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Tutorial 2: Parameter Estimation
Files in this tutorial’s materials:

manifest.txt
data.json
load_data.r
tutorial2.Rmd

General Information
The exercises in this tutorial are designed so that you can do them by directly editing the R-markdown
(.Rmd) file. This file contains some code you need to complete so it will not “knit” to an HTML file or PDF
until it is complete; you should run the cells individually while working on it.

You can run cells in R-markdown using the little green “play” arrow in the cell, the “run” button at the top
of the editor window, or keyboard shortcuts visible from the run button’s menu. Running a cell will show its
output directly below the cell. Alternatively, you can generate pdf or html documents by executing Knit (in
the toolbar in R-studio), which is a great way to communicate your results.

You can also copy your code into a script file and execute those or simply perform one-off calculations in
the R console. In this case, be sure you’re running R commands from the console window, rather than the
terminal window.

Package: GGplot2 for Data Visualization

This tutorial will use ggplot2, a powerful library for data visualization. It doesn’t come with base R, so we’ll
have to install it – although if you’re using a laboratory computer it may already be there.

This command will load the library if it’s available:
require(ggplot2)

## Loading required package: ggplot2
# Some additional libraries
require(stringr)

## Loading required package: stringr

If that command gave a warning message, you need to install the package. To do that, run the command
below, then try require(ggplot2) again.
install.packages("ggplot2", dependencies = TRUE)
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GGplot2 follows a specific approach to data visualization known as the ‘grammar of graphics.’ We will use
examples from the library here without going in-depth into the overall principles, but you may find it helpful
to refer to the package’s documentation.

Fitting Reaction Times
We will continue working with our replication of the random walk model (Smith and Vickers 1988) introduced
in lecture 2. To simplify our task we will only look at data for the mean angle of 22.5 degrees. We will also
ignore whether the participants’ responses were correct or not. This is a debatable decision, especially if one
wants to provide a general model of the cognitive process underlying the task. However, it should be less of
an issue for this particular condition, as most responses for this angle should be correct.
source('load_data.r')
data <- loadData("data.json")

(Don’t forget to set your working directory correctly, for example using the Session menu.)

To verify our hunch that most of the 22.5 angle judgments were correct, we can visualize the distribution of
correct and incorrect judgments for each angle. The code below produces a histogram of judgments and steps
through some data visualizations with ggplot2 along the way.
ggplot(data) + # the core 'ggplot' function takes the data as input

aes( # 'aesthetics' mapping: which aspects of the data will we plot?
x=absMean, # the values of the 'absMean' column will be plotted on the x axis
fill=factor(correct)) + # the 'correct' column will set the color fill of the bars

# ˆ the 'factor' function converts from numbers (0,1) to strings ("0","1")
geom_histogram( # 'geometry' layer: what kind of plot is this?

bins=10) + # specify a sensible number of bins for this histogram
ggtitle("Correct and incorrect judgments by mean angle") # add title
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We now store all rows for which the mean angle was 22.5 degrees (both positive and negative angles), and
simplify our task by removing extremely long reaction times (>10 seconds). This is the data set we will be
working with in this tutorial.
data.22 <- data[data$absMean == 22.5,]
noextremes <- data.22[data.22$RT < 10000,]

In this tutorial we will focus exclusively on reaction times (RTs). Before conducting analyses, it is a good
idea to look at the data.

Question 1 Plot the distribution of decision times in noextremes. You can modify the plotting code above.

Solution:
# Plotting code goes here

Question 2 What are some important qualities that a probabilistic model of reaction times should have?

We discussed the random walk model in tutorial 1, which allowed us to account for both the choice (left or
right) and the decision times in speeded-decision tasks. In this tutorial we will use a different approach and
model the decision times with a Weibull distribution.

The Weibull distribution has a few advantages over the previous random walk model. First, the random walk
model assumes discrete time steps and therefore cannot be directly applied to our data. Second, using a
standard statistical distribution allows us to conveniently and directly compute quantities like likelihoods.

