ATML: Deep Generative Modelling Solutions for Weeks 2-6

Week 2

Problem 1: Expectation and variance

For the following distributions write down their density function and their support. Express [E [X] and
Var [X] as integrals and evaluate them.

a) X ~ Uniform[—3, 5] b) X ~ N (m,s?)

Part (a):

support[p] =
5 4
E[X]—ng x=1,

Both integrals are elementary to compute.

Part (b):
1 (x —m)?
plx) = ——exp (—252 ) ,

support[p] = R,

E [X] j:o \/23;752@(}) (_(x;sin)z>
2

var[x] = [© @2 <—(S;")2>

dx =m,
dx = §%.

Il
—

—co /27152

xX—m
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For these two integrals, first make a change of variables y = %.

,dy = Together with

the fact that [©_p(x)dx = 1, this allows to reduce to the integrals [ \/% exp (—%) dy and
0 2 2

e \/y? exp (—y?) dy, respectively. The first integral is zero by symmetry, and the second can

be computed using integration by parts, giving the result of 1.

Problem 2: Gradients and score function trick

Given a family of densities py(x), depending on a parameter 6, and functions f(x, ¢) and g(x,6):
1. Write as an expectation over py: %anpe(x) [f (2, @)] = Exepya) | ].

2. Show that %]Epr(x,G) [f (%, )] = Expyix) {% log po(x)f(x, (p)} (hint: you will need the fact
that & logh(f) = ﬁ%h(@)). This is known as the score function trick.

3. Write as an expectation over py: %IEXNpg(x) [8(x,0)] = Eypy() [ .

How can each of these gradients be approximated using the Monte Carlo method?

1. %Exwp@(x) [f(x, @)] = Exopya) [%f(x, go)} . This can be approximated by sampling x, ..., X,

from py and computing % Y % (xi, @).
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2. Derivation:

O s ptx) (9] = 5 [ pol)f(x, )

= [ S pe()f(xg)dx
= [ po(x) 35 108 po()f (3, ) dx
~Evepin) | 35108 P05, 9)]

This can be approximated by sampling x1, . . ., X, from py and computing 1 Y7, 2 log pg(x;) f (x;, ¢).

3. %IEXNPQ(X) [8(x,0)] = Eyopy) [%g(x,@) + 2 log pg(x)g(x,e)} (product rule, combining the
previous two parts). This can be approximated by sampling x, ..., x, from py and computing
i Zin1 308 (x1,0) + g5 log po(xi)g (xi, 6).

Problem 3: Reparametrisation trick
1. If e ~ N(0,1), what is the distribution of X = a + be, where a,b € R?
2. Use Part 1 to rewrite as an expectation over N'(j,0?) as an expectation over A/(0,1):
Exnuo2) F(X)] = Bepno | I
3. Rewrite as an expectation over A/ (0,1): %IEX~N(;1,02) [f(X)] = Eeonon) | ]. This
is known as the reparametrisation trick.

4. Use Problem 2.2 to rewrite the expression in Part 3 as an expectation over N (,0?) instead,
then rewrite it as an expectation over A/(0,1) using Part 2:

0
@EXNN(P[,O'Z) [f(X)] = IEXNN(]J,(TZ) [ ] = ]EENN(O,l) [ ]

Which expression — this one or the one in Part 3 — is better suited for Monte Carlo estimation?

1. X is distributed according to N (a, b?).
2. Bxn(uor) F(X)] = Ecupron) [f (1 + 0€)].

3. 2 Exwue) [FO] = Eeuwion) |21/ (1 +0e€)|.
4. Using the score function trick,

aa‘uIEXNN(y,UZ) [f(X)] = IEXN/\/(M,UZ) [aaﬂ 10g p(X)f(X)}

= Econ0) [(aay log p(u + tfe)) flu+ 06)]
= Een(01) [gf(ﬂ + UG)}

The expression in Part 3 often has lower variance when p is an approximate posterior. However,
the expression in Part 4 does not require differentiating f and could be more efficient.
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Problem 4: KL divergence

Recall that the KL divergence between two distributions over IR? with densities p and g is defined as

follows: KL (p || q) = [gelog (%) p(x)dx.
1. Compute the divergence between two Gaussian distributions, KL (N (p1,07) || N (p2, 0%)).

