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Today: Why does SGD work well? 

• Sharp and flat minima: which is better?
• Why does SGD find Flat minima? 
• How to measure sharpness
• How to use sharpness



Sharp and Flat minima 

• A minimum could be flat or 
sharp. 
• Which is better? 
• And why?



Sharp and Flat minima 

• A minimum could be flat or 
sharp. 
• Which is better? 
• And why?

• Sharp min could represent 
overfitting
• E.g. one point fits really well at 

that model point. But not in 
general. 



Flat and sharp minima

• Flat minima generalize better 
• Sharper minima likely to represent 

overfitting
• If we take a slightly different model or 

slightly different data
• The loss will jump

• Flat minima have better 
generalization 
• And better stability
• Even away from the min



SGD prefers flat minima

• SGD includes randomness
• At the same position 𝑤, suppose the gradient is ∇𝑓𝑏(𝑤) for batch 𝑏
• This depends on the batch 𝑏 selected. 

• Pure gradient descent (GD) computes ∇𝑓𝑆(𝑤) with whole 𝑆
• Does not depend on any randomness

• We can view SGD as GD + noise
• I.e. compute gradient vector as in GD, add a noise representing the 

random selection in SGD



SGD escapes sharp minima

• Converges to large flat basins 

Kleinberg et al. 2018



How do we measure sharpness? 

• Using curvature 

• Curvature in 1-D

• Measured by 2nd derivative 
•
𝑑2𝑓

𝑑𝑥2

• The rate of change of the derivative 𝑑𝑓
𝑑𝑥

x

f

Sharp min
High curvature Flat min
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Hessian: Curvature in high dimensions

• But our models are in high dimensions 
• Instead of a single 𝑥, we have 𝑥1, 𝑥2, …
• For any function 𝑓, rate of change of 𝑓 is a 

vector:
• [

𝜕𝑓

𝜕𝑥1
,
𝜕𝑓

𝜕𝑥2
, … 𝜕𝑓

𝜕𝑥𝑛
] Q: what is this vector called? 

• Now, let us measure how fast each of these 
components change: 
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Simpler example: 2D case

• For the Loss function 𝐿:

• 𝐻 =

𝜕2𝐿

𝜕𝑤1
2

𝜕2𝐿

𝜕𝑤1𝜕𝑤2

𝜕2𝐿

𝜕𝑤2𝜕𝑤1

𝜕2𝐿

𝜕𝑤2
2

• Overall, larger numbers in Hessian matrix means larger curvature, 
sharper loss 



Sharpness measures

• Frobenius norm of the hessian

• 𝐻
𝐹
= σ𝑖σ𝑗 𝑥𝑖𝑗

2

• Distribution of Eigen values 
• If there are more of large eigen values 

that implies a sharper min



𝜖-Sharpness

• At min 𝑤 take ball 𝐵(𝑤, 𝜖) of radius 𝜖
• Set of all points within a distance 𝜖 of 𝑤

• Sharpness is: 

•
max

𝑤′∈𝐵(𝜖,𝑤)
(𝐿 𝑤′ −𝐿(𝑤))

1+𝐿(𝑤)

• Single number, easier measure
• But requires a reasonable 𝜖

𝑤

𝐵(𝑤, 𝜖)

𝐿(𝑤′)

𝐿(𝑤)



Sharpness aware minimization

• Use 𝜖 sharpness 
• Minimize 𝐿 𝑤 + 𝐿 𝑤 + 𝜖′ − 𝐿 𝑤

• Suppose we write 𝜶 is a vector such that  w+
𝜶 ∈ 𝐵 𝑤, 𝜖

• Theorem: 
• 𝐿𝒟 ≤ max

𝜶 2≤𝜖
𝐿𝑆 𝑤 +𝜶 + ℎ( 𝑤

2

2
/𝜖2)

• Observe that RHS = 

• [ max
𝜶 2≤𝜖

𝐿𝑆 𝑤 +𝜶 − 𝐿𝑆 𝑤 ] + 𝐿𝑆(𝑤) + ℎ( 𝑤
2

2
/𝜖2)

• Sharpness + Loss + L2 regulariser



Other algorithms

• Using Hessian for regularization 

• Stochastic weight averaging
• Average weights of last 𝑐 models
• Produces flat minima 



Observations about SGD

• Noise & randomness is actually good! 
• See simulated annealing 

• We have seen two ways randomness benefits SGD
• Randomness causes SGD to escape sharp local min and 

converge to large flat basins 
• Randomness improves stability

• We saw in last lecture: randomness helps stability to small changes 
• Therefore improves generalisation



Next week (likely)

• Exam review class Monday, Tuesday + some extra (non-
examinable topic) on tuesday

• Look out for announcements on Piazza. 
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