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Reprise 21/25

Let's summarize what we have so far, logically speaking.

» In propositional logic, we have true/false propositions A, B, . . .,
and we can combine them with boolean connectives A, V, —,
—.
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Let's summarize what we have so far, logically speaking.

» In propositional logic, we have true/false propositions A, B, . . .,
and we can combine them with boolean connectives A, V, —,
—.

» In predicate logic, we have a universe X of things, and
predicates a, b, ..., and given x € X, then a(x) is a
proposition. We have universal and existential quantifiers Vx.
and Jx.

» We introduced sequents a E b, which are valid iff
Vx € X.a(x) — b(x).

» Sequents can express Aristotle's four categorical propositions:
aEb,aE—-b, aF b aFb.



Reprise, continued 3.1/25

» We developed rules for getting new valid sequents from old
ones:
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» We developed rules for getting new valid sequents from old
ones:

> barbara 2P bFC

akEc
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» We developed rules for getting new valid sequents from old
ones:

> barbara 2P bFC

aFc
» double negation ——a <+ a

P contraposition in a sequent aF b < —bF —a
q p . r
H S —
—-q

» contraposition in a rule:



Reprise, continued 3.6/25

» We developed rules for getting new valid sequents from old
ones:

> barbara 2P bFC

aFc
» double negation ——a <+ a
P contraposition in a sequent aF b < —bF —a

-r
q., P
-q

» These gave us a modern view of Aristotle’s syllogisms.

» contraposition in a rule:



Operations on predicates a1/25

We know boolean (—, A, V) operations on propositions.

We can lift these operations to be on predicates: 8.—(1) Every employer
shall ensure that every
> (—a)(x) = —a(x) lifting operation involving
» (aAb)(x) = a(x) A b(x) lifting equipment is—
> (aV b)(x) = a(x) V b(x) (a) properly planned by a

competent person;

(b) appropriately
supervised; and

(c) carried out in a safe
manner.

The Lifting Operations and
Lifting Equipment
Regulations 1998



Enriching sequents (right) 5.1/25

The left and right of a sequent are predicates — so could be any
compound predicate.



Enriching sequents (right) 5.2/25
The left and right of a sequent are predicates — so could be any
compound predicate. For example:

cEa cEb Every I!on is b|g
Every lion is fierce

cFEanb

.. Every lion is big and fierce
a
Androcles removing
the thorn from the
lion's paw
¢ b John Batten, in

Joseph Jacobs
Europa’s Fairy Book
(1916)



Enriching sequents (left)

6.1/25

The left and right of a sequent are predicates — so could be any
compound predicate. For example:

2Ec bEc Every ||.on is f|§rce
— Every tiger is fierce
avbEc .. Every lion or tiger is fierce

~

C

Male and female
liger at Everland,
South Korea.
Wikipedia user

a b Hkandy.




Rules for boolean combinators

7.1/25

We now have some rules involving each boolean combinator:
aFb

bk —a
aFc bFc
avVbEc
ckFa <cEb
ckEanb

>

| 2

>



Rules for boolean combinators

7.2/25

We now have some rules involving each boolean combinator:
aFb

By
aFc bFc
avbkEc
ckFa <cEb

cFEanb

Notice that we have rules with V on the left of a sequent, and A on
the right.

>

| 2

>



Rules for boolean combinators

7.3/25

We now have some rules involving each boolean combinator:
aFb

By
aFc bFc
avbkEc
ckFa <cEb

cFEanb

Notice that we have rules with V on the left of a sequent, and A on
the right.

How should we treat A on the left and V on the right?

>

| 2

>



Sets of antecedents 8.1/25

a,bckEd

What should this mean?
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a,bckEd

What should this mean?
‘a, b, and c entail d' ?



Sets of antecedents

a,bckEd

What should this mean?
‘a, b, and c entail d' ?

aANbAckEd

8.3/25



Sets of antecedents

a,bckEd
What should this mean?
‘a, b, and c entail d' ?
aANbAcEd
akFd bEd abEd

aNbkEd aANbEd

8.4/25



Sets of antecedents

a,bckEd
What should this mean?
‘a, b, and c entail d' ?
aANbAcEd
aFd bEd abEd
aNbkEd aANbEd

What's the point?