2. Show that for three full-support distributions with densities p1, p2, g,
+ p2 1 1
KL (P22 g) < GKLG1 1) + 5KL(2 ),

+ 1 L
< P Pz) < SKL(q] p1) + 5KL(q [ p2).

N

This property is called convexity of the KL divergence.

1. We write the KL as an integral and evaluate:

KL (A (1, 0) | N(uz,a%»

_ (a=m)?
27101 exp < 2‘712 > (x — Vl)z
-] d
- (x—p2)? 2 P 207 *
—7> 2707 1

\/me2 exp< 203
®© o x — pp)? x—p1) — (g2 — m1))? 1 x —py)?
. (log<;>_< SR N ST
- 1 2 \/ 27107 1

= log <‘72> _ Var [N (1, 07)] i Var [N (u1,02)] + (p2 — p1)?

%) 207 202
2 2
o o7+ (1 —pm2)® 1

2. One way to show this is to introduce a parameter «, set p, = ap; + (1 — a) p2. We will show that
KL (pe || ) and KL(q || po) are convex functions of «, which implies the desired inequalities by
i -1
setting « = 5.
To show convexity, we show the second derivative with respect to « is non-negative. For the
first KL, we have

2 KkLpelln) = o [ ol 1og(”;(§c>))dx
—/m >log( )) (1) ~ p2(x)) d

and

KL 1) = 2 [ (1) pa() o ( 222))

_ [ =),
Pa(x)
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For the second KL,

aaaKLw Ipa) = a?x/q(X)IOg (;ﬂ%) dx
Y Y TGt LICIPN
- /CI( ) pa(x) d Y

and

2 A KLglp) = o | —q<x>—p 1(x;afx'§2(x) 4

_ / —nb)

2

X
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Week 3

Problem 1: Importance-weighted ELBO

In lecture, we briefly mentioned that instead of the ELBO

one can use a tighter bound on the likelihood in a VAE (or any latent variable model):

1 & x| zi)p(z
].Og p@(x) Z IEer"vZKNq(p(Z‘x) log K Z pe(‘k)p(k)] .
k=1

qp (2 | x)

1. Show that as K — oo, the new bound converges to log po(x), so the IW bound can be made
arbitrarily tight (hint: what does the %Zszl turn into as K — 007?).

2. (Harder:) Show that the new bound is tighter than the ELBO, i.e., that for all K > 1,

PMMMﬂ
)

E,,
qp(z | x

-/ ZK~q¢ (z]x)

log Z—Pe () k)

> IEerq(p(zbc) |:10g

(hint: this uses the fact that for any ¢y, ..., ¢k, we have log (% YK, ck> > %Z,Ile log ck),
which is a form of Gibbs’ inequality).

1. Using the weak convergence of the Monte Carlo estimator and the continuous mapping theorem,
the estimate approaches

E

1 & po(x | z)p(ze) | koo po(x | z)p(z)
log - s log [, (. PX [2IPRZ)
BKE gl | ¥) B0 (2 1)

= [ nix 0t

= po(x).

21,-.~,ZKN‘14>(Z|’C)

2. Using the hint:

]Ezl,...,szq(P (z|x)

1 & x| z)p(z
mK;mHkWH

9¢(zk | x)

where the equality expresses the unbiasedness of the Monte Carlo estimator.
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Problem 2: Denoising autoencoder

This problem considers VAEs in which the data and latent spaces are of the same dimension d, which
is connected to diffusion models (lectures 8-10).

1. (a) Suppose that the encoder q(z | x) in a VAE is fixed to be Gaussian: q(z | x) =
N(z;x, O’ZId), where o > 0 is a constant. What is the VAE objective for the parameters
of the decoder py(x | z) in this case? Assume the decoder is Gaussian with fixed variance:
pa(x | z) = N(x; ue(z), T21).

(b) Suppose we optimise the VAE over x ~ 7Tgaa. Show that the optimal pg(z) equals
the conditional expectation E[X | Z = z], where (X, Z) is distributed according to
Taata(¥)4(z | x) (hint: use the fact that optimising Ey.,)[[|Y — c|[*] over ¢ gives
c* = E[Y]).

