Kirill Tamogashev ATML: Deep Generative Modelling Problem Set for Week 8

Problem 1: Distributions closed under convolution

1. Let p = N (p1,0?) and g = N (p2,03). Define the convolution as:

(p)x) = [ plx =iy

Show that (p* q)(x) = N(x; p1 + pa, 07 + 03).
2. Let q(xx | x—1) = N (v a1, 0¢1) for k = 1,...,n. Starting from a fixed data point

xo, show that the conditional distribution q(x | xo) is a Gaussian of the form N (xy; fix, 671).

Provide the explicit expressions for i} and Ff,g in terms of «;, (71-2, and xg.

3. Let p = Cauchy(u1,71) and g = Cauchy(p2, v2), where the density is given by:
1
2
Ty (1 + <%> )

Show that p * g = Cauchy(p1 + 2,71 + v2), and we can therefore use Cauchy distributions
instead of Gaussians in the definition of the noising process.

plxu,y) =

Note: for recent work on diffusion models with heavy-tailed distributions, refer to 1) and (2.

Problem 2: Closed-form for ELBO
As shown in the lecture, the ELBO for hierarchical VAE can be optimised using the following objective:

n=1

N
E(G) = IEZONp(zo),zl,m,NNq(zlrmrN\zo) llog p(ZN) H Pe (Zﬂfl | Zn)]

1. Assuming pg(zn—1 | zn) = N (zy; fo(zn, 1), 02 ;1) and p(zn) does not depend on 6, show

that maximising £(6) is equivalent to minimising the following objective:

LO)=E, _ unif({1,...,N}), Lﬁqu—ﬁ@mmW]
zo ~ p(20),
Zn, Zn—1 ~ 4(Zn,Zn-1 | 20)

2. How can we sample from a model trained with the objective E(Q)? Write the response as a
probabilistic program.

3. What are the possible disadvantages of using the objective £(6)?

Problem 3: Optimal denoiser

Consider the following training objective:

ﬁ(f) = lExwp(x),ZNq(z\x) [HX _f(Z)HZ]

1. Show that the function f* that minimizes L£(f) is given by f*(z) = E[x | z].

2. Assume that the dataset consists of two points, x; and X, and the empirical distribution
over the dataset is given by p(x) = 36, (x) + 304, (x). Let the noise model be Gaussian:
q(z | x) = N(z;x,0%I). Find a closed-form expression for the optimal denoiser f*(z).


https://arxiv.org/abs/2407.18609
https://proceedings.neurips.cc/paper_files/paper/2023/hash/8011b23e1dc3f57e1b6211ccad498919-Abstract-Conference.html

