ATML: Deep Generative Modelling Solutions for Weeks 8-10

Week 8

Problem 1: Distributions closed under convolution

1. Let p = N(p1,0%) and g4 = N (2, 03). Define the convolution as:
(pxa)(x) = /_w p(x —v)q(y)dy

Show that (p*q)(x) = N (x; 1 + pa, 07 + 03).

2. Let q(xg | xx—1) = N (xg;a024_1,021) for k = 1,...,n. Starting from a fixed data point
xo, show that the conditional distribution q(xk | xo) is a Gaussian of the form N (xy; iy, 021).
Provide the explicit expressions for i} and ch in terms of &;, o 2 , and xg.

3. Let p = Cauchy(u1,71) and g = Cauchy(p2, v2), where the density is given by:
1
gy (14 <ﬂ>2
v %

Show that p % q = Cauchy(p1 + p2, 71 + 72), and we can therefore use Cauchy distributions
instead of Gaussians in the definition of the noising process.

p(x;u, ) =

Note: for recent work on diffusion models with heavy-tailed distributions, refer to [1) and (2.

1. Naively, this could be done by direct computation:
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= N(x; 1 + o, 07 + 03).
However, a simpler proof could use that convolution is equivariant to shift of either distribution
and to scaling of both distributions. This fact can be used to reduce the problem to the case where
1 = pz = 0 (by shifting both distribution) and where 07 = 1 (by scaling both distributions by
(7%)' In this case, we simply need to show that N'(0,1) * N'(0,0%2) = N (0,1 + 02), for which the
above computation is far less cumbersome. See also discussion in the third part below.
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2. We start by writing out the first few transitions:
q(x1 | x0) = N (x1;a1%0, 071).
q(x2 | x0) = N (x2; xa1x0, (€307 + 03)1),

q(x3 | x0) = N (x3; aza0a1x0, (a303507 + a305 + 03)]1).

We can see (and easily show by induction) that the mean and variance of g(x; | xo) are given by

= Kpl&f_1...%1X0,
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3. Just as in the first part, we can reduce to the case where y; = y» = 0 and ; = 1 by using the
shift and scaling equivariance of convolution (note that u and -y control the position and scale of
any distribution whose distribution is expressed in terms of *-* — this is called a ‘location-scale
family” and Gaussians are similarly an example of such a family, as the density is expressed in
terms of %).

In this case, we need to show that Cauchy(0, 1) * Cauchy(0, 72) = Cauchy(0,1 + 72), which is a
direct computation:

() = [ plx=aw)dy

o 1
-/ n+ G-y <1 * (vy)z) )
e 1
27 /—°° 1+ (x—y)?) (1 + <7yz)z> !

Y 1 ;
TR U+ ) 22+ )
r2 (14 72)
2 (22 + (1+72)2)

1

(14 72) (1 + (ﬁ))
= Cauchy(x;0,1+ 7).

In the fifth line we have used an integral identity:

/°° 1 dy — m(1+c)
o D=2+ DY T (@ (1 +0p)

To prove this identity, we can use a partial fraction decomposition of the left side and do an
(unpleasant) direct computation. Alternatively, one can use residue calculus: observe that
the poles of the integrand are at i, —i, x + ic and x — ic. The integral is 27i times the sum of
the residues in the upper half-plane, which gives a similar computation to the partial fraction
method.

Yet another solution — to both this and the first part — uses the characteristic function fx(t) =
[E[e'*X] (a restriction of the Fourier transform on the density). Convolution becomes multiplica-
tion in the transformed domain ¢, that is, if X and Y are independent and have densities p and g,
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so X + Y has density p * g, then fx.y(f) = fx(t)fy(t). It can be shown that the characteristic
function of a NV (j, )2 random variable is ¢/*~27** and that of a Cauchy(j, ) is e* =7l show-
ing clearly that multiplication of charactiristic function is the same as addition of parameters p
and 7y (for Cauchy) or u and ¢ (for Gaussian).