2. Now consider instead a decoder p(x | z) that is fixed to be Gaussian (p(x | z) = N (x;z, T21y)).
Show that the true posterior p(z | x) o p(z)pg(x | z) is also Gaussian and give its parameters
(hint: the product of two Gaussian densities is proportional to a Gaussian density). What is the
optimal encoder g4(z | x) in this case?

1. (a) The VAE objective in this case is:

Exrguy [Exmgere) log po(x | 2)] ~KL(g(z | ) | p(2))]
~ B | =5 08(27%) = 5oyl — pa(2) 2]~ KL(g(z | ) | p(2)
which, treating the terms that do not depend on 6 as constant, is proportional simply to
Ex~ g Bz el 1% — p6(2) 1%]-

(b) The optimal piy(z) is the one that minimises Exn,,, E.q¢x) [[[x — po(2) |?]. For a fixed z,
by the hint, this recovers the mean of the conditional of 7y, (x)g(z | x) on z.

2. The true posterior is given by

p(z [ x) e p(z)pe(x | 2)

=l =z
X eXp 72 eXp 72’,:2
1+ 72 2
ocexp | —— ,

where the proportionality treats x as constant, so p(z | x) = N (z x T

P12 @Li)' The optimal

encoder is g4(z | x) = p(z | x). Notice that as T — 0, this approaches d,, while as T — +oo, it
approaches N (0, I;), which is consistent with what we should expect.

, X
1+ 12
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Week 4

Problem 1: Simple pushforward

The Jacobian matrix ]f(x) of a map f : R? — R? at a point x is defined as the 2 x 2 matrix

(]f(x))l.]. = g%. For the given distributions IP and Q, find a map f and its inverse f~! such that

Q = f4IP. Additionally, compute ]f(x) and det]f(x).

o[ 9 os((2)-h )
s (] 9 oxr([f &)

3. Rotation: P is A < [8] , [g 095]>, Qis N <[8] / Ezg 1?2])

(For this problem, you may wish to review how multivariate Gaussians transform under linear changes
of variables.)

Z]Jf(x) = I, det]f(x) = 1.

0 05 V2 0 05

3. f(x) = Ax, fHy) = A7y, Js(x) = A, det]s(x) = det A = 1, where A is a § rotation matrix
(among other choices):

1
2. f(x) = [\@ 0 } x, fHy) = [\6§ 0 ] v, Jf(x) = [\@ 0 },det]f(x) =+/15.

A=

SNEN
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Problem 2: Infinitesimal change of variables

This problem considers a map f : R? — RY of the form f(x) = x + u(x)A, where u : R? — R% is
a vector field and A > 0. This map represents transporting points for a time A along the direction
given by the vector field. Such maps are important in dynamics-based generative models, which will
be discussed at the end of the course.

1. Convince yourself informally that for smooth enough # and small enough A, f is invertible.

2. Show using the variable change formula that the following identity holds for a distribution with
density p and a diffeomorphism f : R? — RR¥:

log(fep)(f(x)) —logp(x) = —logdetJ¢(x).

3. Define pp := fap, that is, the distribution that sampled by drawing samples x from p and
transporting them for time A in the direction u(x).
(a) Compute J¢(x) in terms of J,(x).

(b) Show that logdet]s(x) = Tr [J,(x)] A + O(A?).
(For this problem, you will need to have some knowledge of the matrix exponential. If this
is unfamiliar to you, solve this exercise assuming that ], (x) is a diagonal matrix, using
the Taylor expansion log(1 +t) =t + O(t?). Then read about the matrix exponential
and use the fact that log det A = Tr [log A] to solve the problem in the general case.)

(c) Combine Part 2 of this problem with Parts 3(a,b) to show the following identity:
log pa(f(x)) —logp(x) = —Tr [Ju(x)] A + O(4%).

Observe that Tr [J,,(x)] is the divergence of the vector field u at x. We have thus related the change
of density when transporting points along u to the divergence of u, commonly given as a physical
interpretation for the divergence and an intuition for the divergence theorem in vector calculus.

1. If u is L-Lipschitz, then for A < 1, f is invertible, since
1f o) = fFWI = llx =y + (u(x) —u(y)All = [lx =yl| = [[(u(x) —u(y))Al = (1= LA)[x —yl,
which is positive if x # .

