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IN THE NEWS: FASTER ALGORITHMS FROM Al MODELS 1 IR REE

On 6 October 2026, OpenAl released 722 manuscripts written by internal models,
claiming solutions of open research problems. Three are about topics of this course:

best known before claimed now
Matrix multiplication (Lecture 4) O(n?372) O(n?%2>+¢)
Discrete Fourier transform (Lecture 5) O(nlogn) O(n(log n)1_10_13)
Integer multiplication (Lecture 5) O(nlogn) O(n(log n)1_2_182)

Not yet reviewed. OpenAl reports Lean proofs of the matrix bound and of a weaker form of the Fourier result;
the integer result is not formalised.

Source: github.com/openai/math, entries 107, 130 and 1009.



QUICKSORT: FAST, BUT HOW FAST? QUICKSORT

So far, every running time was a worst-case bound.

Merge sort: @(n logn) comparisons, always. comparisons for 1000 numbers

Quicksort: @(n?) in the worst case,

sorted input 499,500

and yet widely used.

@ Why? What is a typical input?
random order 11,197

TODAY

(1) Typical inputs, and the tools. I

@ Quicksort: O(nlogn) on average. 45 times fewer

© A lower bound for every comparison sort.



REcCALL: PARTITION O

PARTITION(A, P, T)
T x < Alr] the pivot
4 1 3 | 5 1 2 | 6 |7 | 38 2 i¢p—1
1 2 3 4 5 6 7 8 > forj<—ptor—1
Swap A[6] and A[8]: the pivot 6 is in its final place. ! if Ajjl <x
7 comparisons in total. . 11+ 1
smaller than the pivot larger than the pivot : swap Ali] and Alj]

7 swap A[i+ 1] and Alr

8 return i+ 1

Alj], just compared the pivot




RECALL: QUICKSORT, AND WHO IS COMPARED QUICKSORT

QuICKSORT(A, p, 1) 2 3 4 5 6 7 8

ifp<r
q < PARTITION(A, P, T) 1 D 2 2 2 ‘ 6 | 6
QuicksorT(A,p,q — 1); QuicksorT(A,q + 1, 1) ) | Il Il “ 6 6

1121314 |5]|6]| 7| 8 3 DD[:66

1 2 3 4 5 6 7 8 4 6 | 6
call pivot compared with # 5 I ¢ | 6
A[1.8] 6 47351382 7 2
A[1.5] 2 4351 Z 6 ‘ “
A[3.5] 3 5 4 2 7 ‘
A[4.5] 5 4 1
A[7.8] 8 7 1 15 of the 28 pairs were compared.
total 15 Grey: never compared; each shows

ota

the pivot that separated the pair.



BEST CASE AND WORST CASE

QUICKSORT

Worst case: the pivot is always

the smallest or the largest element.

Mm)=Tn-1)+(n—1)
= -l — @(n2); here 105.

14
13
12
11
10

— N WK U110 N o0

Best case: the pivot is always

the median.
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Tn)=2T(21) + (n—1)
= O(nlogn); here 34.

a call of PARTITION on a subarray

its pivot, now in place

numbers: comparisons on that level



UNBALANCED SPLITS ARE NOT SO BAD QUICKSORT

Tm)=Tmy)+ T(n,2)+ (n— 1) comparisons,

split levels n = 10°
where n; +ny, = n — 1 are the sizes of the two parts.
o 1:1 log, N 20
If every split is 9 : 1:
?:1 lo n 132
T(n) <T(42) +T(H) +n. 810/9

© \What does this solve to? Unroll it 29 . 1 |0g100/99 n 1375

Each level of th jon: at tn ' :
ach level of the recursion: at most n comparisons >l3lalslel7!8]lo9

Longest path: at most |0g1 0o/9 M levels. pivot of rank 2,...,9 out of 10:
SoT(n)<n |Og1 0/9M = O(n log n). a split no worse than 9 : 1, with probability 80%.