Problem 2: Closed form for ELBO
As shown in the lecture, the ELBO for hierarchical VAE can be optimised using the following objective:

L(0) =E

z0~p(20),21,..,N~q(21,..,n|20)

N
log p(zn) H (zn— 1|zn]

1. Assuming pg(zu—1 | zn) = N (zy; fo(zn, 1), 02 1) and p(zn) does not depend on 6, show
that maximising £(6) is equivalent to minimising the following objective:

L£(0) = E, . Unif ({1,...,N}), [‘721_1 ent = otz ”)HZ]

zo ~ p(20),
Zn, Zn—1 ~ G(Zn, Zu—1 | 20)

2. How can we sample from a model trained with the objective £(6)? Write the response as a
probabilistic program.

3. What are the possible disadvantages of using the objective EN(G)?

1. We rewrite the ELBO using the Gaussian form of the transitions 79(z,—1 | zx):

N
[’ELBO(G) = ]EZONF(Zo)/Zl,...,NNQ(Zl,...,N\Zo) [log p(ZN + Z log pe(z”—l | Z")]

n=1
N

1
:IEZONP(ZO)/Zl,“.,NNq(Zl,A,.,N‘ZO) [logp ZN Z 2 1HZ” 1= fe Zn, 1 H
n

+ const.

Since p(zn) does not depend on 6, it does not affect the optimisation problem. Since n is
uniformly distributed over {1, ..., N}, we can rewrite the sum as an expectation over n and get

-+ const.

Loarol0) =, g, ), | ot oo
2o ~ p(20), "
z1,.,N ~4(- | z0)
It remains to see that the expression inside the expectation depends only on z,,_; and z,.
This shows that maximising Lggo(6) is equivalent to minimising £(6).

2. To sample from the model, we sample zy from p(zy) and then iteratively sample z,_; from
po(zn-1|zn) forn=N,...,1.

3. As shown in Problems 1 and 2 of the next homework, and in the lecture, the optimal predicted
mean of the Gaussian pg(z,—1 | z») can be expressed in terms of E[zy | z,], which is a conse-
quence of the Gaussianity assumption on the noising process. The regression target for the
one-step denoising mean has additional noise arising from the variance of q(z,_1 | zo, z»), which
results in a higher-variance optimisation objective.

This is in addition to the advantage of predicting the score or noise relative to the (one-step or
full) denoising mean, discussed in Problem 2 or the next homework.
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Problem 3: Optimal denoiser

Consider the following training objective:

ﬁ(f) = lE‘x~p(x),z~q(z\x) [HX _f(Z)HZ]

1. Show that the function f* that minimizes L£(f) is given by f*(z) = E[x | z].

2. Assume that the dataset consists of two points, x; and X, and the empirical distribution
over the dataset is given by p(x) = 36, (x) + 304, (x). Let the noise model be Gaussian:
q(z | x) = N(z;x,0°I). Find a closed-form expression for the optimal denoiser f*(z).

1. (We assume all distributions have densities and full support. A rigourous proof in the general
case requires some measure theory and calculus of variations.)

Let f*(z) = E[x | z]. Then, for any f,
‘C(f) = 1Exmp(x),erq(z\x) |:HX —f(Z)Hﬂ
= Evupo)zqtel) |18 = @)+ F1(2) = F@)I]
= Evmpo)zaqtel) [[I¥ = F @I+ @) = f@I +2(x = () - (F(2) = f(2)].

Considering just the last term, and factorising the joint density p(x)q(z | x) in the other order as
q(z)q(x | 2),

IEx~p(x),z~q(z\x) [Z(X - f* (Z)> ’ (f* (Z> - f(Z))] - ]Ez~p(z) Ex~q(x|z) [Z(X - f* (Z>)] (f* (Z) - f(Z))

=0

=0.

Thus we have
L(f) = L(f") +E(f" = f])-

This quantity is nonnegative and equals 0 if and only if f* = f for almost every z under the
marginal distribution of z.

2. By the previous part, we need to compute E[x | z]:

Elx | z] = P[x = x1 | z]x1 + P[x = x2 | z]x2

Nz;x1,0%1) ot Nz;xp,0%1) N
Nz;x1,021) + Nz; xp,021) Nz;x1,021) + Nz; xp,021)
sl il

= x1 —|—

ezl il N e R N

1 1
= softmax (—MHZ — x|, —TﬂHZ — x2]|2> - (x1,x2),

where the second line used that P[x = x; | z] « P[x = x;]q(z | x;).
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Week 9

Assumptions for all problems
1. q(zn | 2Zn_1) = N(zu;zn_1,021), or z,, = 2,1 + one, € ~ N(0,I).
2. zg,...,2y_1 are conditionally independent of z,,.1,...,zN given z,.