2. This is simply the logarithm of the formula (fup)(f(x)) = p(f(x))/ det]J¢(x).

3. (a) Jp(x) = I +Ju(x)A.
(b) Using the Taylor expansion of the logarithm, log det]¢(x) = log det(I +J,(x)A) = Tr [Ju(x)] A+
O(A?). Notice that convergence relies on positivity of this determinant, which holds by
Part 1 of this problem for small enough A.

(c) This follows directly from the previous parts by substituting.
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Week 5

Problem 1: Optimal GAN discriminator

Assume that the generator is defined as Gy : R%atert — R%ata, and the discriminator D : R%at —
[0,1] outputs a probability p(real | x). Let pgata be the density of the real data distribution and
Po = (Gg)#Piatent be the density of the distribution of generated samples.

Show that for a fixed generator Gy the optimal discriminator D* for the following optimisation problem

max {Ervpy, 08 D(2)] + Eznpyye, 08(1 = D(Go(2)))]}

has the following form: D*(real | x) = #ﬁm (hint: for a,b > 0 find the maximiser of

alog(x) + blog(1l — x) with respect to x, then use this result to find the optimal D*).

First, in the hint, the optimiser is shown by basic calculus to be ﬁ
Now, we rewrite the objective as a single expectation over x:

pe(x)
Pdata(x) + po(x)

pdata(x)
pdata(x) + Ps(x)

log D(x) + log(1—D(x))] -

Z]EXN PdataTPg
2

Now apply the hint with a #%, b « #ﬁm(ﬂ’ and x < D(x) to get the optimal

: : : * — pdata(x)
discriminator D*(x) = P ey Eem el
Problem 2: Alternative GAN losses

1. Alternatively, losses for training discriminator and generator can be written as follows:

Lwse(9) = Exmpya [(1— Dy(%))?] + Bonppe [(Dg(Go(2)))?]
Lwse(0) = Eznpppe [(1— Dy(Go(2)))?],

which are minimised with respect to ¢ and 6 respectively. This contrasts with the vanilla
objective

Loanila (0, 9) = Brnpyyy [108 Dy(%)] 4 Eanppyne [10g(1 — Dy(Go(2)))]

Show that the gradients V,Luse(@) and VoLmse(8) are proportional to Vi, Lyaniia (@, 6)
and Vo Lyanilla (@, 0) respectively.

2. In order to improve the training stability one can use ‘non-saturating’ losses for training the
generator: —log D(Gy(z)) in place of log(1 — D(Gy(z))):

Loon-sat(8) = Bz praent [— log D(Gp(z))].-

Are the non-saturating GAN gradients proportional to the vanilla ones?

1. The problem is to be understood as: for a given x, the expected gradients of the MSE losses are
proportional to the expected gradients of the vanilla losses.

Rewriting the objectives as expectations over x ~ pd"t#ﬂ’e as in the previous problem, we have

pdata(x) p@(x) _ x
pdata(x) + p@(x) pdata(x) + Pe(x) log(l D(P( )):| ’

- Pdata(¥) _ )2 po(x) ¥))2
Crase (6, 9) < By paugtre |:pdata(x)+p9(x) (1= Dyl + Pdata () + po(x) (Dg(x)) }

'Cvanilla(ez (P) X IEXN Pdatgﬂ’e |: log D(P(x) +
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Let us know compute the gradient V Ly aniita (6, ¢) and V4 Lyvse (6, @) for a given x. For simplic-

1 4 — Pdata(x) . : . . .
ity let’'s set A = P ()1 pe () We also note that the expections in the following equations is taken
with respect to Pt PeLY) da‘a(x);pg(x) :

Vo Lyanitla (0, 9) = V4E [Alog Dy(x) + (1 — A)log(1 — Dy (x))]

-#](o- i) 7]

)
Dy(x) — A
-E [D¢<x>¢ (D) — 1) V‘PDW)] '
Vo Larsz (6, 9) = VoE [A(L — Dy(x)2 + (1 — A)(Dy(x))?]

—E|2( = A1~ Dy() + (1 - A)Dy(x)) Vy Dyl
=E [2(Dy(x) — A)V4Dy(x)] .

