
Answers to Task 1 

(1) Assume 𝑚  and 𝑛 are both integers. Prove by contraposition, if  𝑚𝑛 < 120,  then 𝑚 < 10 or 𝑛 < 12.
You may assume that, if 𝑎 ≥ 𝑏 𝑎𝑛𝑑 𝑐 ≥ 𝑑 𝑡ℎ𝑒𝑛 𝑎𝑐 ≥   𝑏𝑑 𝑓𝑜𝑟 𝑎, 𝑏, 𝑐, 𝑑, ∈ ℕ 𝑎𝑛𝑑 𝑐 > 0. (*)

[4 marks] 

Marking Guide

The contrapositive is: if 𝑚 ≥ 10 and 𝑛 ≥ 12 then 𝑚𝑛 ≥ 120. [2 marks all correct] 

We will use proof by contraposition. 

Using the given property (*) with 𝑎 = 𝑚, 𝑏 = 10, 𝑐 = 𝑛 and 𝑑 = 12 then 𝑚 ≥ 10 𝑎𝑛𝑑 𝑛 ≥ 12, 

giving 𝑚𝑛 ≥ 120.   [1 mark for using the property given] 

As the contrapositive is true then the given proposition is true,  ‘if 𝑚𝑛 < 120,  then 𝑚 < 10 or 𝑛 < 12′. 

[final statement 1 mark] 

Notes on sample answers

A What do 𝑎 and 𝑏 relate to here? The proof needs to be explicit about using the property given.

B The "by substitution" isn't clear about what is being substituted where. If it is "by substitution 
in the property given" then it would be good to say so.

C The proof finishes without saying what has now been proved.

D The negation of < is ≥ , not > as used here.

E The sentence setting 𝑚 = 10 and 𝑛 = 12 doesn't seem to contribute anything. 
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Answers to Incorrect proofs 

Section 4.2 

Section 4. 3 

To complete a proof it would be necessary to go on and show that the sum of two fractions (a/b+c/d) 
is a fraction ((ad+bc)/bd) noting that (ad+bc) is an integer and (bd) is a nonzero integer.



Task 4: A Diophantine equation is an equation for which you seek integer solutions. For example, the 
so-called pythagorean triples (𝑥, 𝑦, 𝑧) are positive integer solutions to the equation 𝑥2 +  𝑦2 =  𝑧2. 
Here is theorem about a Diophantine equation which you can prove using Proof by Contradiction. 

Theorem. There are no positive integer solutions to the Diophantine equation x2 - y2 = 1. (*) 

Proof. (Proof by Contradiction.) Assume to the contrary that there is a solution (𝑥, 𝑦) where 𝑥 and 𝑦 
are positive integers. If this is the case, we can factor the left side:  𝑥2  − 𝑦2 =  (𝑥 − 𝑦)(𝑥 + 𝑦) = 1. 
Since x and y are integers, it follows that either 𝑥 − 𝑦 =  1 and 𝑥 + 𝑦 =  1 or 𝑥 − 𝑦 =  −1 and 𝑥 +
𝑦 =  −1. 

We use Proof by Cases. 

Case 1: both factors are +1. 

 In the first case we can add the two equations to get 𝑥 =  1 and 𝑦 =  0, contradicting our 
assumption that 𝑥 and 𝑦 are positive.  

Case 2: Both factors are -1 

The second case is similar, getting 𝑥 =  −1 and 𝑦 =  0, again contradicting our assumption. 

Hence, in both cases our assumption is contradicted and the given Theorem (*) is true. 