THE AVERAGE CASE: A TYPICAL RUN QUICKSORT

Worst case the maximum over all inputs of size n (the usual convention)

Best case the minimum

Average case the average over random inputs of size n; here all n! orderings are equally likely
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Random input, n = 63: 356 comparisons, 12 levels.

Average over all inputs: 353. Best case: 258. Worst case: 1953.




EXPECTATION, INDICATORS, LINEARITY PROBABILITY TOOLKIT

A random permutation 7t of {1, 2, 3};
Xij = 1ifm; > USE else O (1 < ])

Expectation of a random variable X: X = X12 + X13 4 X23: the number of inversions.

= ZX - PrIX = x]. Tt X2 Xi3 Xz X
X 123 0 0 0 0
Indicator variable of an event A: ; ? 2 ? g (1) 1
XA = 1if A happens, else 0. T 0 : 1 5
E[ XAl =1-PrlA] +0-Prlnot A] = Pr[A]. 319 1 1 0 ,
321 1 1 1 3
LiNneariTY. E[X + Y] = E[X] 4 E[Y], average 1/2 1/2 1/2 3)2

even if X and Y are dependent.

Each E[Xy;] = %; for n elements,
B = (3) 3 ="



RUNNING TIME = O(N + X)

AVERAGE CASE OF QUICKSORT

QUuICKSORT(A, p, 1)
1 ifp<r
q < PARrTITION(A, P, T)
QuicksorT(A,p,q — 1)
QuicksorT(A,q + 1,71)

~ W N

PARTITION(A, p, T)

X < Alr]

1—p—1

forj < ptor—1
if Aljl <x one comparison
11+ 1
swap Al[i] and Alj]

swap Ali+ 1] and A|r]

return i+ 1

X N O g1 AW N =

Calls of PARTITION: <n
each fixes its pivot for good.

Calls of QuicksoRrT: the first, <2n+ 1
and two per call of PARTITION.

Outside the loop: O(1) per call. O(n)

In the loop: one comparison O(X)
and O(1) work per iteration.

Running time O(n + X),
where X counts the comparisons.
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NOTATION: Zi AND Zl) AVERAGE CASE OF QUICKSORT

The n elements of A are distinct. A | 31 g 59 19 7 44 || 26

Z1 < Zy < - < Zp: /
the elements of A sorted.

z: has rank 1.

Zij :{Zi,ZH_],...,Zj}I ‘

the elements of rank 1 to j. 7 8 19 26 31 44 59
Xi; = 1if z{ and z; are compared, Z1 ) Z3 Z4 Z5 Z6 Z7
else 0 (1 <j). T —
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EACH PAIR IS COMPARED AT MOST ONCE AVERAGE CASE OF QUICKSORT

Elements are compared only in PARTITION,
. . z
and only with the pivot. 1 [:]

26
-
Afterwards the pivot is in its final place: - [ ][ ][ ],[;

in no later subarray.

So z; and z; are compared only when

one of them is the pivot, and then once. Zs

& e
X=) Xj
i<j 27
Every comparison is counted exactly once.

Both calls are over: no pair was compared twice.

12



WHEN ARE Zi AND Z; COMPARED? AVERAGE CASE OF QUICKSORT

LEMMA. Fori < j:z; and z; are compared <> the first pivot chosen from Zi; is z; or z;.

Outside: a pivot outside Z;; (here z,)

sends all of Z;; to the same side. “4 || 5 || #6 #8 || %
Between: the first pivot in Z;; "n;:,;: zo-n:;;.—;?

is strictly between (here z5): Z4 Ze zs || zo
zi and z; are separated for good. | : :
Endpoint: the first pivot is z; (or z;): m

it is compared with the whole subarray, 21 || 2 24 || z5 || ze zs || zo
in particular with z;.
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THE PROBABILITY OF A COMPARISON AVERAGE CASE OF QUICKSORT

each: chance of being the first pivot

KEY FACT. The first pivot chosen from Zj; 1/5 1/5 1/5 1/5 1/5

is equally likely to be
any of its m =j — 1+ 1 elements.