One key observation for that exercise is that in VL. the coefficient 0 1
[

(D, x-1) can lead

to the vanishing gradients, whereas there is not such issuse in V, Lysg.

The gradients with respect to 6 can be derived in the same manner.

2. Let us compute the gradiensts with respect to 6 for Lyanina and Lnon-sat:
V(%Cvanilla(ef QD) - v9IEZNPIatent [log(l - Dq’(Gf?(Z)))]

[ 1

= EZNplater\t _1_134)(G0(Z))VGD§0(G9(Z)):|
VGACnon—sat(er (P) = vGIEZNplatent [—log D¢(G9(Z))]

[ 1

= E.~ tent — == VoDy(Gy(z

Pla I D(P(GQ(Z)) 0 (P( 9( ))}

Notice how for the VgL, nina the coefficient m can lead to the gradients exploding when
D(p(Gg(Z)) ~ 1.

Problem 3: Wasserstein GAN

Read Wasserstein GAN paper. Let IP, represent the distribution of real data and IP, the distribution
of generated data. Answer the following:

1. Explain (informally) how using KL(IP, || IP¢) as a measure of distance between two distributions
differs from Wy (IP,,IP¢) and why the latter is more sensible.

2. (Hard) Explain (informally) why:

inf IEX ~r LIX — = su IExN : x)] — E, .
reri py) Eo) [llx = yll] lm};{ p, [f(x)] — Ey-p, [f(y)]}

Answer the following questions:

(a) Give the definition of a 1-Lipschitz function and explain (informally) why f should be
1-Lipschitz.

(b) If f is parameterised by a neural network, what are the possible ways to make f 1-Lipschitz?

10
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1. The minimisation of KL divergence is problematic when the distributions have non-intersecting
supports. In such cases, KL divergence becomes infinite, preventing us from using it to
meaningfully define the convergence of one distribution toward the other. The problem of
non-intersecting supports is particularly acute, as many data distributions are supported on
low-dimensional compact manifolds. The more detailed answer is provided in Section 2 of
Wasserstein GAN paper. For a more in-depth analysis of the manifold hypothesis in relation to
generative modelling please refer to this paper.

2. OT is a highly non-trivial topic. Some intuilitve explanations for the problem can be found in
the blog posts |1] and |2]. For the rigorous treatment of the topic please refer to the books by
F. Santambrogio and C. Villani.

(a) A function f : U — R for open U C R¥ is 1-Lipshitz if Vx1, x5 [f(x1) — f(x2)| < ||x1 — 22
Observe that 1-Lipschitzness implies that the function is continuous, and the norm of its
gradient is bounded. The latter observation can be used to enforce the Lipschitz property.
Some intuition on why f should be 1-Lipschitz can be found in Solution 1 to the exercise 3
of the homework for Week 6.

(b) As was established in 2.a, enforcing the Lipschitz property is equivalent to enforcing the
bound on the norm of the gradient. They ways to achieve this, among others, include
weight clipping, gradient clipping, or spectral normalization.

11
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Week 6

Problem 1: Fréchet distance

Given p1(x) = N (x; 41,%1) and pa(x) = N (x; p2,%2), the Fréchet distance between p; and p
can be written in closed form as

1/2
Wa(pu,p) = I = el + T (32 + 22 — 2 (2 2ma17) )

1. Find simpler expressions in the cases (1) ¥1 = X, (2) p is standard normal (N(0, I)).
2. Show that W3(p1, p2) = W2(p2, p1)-

3. Fréchet inception distance (FID) is computed using Gaussians fit to features of an InceptionNet
pretrained on ImageNet. Explain the motivation for using InceptionNet features instead of using
Gaussians fit to raw pixel values.

1. Closed-form expressions for sz(m, p2) given different p; and py:

(1) WEN (41, 2), N (2, 2)) = [l — pall3;
) WE(N (1, Z),N'(0,1)) = ||u|3 + Tt (1+2 —221/2) - {z = uAuT; uu’ = 1}

= [|pll3 + Tr <1+A—2A1/2) = \!V!I%Jri(l— \/)Tl)z;

(3) assuming X; = D; - diagonal matrix:
Wi(N (u1,D1), N (p2, D2)) = [lp1 = pal + Tr (Dl + Dy~ 2(D1D2)1/2)

d 2
- Hm—muﬂz(\/dl,i—\/dz,z-) .
1

2. In order to show that Fréchet distance is symmetric, it is enough to prove that
Tr (2/25,5)/2)V?) = Tr ((23/22,21/%)72).
(The remaining terms are obviously invariant to exchanging p; and p».)

