Lecture 27: Time and Uncertainty (Part 2)




Last Lecture

Filtering and Prediction for Probabilistic Inference over Time



Inference Tasks in Temporal Models

o Filtering/Monitoring: P(X:|e1.+)
e Prediction: P(X; |e1.t)
e Evidence Likelihood: P(e;.;)



Inference Tasks in Temporal Models

e Smoothing/Hindsight: P(Xy|e1.:), 0< k<t

e Most likely explanation: arg max,,., P(xi.¢|€1:t)



Smoothing / Hindsight

Xk\elt 1<k<t
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Smoothing/Hindsight

P(Xk|e1;t) = P(Xk|e1:k, ek+1:t) (Sp'lt Notation) @ ° ° °
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Smoothing/Hindsight

P(Xkle1:t) = P(Xk|e1ks €k+1:t) (Split Notation) Gor() 0 )
= aP(Xk|e1:k)P(ekt1:t| Xk, e1:k) (Bayes)



Smoothing/Hindsight

P(Xkle1:t) = P(Xk|e1ks €k+1:t) (Split Notation) Gor() 0 )

= aP(Xk|ey:x) P(ex+1:e| Xk, e1:k) (Bayes)

= aP(Xk|e1.k)P(ek+1:¢| Xk) (Conditional Independence) ® ® ®
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Smoothing: The Backward Message

bk+1:t = P(ek+1:t|Xk)



Smoothing: The Backward Message

bky1:t = P(exy1:¢|Xk)
Pler+11Xk) = Y P(ewrlxi1) P(ewrouelXir1) Pxir1| X)

X - —
k+1 sensor recursive transition




Smoothing: The Backward Message

bky1:t = P(exy1:¢|Xk)
Pler+11Xk) = Y P(ewrlxi1) P(ewrouelXir1) Pxir1| X)

X - —
k+1 sensor recursive transition

bi+t1:+ = Backward(byy2:¢, €k+1:¢)
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P(R1|u, up)

P(R1|U17 u2) = aP(R1|u1)P(u2\R1)

P(R1|U1) = aP(U1|R1)P(R1) ) (05,05, Re—1 | P(Re)
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P(R1|u, up)

P(R1|U17 u2) = aP(R1|u1)P(u2\R1)

P(R1|U1) = aP(U1|R1)P(R1) Re—1 | P(Re)
P(Ry) = (0.5,0.5) —
f ‘ 0.3
P(R1) = 3 P(Rul)P(r) CRaine 3 S Raine)
€ Re | P(Uy)
=(0.7,0.3) x 0.5+ (0.3,0.7) x 0.5 [ oo
f 0.2

=(0.5,0.5)



P(R1|u, up)

P(R1|U17 u2) = aP(R1|u1)P(u2\R1)

P(Ri|u1) = aP(u1|R1)P(R1) R | P(R)
P(Rp) = (0.5,0.5) ﬁ
f ‘ 0.3
P(R) = 3 P(Riln)P(r) CRain—1 ——Raine)
g Re | P(UY)
— (0.7,0.3) x 0.5 + (0.3,0.7) x 0.5 T oo
f 0.2

= (0.5,0.5) H
P(Ri|u1) = aP(u1|R1)P(R1)

= (0.9,0.2)(0.5,0.5)

= (0.818,0.182)



P(R1|u, up)

P(R1|U17 u2) = (XP(R1|U1)P(U2‘R1)
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P(R1|u, up)

P(R1|U17 u2) = (XP(R1|U1)P(U2‘R1)

P(u2|R1) R | P(R)
P(Ry) = (0.5,0.5) ﬁ
f ‘ 0.3
Re | P(Ur)
t 0.9
f 0.2



P(R1|u, up)

P(R1|U17 u2) = (XP(R1|U1)P(U2‘R1)

P(u2|Ry) Rox | P(R)
P(Ry) = (0.5,0.5) _
=Y P(u2|r2)P(|r2) P(r2| R)
r2
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P(R1|u, up)

P(R1|u1, u2) = aP(R1|u1)P(u2|Ry)
P(u2|Ry) R | P(R)
P(Ry) = (0.5,0.5) _
=Y P(u2|r2)P(|r2) P(r2| R)
n

= (0.9 x 1 x(0.7,0.3)) + (0.2 x 1 x (0.3,0.7))
= (0.69,0.41)
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P(R1|u, up)

P(Ry|u1, up) = aP(Ri|u1)P(uz| Ry)
P(Ry|u1) = (0.818,0.182)
P(u2|Ry) = (0.69,0.41)



P(R1|u, up)

P(Ry|u1, up) = aP(Ri|u1)P(uz| Ry)
P(Ry|u1) = (0.818,0.182)
P(u2|Ry) = (0.69,0.41)

P(Ry|u1, up) = (0.818,0.182) x (0.69,0.41)
= (0.883,0.117)



Deriving the Backwards Message

Plewr1:t1Xk) = Y Plersalxir1) Plersa:tXir1) POl Xe)

Xk+1

P(ex+1:¢|1Xk)



Deriving the Backwards Message

Plewr1:t1Xk) = Y Plersalxir1) Plersa:tXir1) POl Xe)

