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Probability mass function
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Definition
The probability mass function (pmf), or distribution of a discrete
random variable X gives the probabilities of its possible values:

px(xi) = P(X = x),

Proposition

p(xi)>0 and Y p(x)=1

11/27



Examples

T (nwwbu//l?o |
M’wﬂ ‘)(’1):: 4.%
1) pl)2D & ¢>0
e?,? 4
23?r(¥\:4 P ”2 2
= é A 1

2
]
!
*

1 5L
Tk et

P(X?’l) = 71— D(X‘-‘-—“O) '-P(X::/I)

= f- - 77

12 /27



Examples

Tx pmam@la" l)O

M\WQ P{) C - l,

whdh ¢ mohosthis o pmf. !
P(i) 20 (= ¢ 20

12 /27



Examples

+ix pamm@lo“ 2>0, Ta\/(OV ov
DeCine P["): C - .}—,——-— MOL[GI/VU’\ geheﬁ

i

whdh ¢ mohos Hhis o pmk L

P(i)ZO = LZ(? o L
Eo)efodlc) 2izcd Deze

":0 ",:0 ’r ‘:b ’q

12 /27



Examples
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Cumulative distribution function

Definition

The cumulative distribution function (cdf) of a random variable X:

F: R — [0, 1], x — F(x) =P(X < x).
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Definition

The cumulative distribution function (cdf) of a random variable X:

F: R — [0, 1], x — F(x) =P(X < x).
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Cumulative distribution function
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Proposition

A cumulative distribution function F:
» s non-decreasing: if x < y then F(x) < F(y)
» has limit lim, . - F(x) =0 on the left
» has limit lim, ... F(x) = 1 on the right
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Expectation
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Expectation

Once we have a random variable, we want to quantify its typical
behaviour in some sense. Two of the most often used quantities
for this are the expectation and the variance.

Definition

The expectation of a discrete random variable X is:

EX = ZX,' c p(X,')

provided the sum exists. Also called mean, or expected value.
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Properties of expectation

Proposition (expectation of a function of a random variable)

If X is a discrete random variable, and g: R — R a function, then:

Eg(X) = Z g(xi) - p(x;) (if it exists)

Corollary (expectation is linear)

If X is a discrete random variable, and a, b fixed real numbers:

E(aX +b) =a-EX + b.
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Properties of expectation

Proposition (expectation of a function of a random variable)

If X is a discrete random variable, and g: R — R a function, then:
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Moments

Definition (moments)

Let n € N. The n'” moment of a random variable X is:
EX"
The n'" absolute moment of X is:

E|X|"

£ 6y #(Ex)" 1
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Moments

Definition (moments)

Let n € N. The n'” moment of a random variable X is:
EX"
The n'" absolute moment of X is:

E|X|"

EX" = g(X)#(EX)" T
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Variance
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3. Variance

Definition (variance, standard deviation)

The variance and the standard deviation of a random variable are:
» Var X = E(X — EX)2.
» SD X = +v/Var X.

Vo = EX= ExX)= (XX EX +£X7)
= LO3-2e)ex «X)
S0y (EXJ'L
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3. Variance

Definition (variance, standard deviation)

The variance and the standard deviation of a random variable are:
» Var X = E(X — EX)2.
» SD X = +v/Var X.

Vae X = (X- fx) = EX’)&({X)2
F(X-2x EX+{Exf)= EOC)-2 X X+EXP
- (fx)
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Properties of the variance

Proposition (equivalent form of the variance)
Var X = EX? — (EX)? for any random variable X . J

Corollary

EX? > (EX)? for any random variable X,
with equality only if X is constant.
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Topics

» Bernoulli distribution: single trial
» Binomial distribution: many independent trials

» Poisson distribution: counting independent trials

» Geometric distribution: first success in independent trials

2/22



Bernoulli and Binomial distributions
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Berroutr distribution
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Definition

Suppose that n independent trials are performed, each succeeding
with probability p. Let X count the number of successes within the
n trials. Then X has the Binomial distribution with parameters n
and p or, in short, X ~ Binom(n, p).