A random pivot does this; so does a random input,

Zi Zi+1 Ziy2  Ziy3 Z

since every subarray is again a random ordering. compared: first pivot is an end

separated: first pivot in the middle

Priz; is first] + Pr[zj is first] (the two events are disjoint)

LI key fact
=t m T (key fact)

Pr(zi,z; compared|]

14




THE TABLE OF PROBABILITIES AVERAGE CASE OF QUICKSORT

Z2 Z3 Z4 Z5 Z6 Z7 Z8 row sum

2

Pr(zi,z; compared] = i - AEN 2/4 2/5 2/6 2/7 2/8 3.4
depends only on the distance j — 1.

- 2/4 2/5 2/6 2/7  3.19
Neighbours: always compared.

23 2/4 2/5 2/6 2.9
The farther apart, the less likely: 273 Vi B

z
z1 and z,, with probability % ! B 2>

Zs 2/3 |2 R

Each row adds up to less than 2 Inn;
all rows together: E[X] < 2nInn. = 1.67
00

16.92
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THE EXPECTED NUMBER OF COMPARISONS AVERAGE CASE OF QUICKSORT

EXI =E {Z Xi)} (each pair is compared at most once)
1<]
— Z Prizi, = compared| (linearity; E[Xi;] = Pr[Xi; = 1])
1<j
n—1 n )

(the probability of a comparison)

:Z Z > (putk =j—i+1)

i=1 k=2
n—I1
< Z 2H, < 2nH, (each inner sum is below 2H,,)
1=1
® How large is the harmonic number H,, = 1 + % + % + -4+ %?

16



HARMONIC NUMBERS AERAGE CASE @F O E G

HARMONIC NUMBER.
Ho=T+1+14. 4

1
—.

Upper bound. For k > 2, the bar of height %
over [k — 1, k| lies under the curve:

" d
Hn—1<J —X:lnn.
1 X 1/2

Lower bound. Bars over [k, k + 1] lie above it:

n—+1

d

Hn>J —len(n+1).
1 X

Inm+1) <H, <1+Inn,
so H, = O(logn).

17



THE EXPECTED NUMBER OF COMPARISONS

1<

— Z Pr(zi, z; compared|
1<)

Yy

: i=1 j=i+1 =i+ ]

n—I1
< ) 2H, < 2nH,

1=1

<2n(1+Inn) =0(nlogn)

each pair is compared at most once
p p

(linearity; E[Xi;] = Pr[Xy; = 1])

(the probability of a comparison)

(putk=9—1+1)

(each inner sum is below 2H,)

(Hn < 1+ Inn)

AVERAGE CASE OF QUICKSORT
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THE EXACT FORMULA AVERAGE CASE OF QUICKSORT

Group the pairs by distance d =j — 1:

n — d pairs, each with probability d%ur
n—I1 )
CIX] = — :
X =) (n—d)
d=1
Putm:d—l—Lso(n—d)d%q:z(T;j” 2:
= 2(n+1)
- 3 (A
X] mZ:Z -
=2n+1)(HL,—1)—2(n—1)

19



QUICKSORT ON AVERAGE AVERAGE CASE OF QUICKSORT

THEOREM. On a uniformly random input, Quicksort runs in expected time O(n logn).
For n > 2, the expected number of comparisons is

X =2n+1)H,, —4n < 2ninn = 1.39nlog, n.

Random pivot instead of random input:

the same bound for every input.

No bad inputs, only bad luck.
@ Can a version of Quicksort have worst-case time O(n logn)?

Yes: take the median as pivot, found in O(n) time

by the selection algorithm: T(n) =2T(n/2) + O(n).

