Task A

a. Proof (by mathematical induction): Let the property P(n) be the sentence

Any checkerboard with dimensions 2 x 3n can

be completely covered by L-shaped trominoes. = Pln)

We will prove that P(n) is true for every integer n > 1.

Show that P(1) is true: The truth of P(1) is shown in the following diagram:

=

Show that for every integer k > 1, if P(k) is true then P(k + 1) is true:

Let & be any integer with & > 1 and suppose that

Any checkerboard with dimensions 2 x 3k can .P(k) .
. . + Inductive
be completely covered by L-shaped trominoes. |
hypothesis
We must show that
Any checkerboard with dimensions 2 x 3(k + 1)
— Pk +1)

can be completely covered by L-shaped trominoes.

Observe that any checkerboard with dimensions 2 x 3(k + 1) can be split into two pieces: a
checkerboard with dimensions 2 x 3%k and a checkerboard with dimensions 2 x 3.
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3k+3=3(k+1)

The inductive hypothesis insures that the 2 x 3k checkerboard can be completely covered by
L-shaped trominoes, and the illustration for the basis step shows that the checkerboard with
dimensions 2 x 3 can also be completely covered by L-shaped trominoes. Thus the entire
checkerboard with dimensions 2 x 3(k + 1) can be completely covered by L-shaped trominoes
[as was to be shown].



Task B

Proof (by mathematical induction): Let the property P(n) be the sentence

7" — 2" is divisible by 5. «— P(n)

We will prove that P(n) is true for every integer n > 0.

Show that P(0) is true: P(0) is true because 7' — 2% = 1 — 1 = 0 and 0 is divisible by 5
(since 0 = 5-0).

Show that for every integer k > 0, if P(k) is true then P(k + 1) is true:

Let & be any integer with k& > 0, and suppose

N P(k)
7" —2" s divisible by 5. " inductive hypothesis

We must show that
7F+1 — 9k+1 s divisible by 5. — Pk +1)

By definition of divisibility, the inductive hypothesis is equivalent to the statement 7F —2F = 5
for some integer r. Then

7k+1 _ 2k+1 — 771:: _22k

542)-7F —2.2F

5-7F+2.7F —2.2F

5. TF +2(7F — 2F) by algebra

5-7F 4+ 2.5r by inductive hypothesis
= 5(7F +2r) by algebra.

Now 7* 4+ 2r is an integer because products and sums of integers are integers. Therefore, by
definition of divisibility, 7*+! — 2*+1 is divisible by 5 [as was to be shown)].



Task C

Proof (by strong mathematical induction): Let the property P(n) be the equation

fan=32"42.5"

We will prove that P(n) is true for every integer n > 0.

Show that P(0) and P(1) are true: By definition of fq, f1. fo...., we have that fo =5
and f; = 16. Since 3-29 +2.59 =34+ 2 =5 and 3-2! + 2.5 = 6 + 10 = 16, both P(0) and
P(1) are true.

Show that for every integer k > 1, if P(i) is true for each integer i from 0 through
k, then P(k 4 1) is true: Let k be any integer with & > 1, and suppose

fi =3-2" 4+ 2.5 for every integer i with 0 <17 < k. < inductive hypothesis

We must show that
.fk+1 - 3. 2k+1 + 2. 5k+1.

Now

feer = Tfi —10fr— by definition of fo. f1. fg....

= 7(3-2F +2-5F) —10(3- 2k—1 4 2. 5k 1) by inductive hypothesis

7(6- 2871 4+ 10-5571) —10(3- 281 4 2. 5F=1)  gince 2F=2.2F"1 and 5F=5. 551

= (42.2k=1 4 70. 5F=1) — (30. 2F—1 4+ 20. 5k 1)
= (42—30)- 281 4 (70 — 20). 551
12-2F=1 4 50. 5F—1
= 3-22.2k-1 4 0.52.5k-1
= 3.2k+1 4 9. g5k+1 by algebra,

[tLS was to be shoumj.

[Since both the basis and the inductive steps have been proved, we conclude that P(n) is true
for every integer n > 0./



Task D

3. Proof (by strong mathematical induction): Let the property P(n) be the sentence

cp 1S even.

We will prove that P(n) is true for every integer n > 0.

Show that P(0), P(1), and P(2) are true: By definition of co.c1,ca,.... we have that
co=2,c1=2,and co = 6 and 2, 2, and 6 are all even. So P(0), P(1), and P(2) are all true.

Show that for every integer k > 2., if P(1) is true for each integer i from 0 through
k, then P(k + 1) is true: Let k be any integer with & > 2, and suppose

c; 1s even for every integer ¢ with 0 <7 < £k + inductive hypothesis

We must show that
Cr+1 1S evell

Now by definition of cg,cy,c¢a, ..., Cgr1 = 3cg—_o. Since k > 2, we have that 0 < &k — 2 < &,
and so, by inductive hypothesis, cx—2 is even. Now the product of an even integer with any
integer is even [properties 1 and 4 of Example 4.2.3], and hence 3cy_o, which equals cgyq, is
also even [us was to be shown].

[Since both the basis and the inductive steps have been proved, we conclude that P(n) is true
for every integer n > 0.]



Task E

18. 01 =9, 02 =81, 0% =720, 04 = (6561, and 9% = 50049,
Congecture: For every integer n > 0, the units digit of 9™ is 1 if n is even and is 9 if » is odd.

Proof (by strong mathematical induction): Let the property P(n) be the sentence

The units digit of 9™ is 1 if n is even and is 9 it n is odd.

We will prove that P(n) is true for every integer n > 0.

Show that P(0) and P(1) are true: P(0) is true because 0 is even and the units digit of
09 = 1. P(1) is true because 1 is odd and the units digit of 0% = 9.

Show that for every integer k > 1, if P(i) is true for each integer i from 0 through
k, then P(k 4+ 1) is true: Let kb be any integer with & > 1, and suppose:

For every integer i from 0 through £,
the 1nits digit of 0 1 1t r 1\ even + inductive hypothesis
9 if 7 is odd
We must show that
. 1if (k +1)is even
T Wk+1 t
the units digit of 9 = { g {E(E 1) s odd — Plk+1)

Case 1(k+ liseven): In this case k is odd, and so, by inductive hypothesis, the units digit
of 9% is 9. This implies that there is an integer a so that 9% = 10a + 9, and hence

ok+1 = gl.gk by algebra (a law of exponents)
= 9(10a +9) by substitution
= 90a + 81
= 90a+80+1

10(9a +8) +1 by algebra.

Because Oa + 8 is an integer, it follows that the units digit of 9%*1 is 1.

Case 2 (k+ 1 is odd): In this case k is even, and so, by inductive hypothesis, the units
digit of 9¥=1 is 1. This implies that there is an integer a so that 0% = 10a + 1, and hence

ok+1 = gl.gk by algebra (a law of exponents)
= 0(10a +1) by substitution
= 90a+9

= 10(9a) +9 by algebra.

Because 9a is an integer, it follows that the units digit of 9%T1 is 9.

Hence in both cases the units digit of 9¥1 is as specified in P(k + 1) fas was to be shown].