Proof. We prove the conjecture in two steps:

(1) let us show that Z%/ 2222%/ 2 and Z;/ 2212%/ 2 have the same eigenvalues. Let A be the
eigenvalue of Z%/ 2222%/ 2 with the corresponding eigenvector v, then

¥1/25,51/2p = Ao,
Using the fact that 2, = Z%/ 22;/ 2, multiply the expressions by Z;/ 22%/ 2 from the left:

1/2 1/251/21/2,, __ 1/251/2 1/2 1/2,,
)22y 2 B PR Po = A %) 0 o = B3P0 %y Pu =

u u
thus, if (A, v) is an eigenvalue-eigenvector pair of Z%/ZZZZ%Q, then (A, ZE/ZZ}/ZU) is an
eigenvalue-eigenvector pair of Z;/ 22125/ 2,

(2) Let A = Z%/ZZQZE}/Z and B = £1/?%,31/2; so we must show Tr(A'/?) = Tr(B'/2). Given
that A and B have the same eigenvalues, they admit eigendecompositions A = UAUT and
B = VAVT. Finally,

Tr(AY?) = Tr(UAY?UT) = Tr(AV?) = Te(VTBY/2V) = Tr(B'/?),

completing the proof.

12
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O]

. Pointwise distance in pixel space is not necessarily a good measure of similarity between images,
because pixel intensities might have quite a significant variability that does not meaningfully
correspond to visual variability. Ideally, we want to avoid having such variablility. In theory,
classifiers like InceptionNet learn meaningful features that can allow to distinguish between
images, since the features required for distinguishing images are similar to those required to
classify them. That is why using features of a learnt classifier might be actually advantageous. It
is possible to actually see how such teatures look like.

Problem 2: InfoNCE

For this problem, please read this paper. Given a dataset of i.i.d. samples {xi}fil, we want learn

a representation of x; given by ¢; = Enc(x;). This problem can be solved by using (V)AE, i.e.,

Enc Dec . . .. .
— ¢ — X &~ x. However, such a method requires training a reconstruction network Dec. Instead,

one can try to maximise some measure of similarity between the distributions of x; and ¢;. This is

what InfoNCE loss allows us to do.

1. Following the paper, what are the disadvantages of training a reconstruction model Dec?

2. The paper proposes to use mutual information I(x,c) = KL(p(x,c)Hp(x) ® p(c)) as a
measure of similarity between distributions of x; and c;.

(a) Show that I(x,c) =, log Pp(zfj\s)

(b) The InfoNCE loss for a tuple of (x, Xneg, ¢) can be written as follows.

f(x,0)
X,¢) + f(Xneg, €)°

‘C(f) = _]E(x,xneg,c) log f(

Assuming that the optimum f(x, c) is given by % and f(Xneg, C) = pp(zc;i:iglc)) ~ 1, show

£(f) > —Elog ZELD — _1z0)

p(x)

In other words, miminising £(f) allows to maximise mutual information between x and c.

1. We want to avoid spending compute on training the model to reconstruct the data objects, as
that does not help us to learn a representation of the data that is useful for downstream uses
(such as classification), but forces the models to concentrate on high-frequency features.

2. (a) I(x,c) = /p(x,c)logp(x'c)dxdc:/p(x,c) logdedc

pp(c) p(x)pke]
=y (0) log 275
= [0 [ px €108 2 LD x| e = By KL (p(x ] ().

(b) L(f) = E (1, 10e5.c) 108 <1 + W) = B (110050 108 (1 + p?)f?c)) where the inequality

p(x)
> E(,lo = —1I(x,¢),

= Pl 08 gy — 1000
uses that log(1 + a)
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Problem 3: Simple OT

Let p(x) = %11[0,2](x) and g(x) = %11[1,3](35), where T4 is the indicator function of A, i.e., 14(x) =
1if x € A and 0 otherwise.

