Discrete Mathematics and Probability
Week 8
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Multiplication rule

Proposition (Multiplication rule)

P(Elﬂ---ﬂEn): P(El)P(EQ‘El)P(Eg,‘ElﬁEQ)
o P(E,[E NN Epq)

only 1 L one modvally
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Example again

Example

An urn contains 6 red and 5 blue balls. We draw three balls at
random, at once (that is, without replacement). What is the
chance of drawing one red and two blue balls?
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Bayes' theorem
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Bayes' Theorem

The aim is to say something about P(F | £), once we know
P(E | F) (and other things...). This will be very useful, and serve
as a fundamental tool in probability and statistics.
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The Law of Total Probability

Theorem (Partition Theorem)

P(E)=P(E|F)-P(F)+P(E|F°)-P(F°
(E)=P(E[F)-P(F)+P(E|F)-P(
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The Law of Total Probability

Theorem (Partition Theorem)

P(E) = P(E|F)-P(F)+ P(E| F°) - P(F°)

Definition
Countably many events 1, F»,...form a partition of () if
F,-ﬂl-_j:@and UiFi:Q

Theorem (Partition Theorem)

For any event £ and any partition 1, F», .. .: '

P(E)_ZP E|F)-P(F)

18 /22



Example

Example
According to an insurance company:

» 30% of population are accident-prone:
they will have an accident in any given year with 0.4 chance.

» 70% of population are careful
they have an accident in any given year with 0.2 chance.

How likely is a new customer to have an accident in 20237
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Example

Example
According to an insurance company: =

» 30% of population are accident-prone:
they will have an accident in any given year with 0.4 chance.

» 70% of population are careful:
they have an accident in any given year with 0.2 chance.

How likely is a new customer to have an accident in 20237
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Bayes' Theorem

Theorem (Bayes' Theorem) |

P{EIF}-PiF}
P{E|F} -P{F}+P{E|F} -P{F}

If {F;}; partitions ), then:

P{FIE} =

P{E|Fi} - P{Fi}
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. 3, F 24
Belief update 0< 0.5~,0
073 7}.' Q_Z_,A

Example ﬁ-ﬂq

Consider the insurance company again. Imagine it's now 2024.
We learn that the new customer did have an accident in 2023.

Now what is the chance that they are accident-prone?
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04 A
Belief update o‘{T 0~

o ? ").f' 9_'.2.—"4
Example W—-.A

Consider the insurance company again. Imagine it's now 2024.
We learn that the new customer did have an accident in 2023.

Now what is the chance that they are accident-prone? )

P(AIE)- P(F)
PLAIF)-P(F) + P(AIF¢)-P(F¢)
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P(FIB) =
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04 A
Belief update O‘{T 05~,0

o 9 4
Example k—-ﬁ

Consider the insurance company again. Imagine it's now 2024.
We learn that the new customer did have an accident in 2023.

Now what is the chance that they are accident-prone? )

P(AIE)- P(F)
PLAIF)-P(F) + P(AIF¢)-P(F¢)

PFIR) =

oy - QO.
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P(F)= 0.2 0%
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Summary \ \aw@t

» Probability: multiple ways to compute UD? Sy% ‘[”‘0‘1 5)

» Conditional probability: reduced sample space,
multiplication rule

» Bayes' theorem: partition theorem, belief update
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Topics
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» Independence: what information changes probability
» Random variables: when variables depend on chance
» Expectation: most likely outcomes of experiment

» Variance: how much the experiment can deviate

Foun, 4

\ Slve'u\ GSOQQ

2/27



Independence
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Independence

Sometimes partial information on an experiment
does not change the likelihood of an event.

Definition
Events £ and F are independent if P(E | F) = P(E).

Equivalently: P(ENF) =P(E)-P(F).
Equivalently: P(F | E) = P(F).

Proposition

If E and F are independent events,
then £ and F© are also independent.
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Independence

Sometimes partial information on an experiment
does not change the likelihood of an event.

Definition
Events £ and F are independent if P(E | F) = P(E).

Equivalently: P(ENF) =P(E)-P(F).
Equivalently: P(F | E) = P(F).

Proposition Alwgyg % jou $©OMe emmpt('
If E and F are independent events, v Pvepo siilong,
then £ and F© are also independent.
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Independence

Definition
Three events £, F, G are (mutually) independent if:

P{ENF} =P{E} -P{F},

P{ENG} =P{E} -P{G},

P{FNG}=P{F} -P{G},
PI{ENFNG}=P{E}-P{F} -P{G}.