3. Vu = 0%+ ...+ 02, so, by the previous two assumptions, q(z, | zo) = N (zu;z0, Vul), or
zn = 20 + V/Vue, € ~ N(0,I).

4. Unless stated otherwise, EE is taken over p(zp), q(- | z0), and n ~ Unif({1,...,N}).

Problem 1: Closed form for ELBO continued

In Lecture 8 we showed that the diffusion model ELBO can be written as

r 0) = E 1 Z 1 pQ(anl | Zn)
ELBO(8) = Exyp(an) iy, n~a(-lz0) |108 p(zN)+1§1 ogm

Show the following Monte-Carlo estimator of Lg go(6):

+ E [log pg(zo | z1)] +const.

Lo

Lego(0) = —E 507 1 (20, 20) — i (25 0) ||
rynfl

-~

Ly

where (25, 20) is given by a linear combination of z,, and zg, p,(z,;0) is the predicted mean of the
Gaussian defining pp(zy—1 | x,), and the 72, are some constants. Use the following steps:

1. Using the fact that q(z, | z,.1) = q(z”*yf;n’_zlo‘)z‘z)(f"'ZO) for 2 < n < N, show that

q(zu-1 | zn, 20) = N (2u—1; 4n(zn, z0), v>_1I). Provide the expressions for ji(z,,zo) and 72 _;.

Po(Zn—112zn)

2. Compute log T 5 assuming that pa(zy—1 | zn) = N (zu—1; #n(2n;0), v _{1);

How is this version of the ELBO related to the one derived in Problem 2 of Week 87

' N po(ze ] )
Le180(0) = Eoyp(ag) i, n~a(-l2) 108 P(2n) + ) log ===
=7 q(za | zn-1)

N
= IEZONP(ZO)IZL,..,NNQ('\Zo) log P(ZN) + 2 log pe(znil ‘ Zn) ‘ q(znil | ZO) " ps(zo | Zl)]

i q(zn-112zn, z0) q(zn|z0)  q(z1]20)
_ | Pe Zn—1 | n)
= IEZONP(ZO)IZL,..,NNQ('\Zo) log 0]( + Z log 0(zu—1 | zn, 20) + log pe(zo | Zl)]

=E

Zlog pG Zp—1 | Zn)

9(zn—1 | zn, 20) +IEZONP(ZO)r21N‘7(Zl‘ZO) [log po(zo | z1)] + const.

zo~p(z0),21,..,.N~q(-20)

N
=—-E Z KL (Q(Zn—l | Zn, ZO)HPG)(ZH—l | Z”)) + ]Ezowp(zo),qu(z]\zo) [log PG(ZO | Zl)] + const.
n=2

Using the expressions for q(z, | zo) and g(z, | z,—1) and the result shown in lecture about
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conditioning the sum of two Gaussians, we get

2 2
Vicizn + 0520 05V

Q(Zn—l ’ Zn, ZO) =N Zn—1, v, ’ v, I
—_—— ——
#(zn,20) 73,_11

Finally, using the fact that KL between two Gaussians can be expressed (up to an additive constant) as
a squared norm of the difference of their means divided by the variance of the first one, we obtain the
final expression.
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Problem 2: Equivalent losses

Using the fact that u,(zy, o) is a linear combination of z,, and zg, show that L, can be equivalently
rewritten as

1. (denoiser) E [w(n)||zo — fu(zn;0)]|*] using that ji, (24, z0) is a linear combination of z, and
20,

2. (noise predictor) E [w(n)|je — fu(z4;0)||?] using zu = zo + /Vae; € ~ N(0,1);
3. (score predictor) E [w(n)||sy — fu(zn;0)]|?] using, given fixed zo, s, = Vin(zo —zy);

where in each case f,(z,;0) is a neural network. In each case, express p,(z,;60) via fu(z,;0) and
compute the weight w(n) that gives the equivalent loss.

Note: for the continuous versions of the provided losses, the weight w can be given a particular
meaning. To learn more about it, see the following papers: [1], |2].

From the previous part, we can express the optimal one-step denoising mean y};,(z,,) in terms of z,
and E|zo | z,] as

V._ o2
‘"/nlzn T V’;IE[ZO | 2],
SO
Vi anl

Elzo | z4] = U*;VZ(ZVI) - 7271-
n n

Using this expression, we can express i}, (z,) in terms of the optimal f;;(z,) for each of the three cases:
1. Denoiser:

fu(zn) = E[zo | zu] = %yi‘l(zn) — const(zy).

