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MULTIPLYING TWO POLYNOMIALS THE PROBLEM

Multiply A(x) =2 +xand B(x) =1+ 2x.

Every term of A times every term of B:

A(x)B(x) =2+ 4x + x + 2x? ] 2x
Add up equal powers of x: 7 ) [ Ax ]
A(x)B(x) = 2 4+ 5x + 2x?

X [ X ] 2x?
Only the coefficients matter:
a=(2,1)and b= (1,2) givec = (2,5,2).
ci=apby+a1bg=2-2+1-1=5

In general, the coefficient of x* is the sum of all products a; b; with 1 +j = k.



THE PROBLEM IN GENERAL THE PROBLEM

n—1

Input: the coefficients of A(x) = Z)-:O ajxj and
B(x) = Z;:J b,

Output: the coefficients of C(x) = A(x) B(x), the

convolution of the two coefficient vectors:

k
Ck:Zajbk—j (O<k<2n—2)
1=0

Here a; = b; = 0 forj > n.

Schoolbook method: all n? products, ©(n?) time.

© Can we do better?
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az by
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c3 = apbz +ajbr, + arby + azby

Ce

rooav  the Fast Fourier Transform: O(n logn) time



TWO WAYS TO REPRESENT A POLYNOMIAL CHANGE OF REPRESENTATION

Coefficients: (ap,a7,...,0n_1).

Values at n distinct points xg,...,Xn—1:

(A(Xo),A(M Jy ey AlXn—1 ))- /
FAacT. For distinct xp,...,Xn—1 and any
Yo, ..., Yn_1, there is exactly one polynomial A of

degree < n — 1 with A(x;) = yj for all j.
X

Unique: if A and A’ both fit, then A — A’ has degree < — 1 but n *0 Al
roots Xg,...,Xn—1,50 A — A’ =0.
Exists: Lagrange interpolation gives

n—1

X — Xk
A= XTI
j=0  k#j ) TK

where the j-th product is 1 at x; and O at every other xy.




MULTIPLYING VALUES IS EASY

CHANGE OF REPRESENTATION

Given A and B at the same points Xg, ..., Xm_1:
C(x;) = A(x;) - B(x5) (m multiplications).

Example: A(x) =2+ x and B(x) =1 4+ 2x:

X; —2 -1 0 1
Alx3) 0 1 2 3
B(x;) -3 -1 1 3
Clx;) 0 -1 2 9

The values determine C(x) = 2 + 5x + 2x°.

Catch: C has degree up to 2n — 2, so we need
2n — 1 points, not just n.
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THE PLAN CHANGE OF REPRESENTATION

coefficients schoolbook: @(n2) coefficients
-— >
a, b C
evaluate interpolate
2n x O(n) = O(n?) O(n?)
values at 2n points x; mUItiply pointwise: @(Tl) values at 2n points x;
A(x;), B(x5) C(x;)

A(x) = ag + x(a1 +x(ax +--- )) ®(n) time per point.
No gain yet.

But we can choose the points x;!
Next: points at which evaluating, and interpolating, takes only O(n logn) time.




FAST EVALUATION CHOOSING THE POINTS

coefficients

a, b

evaluate

\

values at 2n points x;

A(x;), B(x;)

Evaluate A (with n coefficients) at n points of our choice
in O(n logn) time, instead of @(n?).

We assume n is a power of 2.

For the product, we apply this to A and B padded with zeros to 2n coefficients.

©@ Which points?



DIVIDE: EVEN AND ODD COEFFICIENTS CHOOSING THE POINTS

A(x) = ap + a1x + arx? + azx® + asx? + asx’ + agx® + a-x’

— (ao —+ (12)(2 + (147(4 + (167(6) even powers

+ x (a] -+ CngZ - a5x4 - C17X6) odd powers, x factored out

With y in place of x%: two polynomials with n/2 = 4 coefficients each,

Acen(y) = ap +ary + azy?® + agy>, Aodd(y) = a1 + a3y + asy” + ar y>.

