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Probability mass function

Definition

The probability mass function (pmf), or distribution of a discrete
random variable X gives the probabilities of its possible values:

pX (xi ) = P(X = xi ),

Proposition

p(xi ) � 0 and
X

i

p(xi ) = 1
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Cumulative distribution function

Definition

The cumulative distribution function (cdf) of a random variable X :

F : R ! [0, 1], x 7! F (x) = P(X  x).
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Cumulative distribution function

Proposition

A cumulative distribution function F :

I is non-decreasing: if x  y then F (x)  F (y)

I has limit limx!�1 F (x) = 0 on the left

I has limit limx!1 F (x) = 1 on the right
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Expectation

Once we have a random variable, we want to quantify its typical
behaviour in some sense. Two of the most often used quantities
for this are the expectation and the variance.

Definition
The expectation of a discrete random variable X is:

EX =
X

i

xi · p(xi )

provided the sum exists. Also called mean, or expected value.
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number on a fair die
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Properties of expectation

Proposition (expectation of a function of a random variable)

If X is a discrete random variable, and g : R ! R a function, then:

Eg(X ) =
X

i

g(xi ) · p(xi ) (if it exists)

Corollary (expectation is linear)

If X is a discrete random variable, and a, b fixed real numbers:

E(aX + b) = a · EX + b.
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Moments

Definition (moments)

Let n 2 N. The nth moment of a random variable X is:

EX n

The nth absolute moment of X is:

E|X |n
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Variance
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3. Variance

Definition (variance, standard deviation)

The variance and the standard deviation of a random variable are:

I VarX = E(X � EX )2.

I SDX =
p
VarX .
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Properties of the variance

Proposition (equivalent form of the variance)

VarX = EX 2 � (EX )2 for any random variable X .

Corollary

EX 2 � (EX )2 for any random variable X ,
with equality only if X is constant.
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roll fairdie

EX
VarX EX EX

1 4.1 9.1 36
3

SDX 3 21.71

twomostimportantnumbersabout a fair die average 3.5
standard
deviation

1 7



Topics

I Bernoulli distribution: single trial

I Binomial distribution: many independent trials

I Poisson distribution: counting independent trials

I Geometric distribution: first success in independent trials
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Bernoulli and Binomial distributions
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Bernoulli distribution

Definition
Suppose that n independent trials are performed, each succeeding

with probability p. Let X count the number of successes within the

n trials. Then X has the Binomial distribution with parameters n
and p or, in short, X ⇠ Binom(n, p).

Special case n = 1 is called Bernoulli distribution with parameter p.
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Bernoulli: mass function

Proposition

Let X ⇠ Binom(n, p). Then X = 0, 1, . . . , n, and its mass
function is

p(i) = P(X = i) =

✓
n

i

◆
pi (1� p)n�i , i = 0, 1, . . . , n.

In particular, the Bernoulli(p) variable can take on values 0 or 1,
with respective probabilities

p(0) = 1� p, p(1) = p.
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Mass function
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Mass function
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Screws soldsin packs of 10
Broten screw 0.1

If more than one defective screw then
pack can bereturned

Binom 10 0.1

P X 1 1 P X 0 P X 1

1 0.1 0.910 1 0.11 0.99 26
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Screws are sold in packs of10
Eachone isbrokenwithprobability0.1

If more thanonescrew isbroken youcanreturn
pack

whatpercentageofpacks is returned

nr defective screws

n Binom 10 0.1

P X 32 1 P X 0 P X 1

1 18 0.10 0.910_ 0.1 0.93 26

0.2639



Bernoulli: expectation, variance

Proposition

Let X ⇠ Binom(n, p). Then:

EX = np, and VarX = np(1� p)
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Proof
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Poisson distribution

10 / 22


































































Poisson: mass function

The Poisson distribution is of central importance in Probability.

Will later see relation to Binomial.

Definition
Fix a positive real number �. The random variable X is Poisson
distributed with parameter �, in short X ⇠ Poi(�), if it is
non-negative integer valued, and its mass function is

p(i) = P(X = i) = e�� · �
i

i !
, i = 0, 1, 2, . . .
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Poisson approximation of Binomial

Proposition

Fix � > 0, and suppose that Yn ⇠ Binom(n, p) with p = p(n) in
such a way that n · p ! �. Then the distribution of Yn converges
to Poisson(�):

8i � 0 P(Yn = i) �!
n!1

e���
i

i !
.
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Poisson: expectation, variance

Proposition

For X ⇠ Poi(�), EX = VarX = �.
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Poi EX VarX
Book hasaverage typoperpage
Chancethat a randompage has 33 typ s

Poisson 7

EX 2 1
P X 3 1 P X 2
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Poi EX VarX
Book hasaverage typoperpage
Chancethat a randompage has 33 typs
X Poisson 2

EX 2

P x 3 1 P 12
1 P X 0 P X 1 P X 2

1 e t et 1 _it 1.4

Tissondistributionmodels many
independenttrialswithsmallsuccess

probabilitysummingupto afew inexpectation

eg nr oftypos on pageofbook
nr ofcitizen over 100years inbigcity
nr of callsperhour incustomercenter
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Defective screws

Binom 10 0.1

Approximatedby Poisson 1 as 7 10.0.1 1 np

P X32 1 PIX 0 P X 1
1 é et tf 26

0.26424



Poisson: History 1
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Poisson: History 2
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Geometric distribution
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Geometric: mass function

Again independent trials, but now ask: when is the first success?

Definition
Suppose that independent trials, each succeeding with probability

p, are repeated until the first success. The total number X of trials

made has the Geometric(p) distribution (in short, X ⇠ Geom(p)).

Proposition

X can take on positive integers, with probabilities
p(i) = (1� p)i�1 · p, i = 1, 2, . . ..
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Y all thesenumbers are positive and sum upto 1



Geometric: mass function

Corollary

The Geometric random variable is (discrete) memoryless:

P{X � n + k |X > n} = P{X � k}

for every k � 1, n � 0.
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Geometric: expectation, variance

Proposition

For a Geometric(p) random variable X :

EX =
1

p
VarX =

1� p

p2
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EX Work 11
first onfoirdie X Geom 1

EX 11 6

SD X Fx 5.48

Chance 3 comes on the rollis

P 7 1 1 1 5.6 0
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EX VarX 11
first 3 on fair die takes X Geom 8 rolls

E X 6

SD x Frx ̅ FF 0 5.48

Chancethatfirst 3 comes on 7th roll is

P X 7 1 1
6 5.6



Summary

I Bernoulli distribution: single trial

I Binomial distribution: many independent trials

I Poisson distribution: counting independent trials

I Geometric distribution: first success in independent trials
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