
Lecture 22: Probabilities and Bayes Rule
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Probabilistic Inference: The computation of posterior

probabilities for query propositions given observed evidence
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toothache ¬toothache

catch ¬catch catch ¬catch
cavity 0.108 0.012 0.072 0.008

¬cavity 0.016 0.064 0.144 0.576

P(catch ∨ cavity) = 0.108 + 0.016 + 0.072 + 0.144 + 0.012 + 0.008

= 0.36
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P(cavity) = P(cavity , toothache, catch) + P(cavity , toothache,¬catch)
+ P(cavity ,¬toothache, catch) + P(cavity ,¬toothache,¬catch)
= 0.108 + 0.012 + 0.072 + 0.008 = 0.2
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Marginalization

P(Y ) =
∑
z

P(Y , z)

Conditioning

P(Y ) =
∑
z

P(Y |z)P(z)
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Normalization

P(cavity |toothache) =
P(cavity ∧ toothache)

P(toothache)

=
0.108 + 0.012

0.108 + 0.012 + 0.016 + 0.064
= 0.6

P(¬cavity |toothache) =
P(¬cavity ∧ toothache)

P(toothache)

=
0.016 + 0.064

0.108 + 0.012 + 0.016 + 0.064
= 0.4

P(Cavity |toothache) = αP(Cavity , toothache)

= α[P(Cavity , toothache, catch) + P(Cavity , toothache,¬catch)]
= α[⟨0.108, 0.016⟩+ ⟨0.012, 0.064⟩]
= α⟨0.12, 0.08⟩
= ⟨0.6, 0.4⟩
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General Inference Procedure

• X - Query Variable

• E - Evidence Variables

• Y - Remaining Unobserved Values

P(X |e)

= αP(X , e)

= α
∑
y

P(X , e, y)
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P(toothache, cavity , catch,Weather = cloudy)

= P(Weather = cloudy |toothache, catch, cavity)P(toothache, catch, cavity)
= P(Weather = cloudy)P(toothache, catch, cavity)
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Independence

P(X |Y ) = P(X )

P(Y |X ) = P(Y )

P(X ,Y ) = P(X )P(Y )
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Cavity

Toothache Catch
Weather

Cavity

Toothache Cavity

Weather

decomposes

into
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Coin1 . . . Coinn

Coin1 . . .Coinn
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into
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Bayes Rule

P(a ∧ b) = P(a|b)P(b)
P(a ∧ b) = P(b|a)P(a)

}
⇒ P(b|a) = P(a|b)P(b)

P(a)
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Bayes Rule

P(Y |X , e) =
P(X |Y , e)P(Y |e)

P(X |e)
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Applying Bayes Rule Example

Meningitis causes stiff neck with 50%

Prior probability of Meningitis (m) 1/50000

Prior probability of stiff neck (s) 1/20

P(m|s) = P(s|m)P(m)

P(s)
=

1
2 × 1

50000
1
20

=
1

5000

P(M|s) = α⟨P(s|m)P(m),P(s|¬m)P(¬m)⟩
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P(Cavity |toothache ∧ catch) = α⟨0.108, 0l016⟩ ≈ ⟨0.871, 0.129⟩

P(Cavity |toothache ∧ catch) = αP(toothache ∧ catch|Cavity)P(Cavity)

P(toothache ∧ catch|Cavity) = P(toothache|Cavity)P(catch|Cavity)
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Conditional Independence

P(X ,Y |Z ) = P(X |Z )P(Y |Z )

P(X |Y ,Z ) = P(X |Z )
P(Y |X ,Z ) = P(Y |Z )
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Naive Bayes Model

P(Cause,Effect1,Effect2, . . . ,Effectn) = P(Cause)
∏
i

P(Effecti |Cause)
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On the Optimality of the Simple Bayesian Classifier under Zero-One Loss
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https://link.springer.com/article/10.1023/A:1007413511361


Summary

• Probabilistic inference with full JPDs

• Independence / Conditional Independence

• Bayes’ Rule. Applications with simple techniques
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