A(X) = /even (XZ) + X+ Agdd (XZ)

for every even n, with Acven and Aygq of /2 coefficients each




CONQUER: PLUS—MINUS PAIRS CHOOSING THE POINTS

A(X) = Aeven (XZ) + X Aodd (XZ) n points 0
2 2 [ _ ® ® @ ® ® ® @

A(_X) — Aeven (X ) o XAOdd (X’ ) —X3 —X2 —X1 —X0 X0 X1 X X3

The same two values give A(x) and A(—x).
\‘\
Choose the . points in pairs =X, ..., tXn/2-1. N—T— >quare
Evaluating A at these n points reduces to evaluating
) S n/2 squares | |

Acven and A,qq at the n/2 points x5, ..., X% ,,_;, plus G ) AN o o
on)work. . TTTTTTTmTTImEEET X5 X% X5 X3

no negative squares
so no pairs to recurse on

| Tm)=2T(n/2)+0n) = T(n) =0(nlogn)

Catch: to recurse, the squares x? must again be =+ pairs. But real squares are > 0!

)




WORKING BACKWARDS: COMPLEX NUMBERS CEESING THIE FOTRTS

We need a set of n points that is made of & pairs and

whose squares form such a set again, of n/2 points, ... Im
: 1
down to 1 point. o ® o
1 ® [ ) +1
V2 V2
Work backwards, taking square roots: o 0
n=1 1 - e
n=>2 +1 (square roots of 1) - ® ® I ke
n=4 +1, &1 (square roots of 1 and —1)
o ®
n=3_38 +1, 41, ::1+i, ::ﬁ (and so on)
V2’2 T V2 ~ ~
—1—i 1—1
These are the complex n-th roots of unity: the n Ve —eo¢—° v

solutions of z™ = 1, evenly spaced on the unit

circle.
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THE COMPLEX ROOTS OF UNITY CHOOSING THE POINTS

W3
DEFINITION. The principal n-th root of unity is O
: w3 w,
Wy, = ™/ ™ = cos 28 =T 4 {sin £Z. ‘® ° °
The n-th roots of unity are w® =1, w!, ..., W~ '
. . . W : \Z”/“ WO
Recall e'® = cos 0 +1isin 0, and '™ e'P = el(*xFh); ‘' ® Y P
multiplying complex numbers on the unit circle i —
adds their angles.
o o
So wX is the point at angle 27tk /n: 0 b
each factor wy turns by 27t/n. ®
w§
W = e*™ = 1, so exponents count modulo n:
whit™ = wl,.
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TwWO KEY PROPERTIES

CHOOSING THE POINTS

Let n be even.

k4+n/2
PLUS-MINUS PAIRS. Wy /% = — wk.
Since w?t/z —e™ =—1, we get w]ffn/z — w]fL 2/2 = — W
k\2 _ .k
SQUARES. (W} )° = Wy -
(k)2 = e2mi2k/n _ g2mik/(n/2) _ w]ﬁ/r

Squaring the n roots of unity of order n gives the n/2

roots of order n/2, each twice (the halving lemma),

and these are again made of -

down to 1.

- pairs, all the way

2
Wy
|
w; | Wy
Q. | [
\\ | ,/
\ | V4
. i ’
\\ i //

. i ’
\\ | ,/

W i, w3
- O
V4 | \\

/, | \

/, ! \\

V4 | \

/, ! \\

/, : \\

/,, : \\\
|
w5. | ‘w7
8 . 3

6
Wg

the 8 roots of unity of order 8
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THE DISCRETE FOURIER TRANSFORM

Recall that A(x) = ag + a;x + - - + an_1x™ | is the given polynomial.

DerFiINITION. The discrete Fourier transform of a = (ag,...,a,—1) is
DFT.(a) = (Yo,..-yYn_1), Where

n—I1
yr=Awl) =) gy (O0<k<n-—1).
j=0

That is: the values of A at the n-th roots of unity.

The Fast Fourier Transform (FFT) computes them in O(n logn) time, for n a power of 2.