Splitting formulae into their components lets us deal with the
components individually.

8.5/25



The empty set of antecedents 0.1/25

What does
Ed

mean?



The empty set of antecedents

What does
Ed
mean?
Ed
gEd
NDEd

TEd

9.2/25



The empty set of antecedents 0.3/25

What does
Ed
mean?
Ed
gEd
NI Ed
TEd

It means d is true of everything in the universe — for short, d is true.



Sets of succedents 101/25

akEd, e

What should this mean?
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akEd, e

What should this mean?

—|d,—|e E —a



Sets of succedents

akEd, e

What should this mean?
—|d, —-e ': —a

«—— ~—dA—-ekF —a

10.3/25



Sets of succedents

akEd, e

What should this mean?
-d,—eF —a
—— ~dA-eF a
— ﬁ(d V e) F-a

10.4/25



Sets of succedents

akEd, e

What should this mean?

-d,—eF —a
-d A —eF -a
—(dVe)E-a
aFdve

111

10.5/25



Sets of succedents 10625

akEd, e

What should this mean?

-d,—eF —a
-d A —eF -a
—(dVe)E-a
aFdve
akEd,e

1111



Sets of succedents 10725

akEd, e

What should this mean?

-d,—eF —a
-d A —eF -a
—(dVe)E-a
aFdve
akEd,e

1111

‘a entails d or €’



Sets of succedents 108/25

akEd, e

What should this mean?

-d,—eF —a
-d A —eF -a
—(dVe)E-a
aFdve
akEd,e

1111

‘a entails d or €’
Decompose A on the left and Vv on the right.



The empty set of succedents 11.1/25

What does
dE

mean?



The empty set of succedents

What does

mean?

dFE

dFE

dE o
dEVo
dFE L

11.2/25



The empty set of succedents 11325

What does
dE
mean?
dFE
dEo
dEVo
dE L

It means d is false of everything in the universe — for short, d is
false.

Are you seeing a pattern between left and right of F 7



Sequents in general form 12.1/25

M= A

where I and A are finite sets of formulas (but we write them as
lists for convenience).

Gerhard Géntzen

1909-1945
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M= A

where I and A are finite sets of formulas (but we write them as
lists for convenience).

a,b,ckEd,ef

Gerhard Géntzen

1909-1945



Sequents in general form 12:3/25

M= A

where I and A are finite sets of formulas (but we write them as
lists for convenience).

a,b,ckEd,ef

‘If everything in I holds, then something in A holds’

Gerhard G.entzen
1909-1945



Sequents in general form 12.4/25

M= A

where I and A are finite sets of formulas (but we write them as
lists for convenience).

a,b,ckEd,ef

‘If everything in I holds, then something in A holds’

Gerhard G.entzen
Are\/a 1909-1045

(A isto Aas[)istonN)



The Way of the Comma 131/25
We've seen that g,aF b is the same as g AaF b.
And if F'={g1,...,gn}, then [ aFE bis just

gN---NgahNaFEb

But it's often useful to think a bit differently:
[aEb

means ‘a F b holds in the part of the universe where I" holds '

A

Comma Butterfly
Wikipedia user
Quartl




Reasoning under assumptions 14.1/25

Restricting to the part of the universe where I holds amounts to
assuming that [ holds, and reasoning under that assumption.

Recall the buying alcohol in Scotland example, which was
formulated as a rule of legal reasoning applying just in one universe.
To do it our way as sequents, define:

A(x) x is over 18

S(x) xisin Scotland

D(x) x is between 10h and 22hf
L(x)

(
The previously stated principle was
AS DFEL

x can legally buy alcohol

1 Note that here the universe is really the set of (person, place, time)
triples, e.g. Seonag in Glasgow at 14:00.



From
ASDEL

we can contrapone the succedent with any one antecedent:

A S —-LE-D A-L DE-=S -L,5,DF-A



From
ASDEL

we can contrapone the succedent with any one antecedent:
A S —-LE-D A-L DE-S =L, S5, DE-A

Comma is A — what if we contrapone two premises and the
conclusion?