2. Noise predictor:

fin) = e on = Bl | 2)) = —gy;z(z,» T const(zy).

3. Score predictor:

falzn) = ;n(]E[ZO | zn] —2z0) = %.”Z(ZH) + const(z,).

Each case has the form f;(z,) = c¢(n)u;;(z4) + const(z, ). The objective is a least-squares regression

with respect to a linear transformation of the regression variable; regressing on y, with coefficient
1 _ Vy . . . . . . _ Vi .
392 = 203V, 1 equivalent to regressing on f,, with coefficient w(n) = AT R In our three cases:

1. Denoiser: c(n) =

Vi
0—7;/ w(n) - 2Vn—nlvn :

2. Noise predictor: ¢(n) = —Va w(n) = 5ot

3. Score predictor: ¢(n) = 5, w(n) = 5y~


https://proceedings.neurips.cc/paper/2021/hash/b578f2a52a0229873fefc2a4b06377fa-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2023/hash/ce79fbf9baef726645bc2337abb0ade2-Abstract-Conference.html
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Problem 3: Discrete sampling using score / noise / denoiser predictions

For each of the equivalent definitions of L, from the previous problem and corresponding trained
models fp, write the probabilistic program for sampling zo.

Procedures for sampling z,,_1 from z:

1. Denoiser: z, 1 = f;(zn) + vVu_18, e ~ N(0,1)

2. Noise predictor: z,—1 = (2o — VVuf;i (zu)) + V/Vac1e, € ~ N(0,1)
3. Score predictor: z,—1 = zy, + Vi f5i (z0) + V16, € ~ N(0,1)
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Week 10

Problem 1: From VP SDE to VE SDE through a variable change

Consider the following two SDE types, frequently used in the context of diffusion models:
VP SDE : dZt = —WNtZt dt =k Yt dwt, VE SDE : dyt = 0t d(Ut.

In this problem, we will show that one can obtain VE SDE from VP SDE through a change of variables.

g ds

. ot
To do this, we define a new process y; = ztejo and compute dy;.

1. The Euler-Maruyama approximation to z;ya; is
Zi At — Zt —lXtZtAt—F’)/t\/ At8+O(At), £ NN(O, I)

Use the definition of y; to show that

A A
Yeirar = (Yr — uc,;ytAt)eftt+ fasds + ’y;fefot+ as ./ Ate + o(At).

2. Use that eli “asds =1 4 aiAt + O(AF?) to show that
ff+Ata s
Yeear = Ye + el BV Ate 4 o(At).

3. The above equation is, up to 0(At), an Euler-Maruyama integration scheme for a VE SDE in
yt. What is this SDE's diffusion coefficient o} in terms of a; and ;7

1. Substituting the expression of z; in terms of y; on both sides of the Euler-Maruyama approxima-

tion, we get
t+At

yH_Atei 0 dsds _ (l — DCtAt)ytei fOt &s ds + YV Ate + O(At)

Multiplying through by eo M asds ang using that fot Ay ds = fot g ds + f:JrAt s ds, we get the
desired equation.

2. Using the given expansion of the exponential, we get that the first term on the right side of the
equation in the previous part is

(v — aryeAt)ell ™ 85 = (4, — @y, AF) (1 + aeAt + O(AR))
= y1(1 — a;A) (1 + a; At + O(AF))
= y:(1+O(AF)) =yt + o(At).

Substituting this back into the equation, we get the desired result.

3. The equation in the previous part is the Euler-Maruyama integration scheme for a VE SDE with

oy = 'Ytef(; %ds Notice that the integral in the exponent goes to f and not t + At because the
difference between the two is O(At), which is absorbed in the 0(At) term when multiplied by

VAL
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Problem 2: From Hierarchical VAE to SDE

Consider a noising scheme in which z,, ~ N (zg, V,;) and each z,.1 is obtained from z,, by independent
Gaussian increments. In this problem, we will show that this noising scheme defines the same

distribution as the following SDE:
/0
dZt = gV(i’) da)t,

where V' : [0, N] — R is a monotonic differentiable function such that V(n) = Vj, for integers n.
1. Start by finding the closed form for the transition from z, to z,.1.

