertex: x =(5/2,0,0) w=(0,1,1/2) (=25/2 \ ﬁ/LO,O)
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THE NEW DICTIONARY THE PIVOT

C=0 4+53%x1+4x2+3%3 ( = %—%w1—%xz+%x3
— 5 —J2%1—3x, — — 5 _1 _ Fep, A
W1 = X1 X2 X3 X1 = 5 2W1 ZXZ 2X3
—

wy = 11 —4x7 — x2 —2%x3 wry =1 42w +5%x
w3z =8 —3x1 —4x) —2x%x3 W3 = % —|—%W1 +%xz—%x3

Same system, new point of view: a new vertex, and ¢ went up.

before x=(0,0,0) w=(5,11,8) (=0
after x=(5/2,0,0) w=(0,1,1/2) (=25/2

New basic variables: x; =5/2, w, =1, w3 =1/2.

New non-basic variables: w; = x>, =x3 = 0.
12



AGAIN: A SECOND PIVOT T2 s

C = 13 — W1 —37(2— W3 value

X3
4
X1 = 2 —2wi —2%x2+ w3 D ?
Wo = 1 —|—2W1—|—5X2 D ./ Dot
x3 =1 +3w;+ x2—2w; ™ / ‘\/m
2\‘ O
No positive coefficient: stop. \ /

x=1(2,0,1) w=(0,1,0) ¢=13

13



The algorithm

When can we stop, and does the method always stop?



WHY WE CAN STOP T /a0 ORI

OptimALITY. If a feasible dictionary has no positive coefficient in the C row,
its basic solution is optimal.

o 12
© The last dictionary: ( =13 —w; —3%x) — w3 /
O A rewriting of the objective: true for every point. 10 @
© reasible: w, ,X2,w3 = 0,s0 ( < 13. ‘\
o
O The basic solution has { = 13: optimal. o\ /275
®

(=13 — (5—27(1 —3X2—X3) — 33Xy — (8—3x1 —4X2—2X3)
= 5x71+4%x>, +3%x3
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DICTIONARIES ARE VERTICES, PIVOTS ARE EDGES THE ALGORITHM

non-basic variables vertex (
DO X1, X2, X3 (O) O) O) 0 X3
Dy xy, X3, W1 (5/2, O, O) 25/2 I
Dy x2,wi, w3 (2,0, 1) 15 /
.
A pivot swaps a non-basic and a basic variable: 'DZ y
1
one constraint is released, another becomes tight. X2 \‘/
The other two stay tight: we slide along an edge. \'\ / Dy
o
FAcT. A feasible dictionary is a vertex. D,

No positive coefficient: no edge goes up.
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THE SIMPLEX METHOD T /a0 ORI

NoTATION. The current dictionary, its entries with hats:

(=C+ 25 CiXgy X = b; — 2_; Gij x; (1 basic, j non-basic)

For example, in matrix form:
C=C+(C1 C2 €3)xN

" D < initial dictionary (b > 0) b, (an 12 dis
xg=|ba | —[axn a2 a3

) (xg basic, XN non-basic)
AN BN
while some Cj > 0 do b3 az; azz ass

> choose k with ¢, > 0

A = 13— w;—3x2— w
4 choose T minimising b, /a,x C 1 2 3
> D « pivot(D, k, 1) X1 =2 —2w;—2%x+ ws
° return basic solution of D, value Z wy =1 +2w;+5%;

ngq —|—3W1—|— Xz—ZWg

Optimal
x=(2,0,1) w=(0,1,0) =13

17




THE ENTERING VARIABLE IS A FREE CHOICE THE ALGORITHM

Any variable with a positive coefficient may enter.

first entering variables ( after each pivot pivots X3
X1 X1, X3 25/2,13 2 I
X2 X2, X1, X3 20/3,25/2,13 3 /
X3 X3, X1 12,13 2 o
‘\ %
X2 ./V
I

Different path, different length, same optimum.
Common rule: the largest coefficient (x1).

Pivot rules: the largest coefficient is Dantzig's rule, the classical one.
Others: largest increase, steepest edge, Bland's rule (next lecture), random edge, random facet.
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DOES THE SIMPLEX METHOD STOP? THE ALGORITHM

ﬂ A pivot with step t > 0 raises ( by ¢, t > 0.
© Thus C increases strictly: 0 < 25/2 < 13.

No dictionary returns.
y (=3 —1xi4+2% —3wW; limit
e A dictionary is fixed by its basic variables:
(m+n)

at most dictionaries. x3 = 1 —5X7 — =W

O Hence the method stops.

CATcH. If the step ist = 0, then ( stays: Ratio 0: step t — 0.
the same vertex, a new dictionary. After the pivot C is still 3.
It can cycle.