Let’s get an intuition for what the Weibull distribution looks like. The density function of the Weibull,
as well as a random number generators and quantiles are available in R via dweibull(), rweibull() and
qweibull(). As you can see from the documentation of these functions, two parameters determine the
Weibull density: its scale and shape. We can visualize the effect of varying these parameters over a range of
inputs.
x_range <- seq(0,10, by=0.1)

ggplot() +
aes(x = x_range) + # set same x range for all lines
geom_line(aes(y = dweibull(x_range, shape=0.1, scale=1)),

color="red") + # plot *red* line for weibull with shape & scale (0.1, 1)
annotate("text", x=8, hjust=0,

y=.9, col="red", label="(0.1,1)") + # red annotation for (0.1, 1)
geom_line(aes(y = dweibull(x_range, shape=1, scale=1)),

color="blue") + # plot *blue* line for weibull with shape & scale (1, 1)
annotate("text", x=8, hjust=0,

y=.85, col="blue", label="(1,1)") + # lower, blue annotation for (1, 1)
ylab("Weibull density") + # label y axis
theme_bw() # optional: give plot a nicer theme
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Question 3 Extend the plot above by adding the density of the Weibull distribution for the following shape
and scale parameters: [(shape = 1.5, scale = 1), (1.5, 3), (5,3), (9, 3)], using dweibull(x_range, shape,
scale). How do the parameters influence the shape of the distribution?
# Plot plot plot

Fitting Decision Times with the Weibull Distribution
We will augment the Weibull distribution with a shift parameter. The shift parameter shifts the entire
distribution, changing its mean but leaving the overall shape (after the point it is shifted to) unchanged. The
shift parameter has been used in previous research and it allows to represent an initial interval that might
correspond to the time required to encode the stimulus.

With this additional parameter the mean of the shifted Weibull is:
weibull.mean <- function(shape, scale, shift=0) {

scale * gamma(1+1/shape) + shift
}

We will also define a density function for our shifted Weibull, and a function that returns false if any of our
parameters are invalid. We will use these later.
dweibull_s <- function(x,shape,scale,shift,log=FALSE) {

dweibull(x-shift,shape,scale,log)
}

invalidParams <- function(par) {par[1] <= 0 || par[2] <= 0 || par[3] < 0}

We will start our parameter estimation by fitting the mean of the shifted Weibull to the mean decision time
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in our data set using the root mean squared error (RMSE). We will use the default optimization procedure
in R optim(). Also note that we are using the parameter order [shape, scale, shift] and not [shift,
scale, shape] as in Farrell and Lewandowsky (2018).
wb.rmse <- function(rtData, par) {

if (invalidParams(par)){
# for negative shape/scale parameters the Weibull is undefined
# so we return a high error
1E100

}
else {

sqrt((weibull.mean(par[1], par[2], par[3]) - mean(rtData))ˆ2)
}

}

Question 4 Fit the Weibull distribution using the optim function for the RMSE function above on the
decision time (RT) data (noextremes). The optim function requires you to pass starting values to the
optimization algorithm; set these to (1, 1, 1), i.e., c(1,1,1).
rmseOpt <- NaN # Replace NaN

Question 5 What are the parameters resulting from the optimization?
# Print the params

Question 6 What is the corresponding mean of the Weibull for those parameters? What is the error for
the optimized parameters?
# Code goes here

Question 7 How well does the mean match the experiment data? Plot the fitted density and the experiment
data. Is this a satisfying fit? Do you have any intuitions as to how it might be improved?
# Let's create a helper function.
# The "stat_function" part of the plot multiplies the density by a number >>1
# to make the density visible against the counts. This is a bit of a hack and
# there are more principled approaches, but they're more involved/fiddly.
rt_vs_weibull <- function(rtDf,wParams) {
ggplot(rtDf, aes(RT,color="counts")) +

geom_histogram(bins = 100) +
stat_function(aes(color="density"),fun = function(x)

dweibull_s(x, wParams[1],wParams[2],wParams[3],log=FALSE)*20*nrow(rtDf)) +
theme_bw() +
coord_cartesian(ylim = c(0, max(15,nrow(rtDf)/6))) +
scale_colour_manual("Legend", values = c("black", "red"))

}

# Use the helper above or write your own plotting code here.

The textbook notes that we can fit a distribution to the general shape of our empirical distribution by fitting
quantiles rather than just the mean:
wb.qrmse <- function(rtData, par) {

q_p <- c(.1,.3,.5,.7,.9)
if (invalidParams(par)) {

1E100 # Invalid params -> bad fit
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}

empiricalQuantiles <- quantile(rtData, q_p)
q_pred <- qweibull(q_p, shape=par[1], scale=par[2]) + par[3]
sqrt(mean((q_pred-empiricalQuantiles)ˆ2))

}

Question 8 Fit the shifted Weibull to the decision-time data.
rmseQuantOpt <- optim(par = c(1, 1, 1), fn = function(x) {1}) # replace the "1"

Question 9 What parameters did the optimization find? Compare them to the parameters we found using
only the mean for the RMSE.
# Code goes here