Xk+1

Perr1tlXi) = ) Plersr:er Xier1|Xi) marginalisation
Xk+1



Deriving the Backwards Message

Pert1:elXi) = D Plewr1|xir1) P(eyzze Xir1) P (i1 Xic)

Xk+1
P(ext1:6|Xk) = Z P(eki1:e Xkr1]Xk) marginalisation
Xk+1
=) Pleks1, Sk2:t) Xt 1| Xi) (split notation)

Xk+1



Deriving the Backwards Message
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Deriving the Backwards Message
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Deriving the Backwards Message

Pert1:elXi) = D Plewr1|xir1) P(eyzze Xir1) P (i1 Xic)

Xk+1
P(exs1:¢|Xk) = Z P(ek+1:t, Xk+1|Xk) marginalisation
Xh+1

=) Pleks1, Sk2:t) Xt 1| Xi) (split notation)
Xk+1

= Z P(ext1lex+a:ts Xk+1, Xi) Pkt 2:e5 X1 Xk) (Bayes)
Xk+1

= Z P(ext1lxk+1) P(ekt2:es Xk+1|Xk) (independence)
Xk+1

= Plekrlxis1) Plerra:e Xt Xi) POl Xe) (Bayes)
Xk+1

= Z P(ek1|xkr1) Persa:t | Xkr1) P(xkr1|Xk) (independence)
Xk+1



Inference Tasks in Temporal Models

Filtering/Monitoring: P(X|e1.t)

Prediction: P(X:i«|e1:t)
Evidence Likelihood: P(e; ;)
Smoothing/Hindsight: P(Xkle1:), 0< k<t

Most likely explanation: arg max,,, P(x1:t|e1:¢)
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Inference Tasks in Temporal Models

e Most likely explanation: arg max,,., P(xi.¢|€1:t)
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Most likely sequence

arg max P(x1.¢|e1.t)
X1:t

Say Upi5) = [true, true, false, true, true]

Most likely weather sequence that caused it?
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Most likely sequence

arg max P(x1.¢|e1.t)
X1:t

Naive (Wrong) Approach: Use smoothing again?
o P(Xile1:r)
o P(X|ert)
L4 'D(X3|e1:t)
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Most Likely Sequence: Viterbi Algorithm

Rain, Rain, Rain, Rain, Rain

< true X true true X true X frue
Jalse Jalse Z false Jalse false
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Most Likely Sequence: The Viterbi Algorithm

max P(Xl, o ooy Xty Xt+1]e1;t+1)
X1 yeeey Xt
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Most Likely Sequence: The Viterbi Algorithm

max P(Xl, o ooy Xty Xt+1]e1;t+1)
X1 yeeey Xt

= aP(er+1|Xt41) mxztax <P(Xt+1\xt) leaxx ) P(x1,... ,xt1|e1:t)>
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Most Likely Sequence: The Viterbi Algorithm

max P(x1,..., X, Xes1|€1:e41)

X109 Xt

= OéP(et+]_|Xt+1) mXaX P(Xt+1|Xt)X1 max . P(X]_, e ,thlle]_:t)
—_——— Xt —— X1 X
sensor transition -
recursive
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Most Likely Sequence: The Viterbi Algorithm

max P(x1,..., X, Xes1|€1:e41)

X109 Xt

= OéP(et+]_|Xt+1) mXaX P(Xt+1|Xt)X1 max . P(X]_, e ,thlle]_:t)
N—— t N/ XLy ey Xt —
sensor transition -
recursive
mi.+ = max P(X]_,...,th]_,xt|e]_:t)
X1y Xt—1
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Hidden Markov Model

Hidden Markov Model: Temporal probabilistic model in which state of the process is
described by a single variable

0 |:0.9 0.]_:| P(Ry) = (0.5, 0.5) - ‘ -
- f 0.3
0.2 0.8
Po = 0s Re | P(U)
0.5 : -
f 0.2
T =

0.7 03
S i > o>
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(Bonus) Stationary Distribution of Prediction

P(Xo) = Py = (0.99,0.01)

P, =

0.99
0.01

T 09 0.1
0.1 0.9
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(Bonus) Stationary Distribution of Prediction
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(Bonus) Stationary Distribution of Prediction

P(Xo) = Po = (0.99,0.01)
0.99] P(X.) = PJ T = (0.892,0.108)
0.01 P(X,) = Py TT = (0.813,0.186)
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(Bonus) Stationary Distribution of Prediction

P, =

0.99
0.01
109 0.1
0.1 0.9

Py = (0.99,0.01)

PJ T = (0.892,0.108)
Py TT = (0.813,0.186)
Py T° = (0.660, 0.339)

X2

(Xo)
P(X1) =
(X2)
(Xs)
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(Bonus) Stationary Distribution of Prediction

P, =

0.99
0.01
09 0.1
0.1 0.9

Po <o 99,0.01)
= (0.892,0.108)
PO TT = (0.813,0.186)
= (0.660,0.339)

X2

(Xo)
P(X1) =
(X2)
(Xs)

P(Xa0) = Pg T%° = (0.506, 0.494)
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e Smoothing/Hindsight: The Forward-Backward algorithm
e Most likely Sequence: Viterbi Algorithm
e Hidden Markov Models
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