ASDEL ASADEL
A -LE—-(SAD)
A-LE-SV-D

A -LE=S,-D

1111

Can you formulate the general contraposition rule?



Introducing the sequent calculus 16.1/25
Gentzen's sequent calculus is (one version) of modern logical
reasoning. Key differences from syllogistic reasoning:

» covers all logical formulae, not just categorical propositions
» deals only with F, not with

We'll look at the propositional calculus: A, Vv, =, but not V and 3.



Rules we've seen 17.1/25

a,bEc cEa cEDb

aANbEc cFEanb
aFc bFkc ckEab

aVbEc ckFavhb

(All these rules are also backwards sound, but we'll drop the double
line to reduce clutter.)



Rules we've seen, extended 18.1/25

labEA AL F'=a, A T'EbA

lNanbE A F'Eanb A
lhak A I_,bIZAvL NEab A

lavbE A F'=avb A

(If the rule holds in the whole universe, then it holds in the part
where A ' A =\/ A holds.)



Exchange 101/25
We've seen that contraposition generalizes to:

ea A raeA
L—-akE A e —a A

We can take any formula, negate it and change which side it's on.



|dent|ty 20.1/25
There is one other rather obvious rule we need:

]
[aka A

(You can think of this as the base case that finishes off the long
recursive call that is a proof.)



Proving statements in sequent calculus 21.1/25

Often we want to prove that some formula a is universally valid or a
tautology — valid in every universe.

This amounts to proving
Fa
‘a is true with no assumptions’.
For example:
(=pVa)A=p)Vp
is a tautology (think about it...).
We prove this by building a proof tree using the rules.



A proof!

F((=pVaq@)A-p)Vp

ﬂahaAl
rea A
r—akFA
raeA
re-ad
FabtA
FanbEA
FreaA [EbA

F'Eanb A
ratA TI,bEA
lavbE A
FEab A y
F'Eavhb A

22.1/25

VL



A proof!

F((mpVa)A-p), p

F((=pVaq@)A-p)Vp

VR

/‘,aha,Al
rea A
r—akFA
raeA
re-ad
FabtA
FanbEA
FreaA [EbA

F'Eanb A
ratA TI,bEA
lavbE A
FEab A y
F'Eavhb A

22.2/25

VL



A proof! 22.3/25

/‘,aha,Al
rea A
r—akFA
raeA
F-pVag, p E—p, p re-aA
TEY AR rabkEA
PV AP P VR [LaAbE A
F((-pVag)A—-p)Vp read reva
reanba
FaEA TbeEA
ravbEA
=a b A y
F'=avh A

VL



A proof! 22.4/25

/‘,aha,Al

[Ea A

r—akFA
pPEDP rakeA

-R Lara
F-pVagqg, p F-p, p [eE—-a A
4 rabkA

F((mpVq)A-p), p R A

F((=pVag)A=p)Vp reFad rebA
rranba
racA TbEA
FavbEA
Ea b A y
F=avb A

R

VL




A proof!

/‘,aha,Al
rea A
/ r—akFA
pEP R rakA
re-ad

R

F-pVaq p =P
[abkEA
':((_‘P\/CI)/\_‘P),P VR FarbEA

22.5/25

F((-pVag)A—-p)Vp read reba

F'Eanb A
ratA TI,bEA
lavbE A
FEab A y
F'Eavhb A

VL



A proof!

F —p,q,p

VR

/

pEP

=((pva)r-p) P

F((-pVqg)A-p)Vp

[ A
l:ﬂp,pA

R

22.6/25

/‘,aha,Al
reaA
r-aFA
rakA
re-ad
rabkA
Labra
ranbrA
reaA TEbA

F=anb A
ratEA T bEA
lavbE A
FEab A
FFavb A

VL




A proof!

PFaOP /
=-opap . PEP
IZ_'p\/qrp ':ﬁp'p/\R

=((pva)r-p) P

F((-pVqg)A-p)Vp

22.7/25

ﬂahaAl
reaA
r-aFA
rakA
re-ad
rabkA
Labra
ranbrA
reaA TEbA

F=anb A
ratEA T bEA
lavbE A
FEab A
FFavb A

VL




A proof!

