Lecture 25: Approximate Inference in
Bayesian Networks



Last Lecture Takeaway

Inference-By-Enumeration/Variable Elimination algorithms
allow for General Inference on Bayesian Networks
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Complexity of Exact Inference
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P(S = true)?




MakeModel LJ VehicleYear

RuggedAuto

DrivQuality }‘ ’ Airbag ‘ ’ Antilock ‘

’ DrivHist ’
\

’ MedCost ’ ILiCost ’ OtherCarCost ‘ ’ ThisCarDam

AntiTheft
Mileage
’ CarValue

Theft
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Direct Sampling without Evidence

S R PW)
t ot 099
t f 090
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f f 000

P(Cloudy) = (0.5,0.5) true

P(Sprinkler|Cloudy = true) = (0.1,0.9) false
P(Rain|Cloudy = true) = (0.8,0.2) true
P(WetGrass|Sprinkler = false, Rain = true) = (0.9,0.1) true

Event Returned: [c, s, r, w]
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Probability of Generating a given sample: [xi, ... xy]

SIEamRSaI= H P(x;|parents(X;)) = P(x1,...,xn)
i=1
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Rejection Sampling

P(Rain|s)
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Rejection Sampling: P(Rain|Sprinkler = true)

100 Samples:

e In 73, Sprinkler = false; In 27, Sprinkler = true
e Of the 73 where Sprinkler = false, 42 have Rain = true; 31

have Rain = false

e Of the 27 where Sprinkler = true, 8 have Rain = true; 19
have Rain = false

P(Rain|Sprinkler = true) ~

13



Rejection Sampling: P(Rain|Sprinkler = true)

100 Samples:

e In 73, Sprinkler = false; In 27, Sprinkler = true
e Of the 73 where Sprinkler = false, 42 have Rain = true; 31

have Rain = false

e Of the 27 where Sprinkler = true, 8 have Rain = true; 19
have Rain = false

P(Rain|Sprinkler = true) ~ «(8,19) = (0.296, 0.704)

13



Rejection Sampling: P(Rain|Sprinkler = true)

100 Samples:

e In 73, Sprinkler = false; In 27, Sprinkler = true
e Of the 73 where Sprinkler = false, 42 have Rain = true; 31

have Rain = false

e Of the 27 where Sprinkler = true, 8 have Rain = true; 19
have Rain = false

P(Rain|Sprinkler = true) ~ «(8,19) = (0.296, 0.704)

(True Answer: (0.3,0.7))
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Rejection Sampling: Problems

P(C)
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0005
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Likelihood Weighting (Importance Sampling)

Likelihood Weighting Idea: Let's only generate samples
consistent with the evidence

ii5)
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- P(Cloudy) = (0.5,0.5) true
@ w <— w X P(Sprinkler = true|Cloudy = true) = 0.1
f F: F;(:;) P(Rain|Cloudy = true) = (0.8,0.2) true
Poroo w < w X P(WetGrass = true|Sprinkler = true, Rain = true)
f f 0.00

= 0.099

16



Likelihood Weighting

P(C)
oE P(Rain|Sprinkler = true, WetGrass = true)
C P(S) ;® C P(R)
t 010 @ @ t 08 w=1
f 050 £ 02
) P(Cloudy) = (0.5,0.5) true
@ w <— w X P(Sprinkler = true|Cloudy = true) = 0.1
f F: F;(:;) P(Rain|Cloudy = true) = (0.8,0.2) true
Poroo w < w X P(WetGrass = true|Sprinkler = true, Rain = true)
fof

0.00

= 0.099

Sample [true, true, true, true] with weight 0.099 tallied under
Rain = true
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Likelihood Weighting: Why it Works
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Probability of Generating a sample: [z1,...,z,€1,...,€en]

I
S(z,e) = H P(z;|parents(Z;))

i=1

m

w(z,e) = H P(ej|parents(E;))
i=1
/ m
H P(z,-\parents(Z,-))H P(ej|parents(E;)) = P(z, e)
i i=1
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Markov Chain Monte Carlo

MCMC lIdea: “Random Walk"” — Generate an event from the
previous event, rather than generate all events from scratch.
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Markov Chain Monte Carlo (Gibbs Sampling)

1. Start with initial state
2. Repeat:

2.1 Choose a random non-evidence variable Z;
2.2 Set a new value for Z; by sampling P(Z;|mb(Z;))
2.3 Add current state to the count

19



MCMC: P(Rain|Sprinkler = true, WetGrass = true)

e Fix Sprinkler = true and WetGrass = true
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(Bonus) Markov Chain Monte Carlo:
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(Bonus) Markov Chain Monte Carlo: Why?

The sampling process settles into a "dynamic equilibrium”
in which the long-term fraction of time spent in each state
is exactly proportional to its posterior probability
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(Bonus) Markov Chain Monte Carlo: Why?

The sampling process settles into a "dynamic equilibrium”
in which the long-term fraction of time spent in each state
is exactly proportional to its posterior probability

q(x — x')

ren(x) = 3 me(x)q(x = X)

m(x') = Zﬂ(x)q(x — x') for all X’

X

22



e Complexity of Exact Inference
e Approximate Inference

e Rejection Sampling
e Likelihood Weighting
e Markov Chain Monte Carlo
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