Next lecture: degeneracy.

19



Potential problems

What if the origin is not feasible, or the LP is unbounded?



POTENTIAL ISSUE 1: AN INFEASIBLE START POTENTIAL PROBLEMS

maximise —2x1 — X X2
subject to —x1 + x2 < —1 i
—X1 —ZXZ < —2
X2 < ]
X1y X2 = 0 : ®
C — 0 —2X1 — X2 G .< '
0 @ —
w; = —1 4+ x1— X2 X / N
1

0 2 3

wy = —2 + x1+2%

wz = 1 — X2 ® Where do we start?

Deslle saluifoe ¢ = (6, 8] w = [—1, —7, 1]k fiffemcisle We need a feasible vertex.

21



THE AUXILIARY PROBLEM POTENTIAL PROBLEMS

AUXILIARY LP. Relax every constraint by xo,
and make xy small.

maximise —Xp

=

subjectto —x71 4+ X2 — Xo
—X1 — 2X2 — Xo

X2 — X0

A\VARV/ANRV/AN/A\
o = |
No

X0y X1y X2

LEMMA. The LP is feasible
<> the auxiliary LP has optimum O. X1

. . . E tart: x = 0 with xg | h
<: with xpo = 0 the original constraints hold. asy star WIth xo farge enots

= a feasible x gives (x,0) with value 0, and —xy < 0. 5 tezstlslle

22




PHASE 1: SOLVE THE AUXILIARY LP POTERTIAL PROELENS

Optimum xo = O: the LP is feasible.
A vertex of it: (4/3, 1/3).

23



PHASE 2: BACK TO THE ORIGINAL LP POTERTIAL PROELENS

¢ =0 —Xp (=—3— wi— Wy
_ 1 _ 1 1 —_ 1 _ 1 1
X2 = 3 3W1+3W2 X2 = 3 3W1—|—3W2
X1 :%—xo+%w1—|—%wz X1 = %—I-%V\H—I—%Wz
2 1 ] 2 ] 1
W3:§—|—Xo—|—§W]—§W2 W3 = §—|—§W1—§W2

ficient: optimal, x = (4/3,1/3) (=-3

No positive coe

C=—2%x1 —X%X2
=2 (b))

= —3—W] —W)

24



POTENTIAL ISSUE 2: AN UNBOUNDED LP POTERTIAL PROELENS

maximise X1+ X2
subjectto —x7; + % <1
X
X1—2Xz<2 :
X1,X2>O 3
C
..
( =2 —wWy+3%X2 limit
1 @
W) =3 —Ww2+ X2 - /
—
X1 = 2 —wWyr+2%x2 - Uty —@
0 1 2 3 4 5 6

x> can grow forever: ¢ grows without bound.
Unbounded.

25



THE WHOLE METHOD: THREE OUTCOMES

10

11

if some b; < 0 then phase 1

solve the auxiliary LP (maximise —x)

if its optimum is < O then return infeasible
D < feasible dictionary without xg
else D <« initial dictionary
while some ¢; > 0 do phase 2
choose k with ¢y, > 0
if all @i < 0 then return unbounded
T < row minimising Br/ark, arx >0
D <« pivot(D, k, 1)

return basic solution of D (optimal)

POTENTIAL PROBLEMS

Infeasible. Phase 1 ends with xo > 0.

X1 +x> < Tandxy +x2 > 2:
optimum —1/2.

Unbounded. No row limits
the entering variable.

Optimal. No positive coefficient.
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How FAST IS IT? A LITTLE HISTORY WRAP-UP

HOW FAST WHY STUDY IT

One pivot: O(mn) operations. e insight into LPs: geometry,
Number of pivots: no polynomial bound is known. duality (next lecture)

2m) e fast in practice and

o pivots, average largest

n = m vertices at most (
used in most LP solvers

5 252 2.1 6
10 184756 3.1 6 HISTORY

15 155117520 3.9 8 Invented in 1947

20 137 846528 820 5.2 12 by George Dantzig.

R LP f h Dantzig, Origins of the Simplex Method.
andom BEs T oreach In: A History of Scientific Computing, 1990.

27




SUMMARY WRAP-UP

@ Dictionaries. Slack variables make Ax < b equations.
A feasible dictionary is a vertex.

O A pivot. Entering variable: ¢, > 0.
Leaving variable: smallest ratio.
Solve and substitute: a better neighbouring vertex.

© Sstopping. No ¢, > 0: optimal.
Finitely many dictionaries.

Zero ratios (degeneracy): next lecture.

O rotential problems. Infeasible start: auxiliary LP (phase 1).

No limiting row: unbounded.

The simplex method walks from vertex to vertex, always uphill, until no edge goes up.

Reference: Vanderbei, Chapter 2
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