Question 10 Plot the results of the optimization and the participants’ decision times – how well does the
mean match the experiment data?
# Code goes here

Question 11 By default optim uses the Nelder-Mead optimization procedure. It requires us to provide
starting guesses for the parameters. Evaluate the results of the optimization (for the quantile optimization)
for a range of starting values. Edit the code below to generate 200 random uniform starting values from
0.1-50 and 0.1-500 (runif()) for the scale and shape parameters, respectively. For the shift generate 200
random uniform values between 0 and 16. After updating the code below, run it and explain what it is doing
as well as what the output tells us.
n_restarts = 200

### Begin solution
scaleStart <- c(1) # Rewrite
shapeStart <- c(1) # Rewrite
shiftStart <- c(1) # Rewrite
### End solution

params <- cbind(scaleStart, shapeStart, shiftStart) # make a matrix of start parameters

restartOpt <- function(params,optfn,plotVals=FALSE) {
# N.B. this procedure involves iterating the optimization process
# over our randomly chosen start parameters
#
# R functions are often optimized to run efficiently over vectors,
# the preference is to *apply* a function over a vector or matrix,
# then another function to the resulting output,
# rather than looping over the matrix and
# performing several steps in each iteration.
# The following code reflects this stylistic preference.
# Documentation for the 'apply' family of functions
# (i.e. apply, sapply, lapply, tapply) can be a useful reference.
#
# Run optimization for all starting parameter values
opt <- apply(params, 1, # this tells apply to iterate over rows

optim, fn = optfn)
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## Extracts the value of the optimized function for each start
opt_val <- sapply(opt, function(x) x[["value"]])
## Extracts optimized parameter values from results
opt <- opt[order(opt_val)]
## Visualizes different runs, if we ask it to
if(plotVals) {print(ggplot() +

geom_point(aes(x=1:length(opt_val), y=opt_val)) +
labs(title="Losses across restarts",

x = "Restart index", y="Loss") +
scale_y_log10() +
theme_bw())

}
## Returns (one) best fit
opt[[1]]

}

ofn <- function(x) wb.qrmse(noextremes$RT, x)
print(suppressWarnings(restartOpt(params,ofn,plotVals=TRUE)))

120

130

140

0.950 0.975 1.000 1.025 1.050
Restart index

Lo
ss

Losses across restarts

## $par
## scaleStart shapeStart shiftStart
## 1.154456 788.980306 121.269745
##
## $value
## [1] 131.8809
##
## $counts
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## function gradient
## 430 NA
##
## $convergence
## [1] 0
##
## $message
## NULL

Question 12 What is the goal of maximum likelihood estimation? On a high level, how does it differ from
our approach up to this point? What are some reasons for and against using MLE?

Let’s define a negative log likelihood function, relying on the shifted Weibull density we defined earlier.
wb.lldev <- function(data,par) {

# We are adopting F&W's practice of assigning a very high (but finite)
# NLL when parameters are invalid or the data will have probability zero.
# Consider some of the pros and cons of their approach.
if (invalidParams(par) || any(data < par[3])) {

return (1E100)
}
ll <- dweibull_s(data, shape=par[1], scale=par[2],shift=par[3],log=TRUE)
# Sometimes people will compute the "deviance", or twice the NLL. This term is
# relevant in some model selection settings, but the difference isn't so
# important here, and the MLE is unchanged by this transformation.
-2*sum(ll)

}

Question 13 Find MLEs for the parameters, and compare their log likelihoods to those of the previous
estimates. Discuss.
# Code goes here

Question 14 What would happen if we did not use negative log likelihoods in this case?

Question 15 Are we confident that our MLEs are actually maximizing the likelihood? Try the optimization
with different starting values. Discuss what you find.
opt_ll <- suppressWarnings(restartOpt(params,function(x) {

v <- wb.lldev(noextremes$RT,x);if(is.nan(v) || is.infinite(v)) 1E100 else v},plotVals=TRUE))
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cat(str_interp("MLE LL after restarts: ${opt_ll$value};\nparams: ${opt_ll$par}"))

## MLE LL after restarts: 18927.944421241;
## params: c("0.133872971156261", "2.07897297815793", "5.64757840188813e-06")
rt_vs_weibull(noextremes,opt_ll$par) +

ggtitle("Participant RTs vs Wiebull w/MLE parameters (restarts)")
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Question 16 If you plot the MLE density against the empirical distribution, does this support an argument
for having a mixture model that captures different types of responses? Why or why not? If you were going to
fit a finite mixture model, how many components would you use, and why? What distribution(s) would the
components have?
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