20



COMPARISON SORTS ARE DECISION TREES LOWER BOUND FOR SORTING

Quicksort on ay, a,, asz, run on all 3! = 6 orderings:
each node is a comparison, each leaf an output.

la1<a3?L

yes no
[ a2<a3?T Ta2<a3? ]
7 <N 7 N
es no es no
/y N > /y > AN
[ a; < a? ] [ ai asz az ] [ az az aj ] [ a < ap? ]
7 N 7 N
yes no yes no
V4 AN V4 AN
[ ay az as ]3 [ az aj as ]3 [ as adz aj ]3 [ as aj az ]3

Sum of the depths: 3+ 3+ 2 + 2 + 3 + 3 = 16. Average over the 6 inputs: 16/6 = 8/3 ~ 2.67.

Every comparison sort has such a decision tree.

21



WORST CASE: THE DEPTH OF THE TREE e BEURD FoR SRR

The worst case is the depth d of the tree:
the longest path from the root to a leaf. O/D\O
At least n! leaves, one per output.

d
A binary tree of depth d has at most 2¢ leaves. Q/ \Q

So 24 > n!, that is d > log, (n!). (!E)

n/2
nNn=1-2---n> (%) / (at least n/2 factors are > n/2)

23 = 8 leaves

d > log,(n!) > 5 log, 5 = Q(nlogn)

22



AVERAGE CASE: THE AVERAGE DEPTH LOWER BOUND FOR SORTING

On average over the n! inputs, the cost is the average depth of a leaf.

@ Which binary tree with 8 leaves has the smallest average depth?

sum of depths 35 sum of depths 25 sum of depths 24
average 35/8 = 4.38 average 25/8 = 3.13 average 24/8 = 3.00

The balanced tree: log, 8 = 3. Can a tree with L leaves beat log, L?

23



WHY BALANCED TREES ARE BEST e BEURD FoR SRR

LEMMA. Let T be a binary tree with L leaves
in which every internal node has two children,
and D(T) the sum of the depths of its leaves.
Then D(T) > Llog, L.

T T

InductiononL.L=1:D =0=1"-log, 1.

L leaves L, leaves
L > 2: the root has subtrees T, T, with L; + L, = L leaves.
D(T)=D(T;) + D(T2) + L (each leaf is one level deeper in T) f(x) = xlog; x '
> f(Ly) +f(L2) + L (by induction; f(x) = x log, x) 1(F(Ly) + (La))
>21(5) +L (f is convex) :
= Llog, L. 2f(5) =Llog, L—1L) /i f(3)
—e -

N
N

,—-1

N

So the average depth of a leafis D(T)/L > log, L.

24



THE AVERAGE-CASE LOWER BOUND LOWER BOUND FOR SORTING

THEOREM. Every comparison sort makes at least log, (n!) = Q(nlogn)
comparisons on average, over the n! orderings of the input.

The n! inputs need n! different outputs, n  log,(n!) Quicksort ratio
so they end in ! different leaves. 5 6.9 74 1.07
Average number of comparisons e 21.8 244 112
= average depth of these leaves 100 524.8 647.9  1.23
> log, (n!) (by the lemma). 1000 8529.4  10985.9  1.29

And logz (m!) > % Ing % = Q(n |0g n). Quicksort's average against the bound: factor — 21n2 ~ 1.39.

25



SORTING ALGORITHMS COMPARED SUMMARY

Comparisons to sort n distinct numbers (average: over all n! orderings).

average worst case
Merge sort ~ nlog, n ~ nlog, n
Quicksort ~ 1.39nlog, n ~n?/2
Every comparison sort > log,(n!) =~ nlog, n > log, (n!)

Quicksort makes about 39% more comparisons than merge sort, yet is often faster in practice:

it sorts in place, with a simple inner loop.

26




SUMMARY SUMMARY

(1 Average case needs a model:
a uniformly random input (or a random pivot).

Tools: expectation, indicators, linearity.

(2, Quicksort: z;, z; are compared iff the first pivot . . .
2 Quicksort is optimal on average,

T
So EX] =2(n+1)H,, —4n = O(nlogn).

from Zj; is one of them: probability ; up to a factor of about 1.39

© Lower bound: a comparison sort is a decision tree
with n! leaves; its average leaf depth is
at least log, (n!) = Q(nlogn).

Reference: CLRS, Chapters 7.1, 7.3, 7.4
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