Example:n =4, wy =1,and A(x) =2+4+%x,so0a =(2,1,0,0):
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THE FFT: DIVIDE AND CONQUER THE FFT

Split a into a®*" = (ap, az,...,an_2)

°dd = (a1, as,...,an_1), and let

yeven _ DFTn/Z(aeven), yOdd _ DFTn/Z(aOdd),
that is, y3*" = Aeven(wk/ ) and yOdd — Aggd( ) for0 <k <n/2.

and a

Yk = A(WE) = Acen((W5)?) + w3 Agga ((wi)?) = yie" + wy ype
by A(X) — Aeven(Xz) —I_XAodd(Xz) by (wlri)z — w]:L/z
Yrinz = A(—wX) = Agen((wE)?) — w0k Agga ((wX)?) = yo — wk ygi
by ]T<L+n/2 _(UTkl
ygen o

A butterfly: one multiplication and two additions give

yodd [ x wk } +) Yk+n/2

both yx and Yy /2. All/2 of them: O(n) time.



THE FFT ALGORITHM THE FFT

FFT(a) wherea = (agp,...,an_1), N a power of 2
1 ifn = 1 then return a Base case: DFT;(ag) = ap w? = ao.
2y «— FFT((ap, azy...,Qn_

Y N (( O e B 2)) Divide: two calls on n/2 coefficients.
3 y°dd «+ FFT((ar,az,...,an_1))
4 w1 (invariant: w = wk) Combine: n/2 butterflies, ©(n) time.
> fork=0ton/2—1do
O Yk YR+ w -y T)=2T(n/2) +O(n)

even odd

" Yrngz S YT - w Yy so T(n) =0(nlogn).
8 W<+ W - Wy

> returny = (Yo,...,Yn_1)
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CoMPUTING DFTg wiTH THE FFT

DFTg: values of A
[ ap, ai, az, as, ds, as, ae, az ] 5 :
/ \ ath’wS"’wwg
2 X DFT4: A andAdd
dop,d2, a4, dg ] [ a, as, as, ay K 24 evin 7
/ \ / \ at ((US) = Wy
4 x DFT
Ao, Qg [ az, Qe ai, as ] asz, az k 22 K
at (wy)* = w5 = £1

/\ /\ /\ /\

Then back up: each node combines the values of its two children with butterflies.

8 x DFT;
DFT] (Clj) = (1]'

At the top, for 0 < k < 3: yx = y&°" + wg Yo%, yriq = Y& — wfyodd,
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FAST INTERPOLATION INTERPOLATION

coefficients coefficients
a, b C
A
evaluate interpolate

FFT: O(nlogn)

\4
values at 2n points x; values at 2n points x;
A(xj), B(x;) Clx;)

We can evaluate fast at the roots of unity: DFT,, in O(nlogn).

Now the way back: fromy = DFT,,(a) to a.

@ /s interpolation harder than evaluation?
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THE DFT 1S A MATRIX-VECTOR PRODUCT [ p—

(o} [+ ] Lo o) [ %)
Y1 Un Un o Lgn : ar
y2 | |1 w? w? . wam as
\Un—1/ \1 wﬁq wﬁ(n_” P w%nq J(n—1 )) \an—1)
In short y = V;, a, where V,, has entries (Vy,)y; = w9, Forn =4, with w4 = 1:
Interpolation is solving y = V,, a for a. 1 ] ]_
v L =1l =u
0 Is V. invertible? = —1] 1 —1]
Yes: V,, is the Vandermonde matrix of the distinct points w?,..., wn ' -1 t

det Vi = [Tojcran—1(wh —wh) #0, soa=V,'y.

©@ What is vz
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THE INVERSE DFT [ p—

THEOREM. V. ! has entries (V_1).k =1 w’* So if y = DFT,,(a), then

g == ) yew*  (0<j<n—1).

This is the DFT of y with w ;! in place of w,,, divided by n.

Inverse FFT: run the FFT with wT_J — e 2™/M jnstead of Wy, then divide by n.