1. Show that f(x) = x + 1 is the optimal transport map for the problem
ming.s, — fR |x — f(x)| p(x) dx. Notice that this problem is 1-OT (the absolute value of
the distance is not squared), not 2-OT as used in FID.

x+2 ifxe[0,1]
x if x € (1,2]
this tell about the uniqueness of 1-OT maps?

2. Show that f(x) = is another OT map with the same cost . What does

1. For this problem we consider two approaches to the solution, which will be presented quite
informally (because the full formalisation would require us to detail the concepts that are beyond
the scope of this course). Nevertheless, the presented solutions should provide some intuition
into how such problems can be solved; for a mathematically rigourous treatment of the problem
refer to F. Santambrogio (Chapter 2, Sections 1-2), and F. Maggi (Part 1).

Solution 1: OT via duality

We can provide the following lower bound for the problem using some 1-Lipschitz function

¢:R =R

[ ot ax— [ owaly)dy
given the push-forward f, = g, we substitute y = f(x)

= [ lp(x) = p(F(x))] p(x) dx
applying the 1-Lipschitz property, |¢(x) — ¢(x')| < |x — x|

< [1x= (@) lp(x) dx

Since the previous inequality holds for any 1-Lipschitz function ¢ and any transport map f such
that fgp = g, we can take the supremum over all possible 1-Lipschitz functions and infimum
over all possible transport maps:

sup { [ o@p(x)de [otawayy < int {1 f)lp(x) )

Should the pair (¢, f) be one for which the equality holds, this would immediately imply that f
is an optimal transport map. It is easy to check that ¢(x) = —x and f(x) = x + 1 constitute such

a pair:
/¢(X)p(x)dx—/¢(y)q(y)dy= /02 —x%dx— 13 —y%dy
3

x21? y? 9—1
Sl ls] s

/\x— x)|p(x dx—/ |x — (x+1)|- 2d
2/|_1|dx_§ -
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Solution 2: OT via monotonicity

To show that f(x) = x + 1 is the optimal transport map, we construct a monotone map using the
cumulative distribution functions (CDFs) and justify its optimality based on the cost function
properties.

Constructing the monotone map using CDFs Let F, and F, be the CDFs of p and g, respec-
tively. A fundamental property of CDFs is that they push their own distribution to a Uniform
distribution on [0, 1]:

(Fp)#p = Uniform[0,1] and (F;)#q = Uniform[0, 1.
We can see that the transport map f happens to be equal to
fx) = F (Fp(x))

, since, given p(x) = %]1[0,2} (x) and g(x) = %]1[1,3} (x), we can calculate:

Fy(x) = ; Edt = % for x € [0,2],
X 1 X —
Fy(x) = A Edt = for x € [1,3]

Inverting F; gives F, ' (y) = 2y + 1. Substituting F,(x) into this inverse:

flx)=F" (g)—z( J+1=x+1

This map is strictly monotone on the support of p.

Optimality of monotone maps for one-dimensional 1-OT. For the cost function c(x,y) =
|x — y|, the OT map between p and ¢ is always given by f(x) = F,"'(F,(x)). This is because for
any x < x" and y < y/, the following inequality holds:

x—yl+ X =y < |x—y|+ ¥ -y

Informally, this means that“crossing” paths (sending x to ' and x’ to y) is more costly than
maintaining the order by sending x to y and x’ to y’. Since the OT map constructed is monotone,
it ensures that no mass ‘crosses’” and is therefore an optimal transport map.

. As found above, the cost of the optimal transport map in Part 1 is 1. For the map in Part 2, it is
x+2 ifxe[0,1]

] the cost is
X ifx € (1,2]

not hard to see that for f(x) = {

[ 1= f@lptdx =25 [ 1 dx =1

Since the cost for this function is the same as in part 1 this function is also an optimal transport
map. Given that we found that we found two optimal transform maps for the same problem,
this tells us that in general the solutions to the OT problems are not guaranteed to be unique.

You might think that this example contradicts the argument for Solution 2, which claims that
monotone maps should be the optimal maps. But note that this argument establishes the
implication only in one way, namely, that ‘if a map is monotone, it shall be optimal’. Yet, it does
not exclude the possibility that there exists such non-monotone map that is also optimal. Indeed,
for this example such a map exists.
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