—

PFap /
=opap . PEP
IZ_'p\/qrp ':ﬁp'p/\R

=((pva)r-p) P

F((-pVqg)A-p)Vp

22.8/25

/‘,aha,Al
reaA
r-aFA
rakA
re-ad
rabkA
Labra
ranbrA
reaA TEbA

F=anb A
ratEA T bEA
lavbE A
FEab A
FFavb A

VL




A proof!

e |

PFap |
Fopqp . PEP
F-pVaq p Fopp

F((=pVa)A-p), p
F((=pVaq@)A-p)Vp

VR

So we have proved the formula with no assumptions.
And this was purely mechanical — we never had to think!

ﬂahaAl
rea A
r—akFA
raeA
re-ad
FabtA
FanbEA
FreaA [EbA

F'Eanb A
ratA TI,bEA
lavbE A
FEab A y
F'Eavhb A

22.9/25

VL



Finding necessary assumptions

Is =((=a Vv b) A (mc V b)) V (—aV c) a tautology?

reaaA r'Eb A

23.1/25

Naka A
rea A

r-ak A
rakA

reE-a A
MabEA

- AL
ManbE A

AR
Fr'Eanb A
rak A rbE A
- VL
ravbkE A
FrEab A

F'Eavb A



23.2/25

Finding necessary assumptions

Is =((=a Vv b) A (mc V b)) V (—aV c) a tautology?

Try to prove it: P
rea A

r-akAa
raka

e —-a A

MabEA

- AL
anbE A

rEa A r'Eb A

—— AR
r=anb A

rak A rbE A

F=((maVb)A(—cV b))V (—-aVc) T ravbera

Feab A

VL

F'Eavb A



Finding necessary assumptions

Is =((=a Vv b) A (mc V b)) V (—aV c) a tautology?
Try to prove it:

F=((-maVb)A(-cVb)), (—aVe) R
F-((—maVb)A(—cVDb)V(-aVc)

Naka A
rea A

r-ak A
rakA

reE-a A
MabEA

AL
ManbE A

reaaA r'Eb A

r=anb A

rak A rbE A

ravbkE A
r=ab A

F'Eavb A

23.3/25

VL



23.4/25

Finding necessary assumptions

Is =((=a Vv b) A (mc V b)) V (—aV c) a tautology?
Try to prove it:

Naka A
rea A

r-ak A
rakA

reE-a A
MabEA

AL
anbkE A

(ﬁa\/b)/\(—'c\/b)I:—'aVC reaA reb A
———— AR

-
r=anb A

F=((—maVb)A(-cVb)), (-aVc) R renma
E=((—aV b)A(=cV b))V (-aVc) —rauira

Feab A

VL

F'Eavb A



23.5/25

Finding necessary assumptions

Is =((=a Vv b) A (mc V b)) V (—aV c) a tautology?
Try to prove it:

Naka A
rea A

r-ak A
rakA

re-aA
—-aV b, mcVbEac rabkA
AL VR ranbeA

(maVb)A(-cVb)E-aVe FreaA  rebA
————————— AR

-
r=anb A

F=((—maVb)A(-cVb), (—aVec) R renma
F—=((—maVb)A(—cVb)V(-aVc) T ravira

Feab A

AL

VL

F'Eavb A



23.6/25

Finding necessary assumptions

Is =((=a Vv b) A (=c V b)) V (—aV c) a tautology?
Try to prove it:

Naka A
rea A

r-ak A
rakA

—-a, "¢V bE —a,c b, —cV bE —a,c vl Ty
MabE A

—aV b, mcVbE —a,c
AL VR FanbE A
(_‘a\/b)/\(_‘C\/b)lz_‘a\/C reEa A r=b A
- AR

-
r=anb A

F=((—maVb)A(-cVb)), (-aVec) R renma
F-=((—maVb)A(—cVb)V(-aVc) T ravira

Feab A

AL

VL

F'Eavb A



Finding necessary assumptions

Is =((=a Vv b) A (=c V b)) V (—aV c) a tautology?
Try to prove it:

b,—ckE —a,c b,bkE —a,c

—-a, "¢V bE —a,c b, —cV bE —a,c
—-aV b, mcVbE a,c
(maVb)A(-cVb)E-aVc
F=((-maVvb)A(-cVb)), (—aVe)
F=((maVb)A(—cV b))V (—-aVec)

VL

AL VR

|

VR

23.7/25

Naka A
rea A

r-atA

vV L Mak A

rkE—a A
MabEA

AL
anbE A

rEa A r'Eb A
—— AR
r=anb A

rak A rbE A
——— VL
avbkE A

Feab A

F'Eavb A



Finding necessary assumptions 23.8/25

Is =((=a Vv b) A (=c V b)) V (—aV c) a tautology?