It works because w;! has the same two properties:

—(k+n/2) —k
wn — = CUn ’

Interpolation at the roots of unity also takes O(n logn) time.
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WHY THE INVERSE WORKS [ p—

SUMMATION LEMMA. If n does not divide s,

Let Wy, = L wy’*. We show WV,, = L then Y 1 w3k = 0.
Entry (3,3/) of WV, is Proof. w? # 1, and by the geometric series
n—1
P N Tl o sk (wd)E—1  1-1
2wt =2 ) Wi, s=j- kZO(w“) T T
k=0 k=0 o

e Ifj=j":s=0,s0allnterms are 1, and the entry is 1.

o Ifj#j":0 < |s] <mn,sotheentryisO,
by the lemma on the right.

So W = V! interpolating is a DFT with w_ ! in place
of W, divided by n. <1 Z7 Wk — 0
= e k=0 Wg =
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MULTIPLYING POLYNOMIALS IN O(Tl lOg Tl) PUTTING IT TOGETHER

coefficients schoolbook: @(nZ) coefficients
a, b C
evaluate interpolate
FFT: O(nlogn) inverse FFT: O(nlogn)
values at 2n points x; mUItiply pointwise: O(n) values at 2n points x;
——————————————————
A(x;), B(x;) C(x;)
© Pad a and b with zeros to length N, O(n)

. S I .
the smallest power of 2 with N > 2n THEOREM. Two polynomials

2 UA < FFT(a) and UB < FFT(b). O(nlogn) with n coefficients each can be
© yg —yl - yBforo<k < N-—T. O(n) multiplied in O(n logn) time.
O c «— inverse FFT(y°). O(nlogn)

g
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WORKED EXAMPLE: (2 + x)(1 + 2x) PUTTING IT TOGETHER

Multiply A(x) =2 +xand B(x) =1+ 2x.

Padded to 4 coefficients; here w4 = 1.

k 0 | 2 3

coefficients a 2 1 0 0

coefficients b 1 2 0 0

A(wy) 3 2+1 ] 2—1i  FFT(a)

B(wk) 3 1+ 21 —] 1—2i  FFT(b)

Clwk) 9 51 —1 —51 pointwise product
coefficients ¢ 2 5 2 0 inverse FFT: % (8,20,8,0)

eg 24+1)(1+21)=2+4i+1i+2i* =5i
eg.c1 =1 (9+51(—1) + (=1)(=1) + (-51)i) =5

C(x) = A(x) B(x) = 2 + 5x + 2x°.

22



How MUCH FASTE R? PUTTING IT TOGETHER

sample run on a laptop R
100 s ,/,
ot Multiply two random polynomials
,/' with n coefficients, in this browser.
'e /-" = schoolbook, @(n?)
o ,/‘
,/ o — FFT, ©(n log n)
10 ms ./ /0/
'/ /‘/o
0/ /‘ A L 220.
/ _—* tn = :
o
0.1 ms S FFT: 237
I . ms
/./ ]
o Schoolbook: about 10 min
3/ (extrapolated)
0.001T ms
26 28 210 212 214 216 218 220

number of coefficients n
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SUMMARY SUMMARY

© Change the representation. Values at 2n points determine the product A (x) B(x), and
multiplying values takes O(n) time.

© Choose the points cleverly. At the roots of unity, evaluation splits into two problems of half

the size: the points form = pairs, and their squares are again roots of unity.

SoT(n)=2Tn/2) +O(n) =0O(nlogn).

6 Interpolation is evaluation again, with w_ ! in place of w,, and a factor 1/n.

Two polynomials with n coefficients can be multiplied in O(n logn) time.

The FFT is everywhere: audio, images and video, telecommunications, numerical analysis, and the fastest algorithms for
multiplying huge integers (Schonhage and Strassen 1971; Harvey and van der Hoeven 2019, O(nlogn)).

History: Gauss used it around 1805; Cooley and Tukey rediscovered it in 1965.
Reference: CLRS, Chapter 30.
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