For more events the definition is that any (finite) subset of them

have this factorisation property. have JQ_BU oll tho uoy don
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Random variables
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Random variables

“Random variables =~ random numbers”. But random means that
there must be some kind of experiment behind these numbers.

Definition

A random variable is a function from the sample space () to the
real numbers R.

:7Flp 4 {o\ng Q QH 1]( X numba of Hs

XOTT) =
AN X (TATERCTTR) = 4
A(PBTY= X (BT H)=X(Yh ) =2

XPpR)= b
PIY=A) = POE ) = P (4wt m 118 = 5
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Random variables

“Random variables =~ random numbers”. But random means that
there must be some kind of experiment behind these numbers.

Definition

A random variable is a function from the sample space () to the

real numbers . )
m" LFJW

Q;P S wms K= vondym \ariohle 'H&O«l— coumlg laeade 0o
X: L2>R
X(TTT)=0
X(HTT)= X (THT)=X (TTH)=

X(HHT)=X(HTH) =X (THH)
X(HHH)="3

]
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Random variables
“Random variables =~ random numbers’. But random means that
there must be some kind of experiment behind these numbers.
Definition

A random variable is a function from the sample space () to the
real numbers R.

Y"J" ":Jﬂﬂb
flip 3 wins K= vandym wovidde thot counts heads 01

X:L/>RK
X(TTT)=0
X (HTT)= X (THH)= X (HHT)=

X(RHT)=X(HTH) =X (THH]=Z
X(HHH)=3

P(X=1)= POX7'(4)) = PAHTT THT, TTH )= 2
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Discrete random variables

Definition
A random variable X that can take on countably many possible
values is called discrete.
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Discrete random variables

Definition
A random variable X that can take on countably many possible
values is called discrete.
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Probability mass function

Definition
The probability mass function (pmf), or distribution of a discrete
random variable X gives the probabilities of its possible values:

px(xi) = P(X = x),

Proposition

p(x;) >0  and Zp(x,-)zl
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Probability mass function

Definition
The probability mass function (pmf), or distribution of a discrete
random variable X gives the probabilities of its possible values:

px(xi) = P(X = x),

Proposition
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Cumulative distribution function

Definition

The cumulative distribution function (cdf) of a random variable X:

F: R — [0, 1], x — F(x) = P(X < x).
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Definition

The cumulative distribution function (cdf) of a random variable X:

F: R — [0, 1], x — F(x) =P(X < x).
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Cumulative distribution function
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Proposition

A cumulative distribution function F:
» s non-decreasing: if x < y then F(x) < F(y)
» has limit lim, . - F(x) =0 on the left
» has limit lim, ... F(x) =1 on the right
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Expectation
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Expectation

Once we have a random variable, we want to quantify its typical
behaviour in some sense. Two of the most often used quantities
for this are the expectation and the variance.

Definition

The expectation of a discrete random variable X is:

EX = ZX,' c p(X,')

provided the sum exists. Also called mean, or expected value.

we'«jf"’ i 4 [ ol o moss
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Properties of expectation

Proposition (expectation of a function of a random variable)

If X is a discrete random variable, and g: R — R a function, then:

Eg(X) = Z g(xi) - p(x;) (if it exists)

Corollary (expectation is linear)

If X is a discrete random variable, and a, b fixed real numbers:

E(aX + b)=a-EX + b.
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Moments

Definition (moments)

Let n € N. The n'” moment of a random variable X is:
EX"
The n'" absolute moment of X is:

E|X|"
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Variance
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Example
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3. Variance

Definition (variance, standard deviation)

The variance and the standard deviation of a random variable are:
» Var X = E(X — EX)2.
» SD X = +v/Var X.

22 /27



Example
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Properties of the variance

Proposition (equivalent form of the variance)
Var X = EX? — (EX)? for any random variable X . J

Corollary

EX? > (EX)? for any random variable X,
with equality only if X is constant.

24 /27



Examples

25 /27



Properties of the variance

Proposition (variance is not linear)

Let X be a random variable, a and b fixed real numbers. Then:

Var(aX + b) = a* - Var X
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Summary

» Independence: what information changes probability
» Random variables: when variables depend on chance

» Expectation: most likely outcomes of experiment

» Variance: how much the experiment can deviate
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