Try to prove it: raran
a,bl=c reaA
Y > —-L
b, —c E —a, c b,bE =a,c foara
vV L raea
—a, —|C\/bi:—|a'C b, _|C\/b':_‘a,c v re-a A ~R
—aVb, ~cVbF-ac fabFa
AL VR ranbra *
(maVb)A(-cVb)E—-aVc . Fead  reba
- — AR
F=((-aVvb)A(-cV b)), (-aVe) rranha
VR raca rbEA
F=((maV b)A(-c Vb))V (-aVc) T ravera
rEa b A

F'Eavb A



Finding necessary assumptions 23.0/25

Is =((=a Vv b) A (=c V b)) V (—aV c) a tautology?

Try to prove it: raran
a,b|=c a,bl=c R reaA ,
b,mcE=ac b,bE =a,c foara
vV L raea
—a, —|C\/bi:—|a'C b, _|C\/b':_‘a,c v re-a A ~R
- - — rabkEA
aVb, —cVbF —ac ALVR i)
(maVb)A(-cVb)E—-aVc . Fead  reba
- - AR
F=((-aVvb)A(-cV b)), (-aVe) rranha
vV R raea rbeEA
F=((maV b)A(-c Vb))V (-aVc) T ravera
FrEab A

F'Eavb A



Finding necessary assumptions

Is =((=a Vv b) A (=c V b)) V (—aV c) a tautology?
Try to prove it:

a,bkc a,bkEc R
b,bkE—a,c
Y,

- -

b,—ckEHa, c

—a, ~cVbEnac b, —cV bE —a,c
—-aV b, mcVbE a,c
(maVb)A(-cVb)E—-aVc
Fa((-maVvb)A(-cVb)), (—aVe)
F=((maV b)A(—cV b))V (—-aVc)

VL

AL VR

|

VR

rEa A r'Eb A

23.10/25

Naka A
rea A

r-akAa
raka

rkE—a A
MabEA

AL
anbE A

AR
FeEaAb A
rak A rbE A
——— VL

avbkE A

Feab A

F'Eavb A



23.11/25

Finding necessary assumptions

Is =((=a Vv b) A (=c V b)) V (—aV c) a tautology?

Try to prove it: raran
a,bFc a,bEc reaa
B — ﬁRvﬁ _— “R -L
b, =c E =a, c b,bE =a,c foara
vV L rakaAa
—a, —|C\/bi:—|a'C b, _|C\/b':_‘a,c v re-a A ~R
—aVb, =-cVbF na,c fabra
AL VR ranbra "t
(maVb)A(-cVb)E—-aVc . Fead  reba
- - AR
F=((-aVvb)A(-cV b)), (-aVe) rranha
vV R raea rbeA
F=((maV b)A(-c Vb))V (-aVc) T ravera
FrEab A
r'eavhb A

We are left with needing to assume a, b = ¢ (or equivalently,

F —a, —b, ¢).



Assumptions provide counter-examples 24.1/25

The last slide showed (since all the rules work backwards) that
a,bkFc

=((maV b)A(—c Vb))V (-aVc)
So a counter-example to the conclusion is any universe where
a, b E c fails: i.e. one where something is a and b but not c.

For example, the universe of things from week 1, taking a as ‘small’,
b as ‘triangle’, and c as ‘red’.




Tautologies vs non-tautologies 25.1/25

If you try to prove a tautology, you succeed, and every leaf of the
proof tree is an /-rule.
If you try to prove a non-tautology, you get leaves with assumptions.
Denying any of those assumptions gives a counter-example.
What happens when you try to prove a universally false statement?
Try with

FaAn-a