2. Assume that we integrate the SDE from time n to n + 1 using the Euler-Maruyama scheme
with step At = % Show that the marginal distribution of z,.1 given z,, under this scheme is

e K\ ot ot K ot K '

3. Take the limit K — oo and show the variance in the Part 2 approaches V(n +1) — V(n),
recovering the expression in Part 1.

1. The transition from z, to z,1 is given by z,, 11 = z, + N(0, Vy41 — Vi), 80 211 ~ N (20, Vi1 —
Vn)-

2. The Euler-Maruyama scheme for integrating the SDE from time n to n + 1 with step At = 4 is

given by
1%
Zip1/K = 2t + g(t)v Ater, e~ N(0,1).

Iterating this scheme gives

k—1 .
1% i
Zn+k/K:Zn+Z 8t<n+K>vAt8”+i/K’ kzl,...,K,£n+% NN(O,I)
i=0
11y i
=z, + N O,Z(n+>>.
< K = ot K

In particular, for k = K, we get the expression in the problem statement.

3. The variance in the previous problem is the left-endpoint Riemann sum for the integral | n"+1 aa—‘t/ (t)dt

for a K-part uniform partition of the interval [, 1 + 1]. As K — oo, this Riemann sum approaches
the integral, which is equal to V(n + 1) — V(n) = V41 — V,, by the fundamental theorem of
calculus.

Problem 3: From SDE to ODE flow
Consider the following forward SDE: dz; = 0y dw;. Denote its marginal densities at time t by p;.

1. Use the identities from the lecture to write the corresponding reverse SDE and probability flow
ODE.

2. Show that the Fokker-Planck-Kolmogorov (FPK) equation for the forward SDE, the FPK equa-
tion for the reverse SDE, and the continuity equation for the probability flow ODE all coincide.

1. The reverse SDE is given by

dzy = (—0fVlog pi(zt)) dt + o day

10
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and the probability flow ODE is given by

dz; = —%va log pt(z;) dt.

2. The FPK equation for the forward SDE is given by

0 1
&Pt(z) = EUtZAPt(Z)

and for the reverse SDE by

9 pi(z) = V- (- V log pu(a)pi(2) — 50PApi(2)

1
= -V (—0}Vpi(z)) — QUEApt(Z)
1
— 2Ap) - 2oapE)
1
= EO}ZAP;}(Z).

The continuity equation for the probability flow ODE is

E?tpt(z) ==V (-;#Vlogpt(z)l’t(z))

Problem 4: From ODE flow to Normalising Flows

In exercise 2 of Week 4 we showed that for a transition of the form z;, oy = z¢ + u;(2z;) At — the form
of an Euler integration step for an ODE — the change of density can be written as

log priar(ze+ar) —log pi(z1) = —Tr [J,] At + O(AF?),

where [, is the Jacobian of u; at z;.
In this problem, we use this result to derive the continuity equation.

1. First, check using Taylor expansions that
0
log pr+ar(zi+ar) = log pi(zt) + 5. log pr(z¢) At + V log pr(zt) - (zerar — 2e) + O(AR).
2. Using Part 1 and the transition formula, convert the change of density formula to

0
3 log pi(zt) = =V - uy — V1og pi(zs) - up(zy).

You will need to use that Tr [J,,] = V - u;.

3. Multiply both sides by p; and derive the usual form of the continuity equation.
(You will need the product rule for divergences: for a scalar function f and vector field v,

V- (fo) = f(V-0) +(Vf)-v)
1. The first-order Taylor expansion of log p:(z:) at (t, z;) is given by

0
log priat(ze + Azi) = log pi(zt) + 5 log pi(z:) At + Vlog pi(z¢) - Az + O(Atz, ||Azt||2).

11
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Writing z;,ar = z¢ + Az, 50 Azy = uy(z;)At, we have ||Az]|> = O(A#?), so the error term is
O(At?), recovering the desired expression.

2. Substituting the previous part into the change of density formula and rearranging gives
d
g log pt(Zt)At = —Tr Uut] At — VIOg Pt(Zt) . (Zt+At — Zt) + O(Atz)

Substituting (z;4a¢ — z¢) = us(2z¢)At and Tr [J,,] = V - uy, then dividing by At and taking At — 0
gives the result.

3. Multiplying both sides by p; and rearranging gives

0
ptalogpt(zt) = —pi(V - uy — Vlog p(z1) - us(z4))
0
5iP1(20) = —piV g — Vpi(zi) - us(zi)

]
gPt(Zt) = =V - (prus).
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