
Kirill Tamogashev ATML: Deep Generative Modelling Problem Set for Week 9

Assumptions for all problems

1. q(zn | zn−1) = N (zn; zn−1, σ2
n I), or zn = zn−1 + σnε, ε ∼ N (0, I).

2. z0, . . . , zn−1 are conditionally independent of zn+1, . . . , zN given zn.

3. Vn = σ2
1 + . . . + σ2

n, so, by the previous two assumptions, q(zn | z0) = N (zn; z0, Vn I), or
zn = z0 +

√
Vnε, ε ∼ N (0, I).

4. Unless stated otherwise, E is taken over p(z0), q(· | z0), and n ∼ Unif({1, . . . , N}).

Problem 1: Closed form for ELBO continued
In Lecture 8 we showed that the diffusion model ELBO can be written as

LELBO(θ) = Ez0∼p(z0),z1,...,N∼q(·|z0)

[
log p(zN) +

N

∑
n=1

log
pθ(zn−1 | zn)

q(zn | zn−1)

]

Show the following Monte-Carlo estimator of LELBO(θ):

LELBO(θ) = −E

[
1

2γ2
n−1

∥µn(zn, z0)− µn(zn; θ)∥2

]
︸ ︷︷ ︸

Ln

+E [log pθ(z0 | z1)]︸ ︷︷ ︸
L0

+const.

where µn(zn, z0) is given by a linear combination of zn and z0, µn(zn; θ) is the predicted mean of the
Gaussian defining pθ(zn−1 | xn), and the γ2

n−1 are some constants. Use the following steps:

1. Using the fact that q(zn | zn−1) = q(zn−1|zn, z0)q(zn|z0)
q(zn−1|z0)

for 2 ≤ n ≤ N, show that

q(zn−1 | zn, z0) = N (zn−1; µn(zn, z0), γ2
n−1 I). Provide the expressions for µ(zn, z0) and γ2

n−1.

2. Compute log pθ(zn−1|zn)
q(zn−1|zn, z0)

, assuming that pθ(zn−1 | zn) = N (zn−1; µn(zn; θ), γ2
n−1 I);

How is this version of the ELBO related to the one derived in Problem 2 of Week 8?

Problem 2: Equivalent losses

Using the fact that µn(zn, z0) is a linear combination of zn and z0, show that Ln can be equivalently
rewritten as

1. (denoiser) E
[
ω(n)∥z0 − fn(zn; θ)∥2] using that µn(zn, z0) is a linear combination of zn and

z0;

2. (noise predictor) E
[
ω(n)∥ε − fn(zn; θ)∥2] using zn = z0 +

√
Vnε; ε ∼ N (0, I);

3. (score predictor) E
[
ω(n)∥sn − fn(zn; θ)∥2] using, given fixed z0, sn = 1

Vn
(z0 − zn);

where in each case fn(zn; θ) is a neural network. In each case, express µn(zn; θ) via fn(zn; θ) and
compute the weight ω(n) that gives the equivalent loss.
Note: for the continuous versions of the provided losses, the weight ω can be given a particular
meaning. To learn more about it, see the following papers: [1], [2].

Problem 3: Discrete sampling using score / noise / denoiser predictions

For each of the equivalent definitions of Ln from the previous problem and corresponding trained
models fθ, write the probabilistic program for sampling z0.
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https://proceedings.neurips.cc/paper/2021/hash/b578f2a52a0229873fefc2a4b06377fa-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2023/hash/ce79fbf9baef726645bc2337abb0ade2-Abstract-Conference.html

