Discrete Mathematics and Probability
Week 8
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Topics

» Bernoulli distribution: single trial
» Binomial distribution: many independent trials

» Poisson distribution: counting independent trials

» Geometric distribution: first success in independent trials
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Bernoulli and Binomial distributions
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Bernoulli distribution

Definition

Suppose that n independent trials are performed, each succeeding
with probability p. Let X count the number of successes within the
n trials. Then X has the Binomial distribution with parameters n

and p or, in short, X ~ Bin(n, p).
? o= 49

Special case n — 1 is called Bernoulli distribution with parameter p.
y
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Bernoulli: mass function

Proposition

Let X ~ Bin(n, p). Then X =0, 1, ..., n, and its mass function is
,P(i) =P(X=1i)= ('7);9"(1 p)”",} i=0,1,...,n
/

In particular, the Bernoulli(p) variable can take on values O or 1,
with respective probabilities

PCho'l: a &t:t.? \‘7<a S dv\’) = 1
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Bernoulli: expectation, variance

Proposition
Let X ~ Beég(# p). Then:

E(X) = QP:/ and Var(X) =¢#p(1 —p) = P 9

Vol 1— P =9 )

X «~ ber CP)
EC) = e Var () = p (1~ )
peE()= Fp(® = or (x=") +(@P(x=0)

T el e
# VYo C’O- E[X"' - p—p = ?PLI-P)=PY%.
ECX) = QF [x)/}. 1 PCK..!?vI'O PCX t? p
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Proof
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Proposition
Let X ~ Bin(n, p). Then X =0, 1, ..., n, and its mass function is

T =l = = <’I’> p(l—p)™  i=0,1,...,n

Blhowual vavialn can be comsidered oS Ha

Sum of n fudapendad Gorrodls Vosiatto will,
e Pfobabtll't‘;) of ! queerns’
X ~ 2w (n,P') = X gﬁfCP)'\'&'({%...
o Ber(p) Mhme
/LBIMC(\,P') = E[X):‘ Meer + Fécr oo Meer nhees
e 2 - p & pt. . -
Var&;' C";F) -~ VA&X’) A+ o Vqéi() Cn F"\WS)
= P9 + -+ P9 = npq 16 / 22



Examples

unbiased . c ¢
Probability of obtaining 2 sixes on tossing a die 3 times x is bbw o. 3

A 0 e
S = %mu.\,/ NS, HS\), SNN, NSS, N e not o s1x

S a Six
Vg SSN, sss g 'S

E = {%égs}z SNS, 85"\)3' PCX”s):"_B

/

X o« 61;\ (3/%;)

e ox (508
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Poisson distribution

10/22



Poisson: mass function

« yneon number
A 1S oF pveds
The Poisson distribution is of central importance in Probability.

Will later see relation to Binomial.
Definition
Fix a positive real number A\. The random variable X is Poisson

distributed with parameter ), in short X ~ Poi(\), T 1t is
non-negative integer valued, and its mass function is

p() = P(X = i) = e 2

il

i=0,1,2, ...

For X ~ Poi()\), E(X) = Var(X) = \. )
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Poisson approximation of Binomial

Proposition

Fix A\ > 0, and suppose that Y, ~ Bin(n, p) with p = p(n) in such
a way that n-p — A. Then the distribution of Y, converges to
Poisson(\):

A
Vi>0 P(Y,=i) — e =

o n— 00 /1
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Example

A Geiger counter is used in recording radioactive events. Each radioactive event arriving at
the counter shows as a number. The number of radioactive events recorded in a room is on

average 2 every 5 seconds - background count.
= —Y v l A=2 ]
a) Find the probability of exgctly 3 events in 5 seconds
b) The probability of more than 3 events |n 5 seconds. e A
o\.LX" l)
R Po.', (1) l
3 -7 ? ;
a) Pm‘(x--?)) = 2 € A=Z Vv =73
3 |
b Bt (o (1) = 9 () — Poiaf2)
| — ki) - Bl oty

ot [ribmds o) Oberwed.

S

'“ O V1,
|Cla¢kc. \ ‘ O - 22b.AY 22%
| \ 211 - 29 211
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Geometric distribution
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Geometric: mass function

Again independent trials, but now ask: when is the first success?
Definition
Suppose that independent trials, each succeeding with probability

p, are repeated until the first success. The total number X of trials
made has the Geometric(p) distribution (in short, X ~ Geo(p)).

Proposition

X can take on positive integers, with probabilities
p(i)=1—-p)~t-p,i=12,...

.{; N N 3
E | A o‘ui& . T * L
0"\3"‘30
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Geometric: mass function

Corollary

The Geometric random variable is (discrete) memoryless:
P{X>n+k|X>n}=P{X >k}

for every k > 1, n > 0.

19/22



Geometric: expectation, variance

Proposition

For a Geometric(p) random variable X :

1 1 —
E(X) = - Var(X) = pz”

o
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Example
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Summary

» Bernoulli distribution: single trial
» Binomial distribution: many independent trials

» Poisson distribution: counting independent trials

» Geometric distribution: first success in independent trials

22 /22