Special case n = 1 is called Bernoulli distribution with parameter p.
y
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Bernmoalt: mass function
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Proposition
Let X ~ Binom(n, p). Then X =0, 1, ..., n, and its mass
function is
p(i)=P(X =1i)= (n) p'(1—p)", i=0,1,...,n.
I

In particular, the Bernoulli(p) variable can take on values O or 1,
with respective probabilities

p(0)=1-p, p(1)=p
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Mass function
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Mass function
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B'\no‘m\olf ) .
. expectation, variance

Proposition
Let X ~ Binom(n, p). Then:

EX = np, and Var X = np(1 — p)
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Bernoutt: expectation, variance

Proposition |
Let X ~ Binom(n, p). Then:

EX = np, and Var X = np(1 — p)

Prn€ X = Zipl) = 2 () o (e
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Poisson distribution
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Poisson: mass function

The Poisson distribution is of central importance in Probability.
Will later see relation to Binomial.

Definition
Fix a positive real number \. The random variable X is Poisson

distributed with parameter )\, in short X ~ Poi(\), if it is
non-negative integer valued, and its mass function is

p()) = P(X = i) = e -

i1’

i=01,2, ...
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Poisson: mass function

The Poisson distribution is of central importance in Probability.
Will later see relation to Binomial.

Definition

Fix a positive real number \. The random variable X is Poisson

distributed with parameter )\, in short X ~ Poi(\), if it is
non-negative integer valued, and its mass function is
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Poisson approximation of Binomial

Proposition

Fix A\ > 0, and suppose that Y, ~ Binom(n, p) with p = p(n) in
such a way that n- p — A\. Then the distribution of Y, converges
to Poisson(\):

)\i
Vi >0 P(Y,=1i) — e "=

_ n— 00 /1
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Poisson approximation of Binomial

Proposition
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Poisson: expectation, variance

Proposition
For X ~ Poi(\), EX = Var X = \. l
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Dot has wwayg ﬁ{ ~|r«/r,.o pv poyé-
Chance dhal o vandom pose has 33 47?“'?

X Pokdmu)

15 /22



Example X~ P (1) EX=VarX = 2
Do hes ovuaaz ﬁ{ ~|m/Po paje
Chance thal a vandom Pose has 33 47"“
x ~ PO\GSOW (2)
EX=1:%

P(x>a) 1- P(x ¢2)
= 4- P(x o) P(X=1) - P(X= z)

2
=4- o4 B) _ot (") &4 B) 4149,
o.' a1 2!

15 /22



Example X ~Po(7) EX=VarX = 2
Dot has owwag 7 4 ~|r«/r,.o poyé-
Chance dhat a vanfom Pose has 2 3 'J')’P“

X ~ ?oiesow (2)
EX=1:=%

P(x>a) 1- P(x {2)
= 4= P(x=0) - P(X=1) - P(X= 2)

= /I- 4 (A) _e'g (A) z (’%}2 214

-——-“"‘
O'

Piceon didribobion wedels: m .ﬂdwl biady with crall scas

3[ Surmam UP "O G(Ow n Ov‘f(‘,‘lﬁl
ey -mro(Jy S5 on paﬁeo(LwL
- nyY o( 13on g over 00 yeavg - »3“5/
- Ny O( cads P@ "u/ll 1 Cbﬁ"omﬂr Laniﬂr

15 /22



Examples
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Examples
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Poisson: History 1
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Poisson: History 2




Geometric distribution
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Geometric: mass function

Again independent trials, but now ask: when is the first success?
Definition
Suppose that independent trials, each succeeding with probability

p, are repeated until the first success. The total number X of trials
made has the Geometric(p) distribution (in short, X ~ Geom(p)).

Proposition

X can take on positive integers, with probabilities
p()=(1—p)L-pi=12 ...

0” lew numl)a/é ond 'oue;livﬁ on( Sy UP "O 4.
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Geometric: mass function

Corollary

The Geometric random variable is (discrete) memoryless:
P{X>n+k|X >n} =P{X >k}

for every k > 1, n > 0.
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Geometric: expectation, variance

Proposition tws most tmpaland mumbeys

For a Geometric(p) random variable X :

l1—p

EX =1 VarX = 1=

p p
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Summary

» Bernoulli distribution: single trial
» Binomial distribution: many independent trials

» Poisson distribution: counting independent trials

» Geometric distribution: first success in independent trials
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