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Problem 1: Quantum Operations

One of the most important linear operators in quantum computing is the Hadamard operator

defined as: .
1 1
"= (1 —1)

a. Prove that H is unitary, i.e. that it satisfies HH' = HTH = I.
Solution: In order to prove that a matrix U is unitary, it must satisfies that YU = UTU = I.

First we have to calculate the adjoint of the Hadamard operator. Recall that the matrix
elements of the adjoint operator are related to that of the operator as H. jj = H;. Thus:

=)

So we can see that H = H. In order for H to be unitary then the following must hold:
H'H=HH' =1

1 1 1 1 1 1 1/2 0
Tf 2—_ —_— = - pm—
an == (0 8) 500 4) =20 0) -
and thus H'H = HH' =1

b. Prove that H is its own inverse by showing H? = I where I is the identity operator.

We have:

Solution: This is a corollary of the previous result.

c. Calculate the action of the operator on the vectors:

o O () s ()

Solution: We will show what is the action of the Hadamard on the computational basis
vector |0) and on the vector |+).

- )05 )

We can see how H acts on the |[+) by doing the matrix multiplication but we can think of a
more “clever” way. We proved on question b. that H? = I. So,

H|+) = H(H |0)) = H*|0) = |0)
You can work in the same way with the other two examples and prove that H |1) = |—) and
that H |—) = |1).

Extra information: H' = H makes Hadamard a Hermitian operator and so H'H = HH'.
The operators that satsify AAT = ATA are called normal operators.
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Problem 2: Pauli matrices
Counsider the four Pauli matrices:
1 0 0 1 0 —2
rz=(p L) x=(0 )= (0 7))

a. Prove that for each Pauli matrix o; we have 0 = I and o] = o;.

Solution: We’ll only make the proof for the Y Pauli matrix but you should do the exact
calculations on the rest. We have:

o () (7)) -

We will also prove that Y satisfies YT =Y (i.e., is Hermitian):

Sy (S R G B

b. Show that the Pauli matrices are unitary matrices.

Yyt =

Solution: We proved that for all Pauli matrices UZ = 0; and that ¢? = I. Clearly then,

2 _ _ Lt T
0] = 0,0, =0,0; =0;0; = 1.

c. Show that Y =X 7.

Solution: We have:

. (0 1\ /1 O (0 -1 0 —1i
ZXZ_Z(1 o) (o —1) _Z(l 0)‘ (z 0) =Y
d. Show that HXH = Z and HZH = X.
Solution: First, we will prove that HX H = Z. We have:

1 /1 1 0 1\ 1 /1 1
mxi=5 (0 5) (o))
L/ L =1\ _1/2 0\ _ 7
2\1 —-1)\1 1) 2\0 —-2)
We can work in the exact same way for HZH = X or we can prove it in a different way.

We proved that HX H = Z. We do a left and right multiplication with H and so we have
HHXHH =HZH. But H> =T andso X = HZH.



Raul Garcia-Patron
Petros Wallden . IQC 2022-23
Milos Prokop Tutorial 1 October 5, 2023

Problem 3: Measurement

Consider the two quantum states |L) and |R) of Problem 1 (these two quantum states are
the eigenvalues of Pauli Y operator):

|R) = (|0> +il1))

%I

L) = (\0> —i[1))

SI

a. Consider the general quantum state:

[9) = 10 |0) + 21 [1)

What are the probabilities of outcome |R) and |L) if we measure |1).
Solution. We start with the probability of measuring the outcome |R). If we measure the
state [1), the probability of measuring |R) is given by:

2

PriR] = |(RI)* = ' (0] = (L) (o [0) + 1 1))

Sl

o — it |

[\Dlr—t

where we used (0|1) = 0, since the vectors are orthogonal. Similarly, for the other probability
we have:

2

PriL] = (LI = ' (0] + 3 (11) (80 0) + 61 1)

SI

|0 + ’l¢1|

[\Dlr—\

b. Show that the states |L) and |R) can be generated from |0) and |1) using the following
circuit:

0/1)— H | Brj2 —|R/L)

where

Solution:
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w3 )54 )()-5(2) -

c. What circuit will allow to implement a measurement on the |L) and |R) basis if our
hardware only allows for measurement in the computational basis but Hadamard gates and

Ry.

Solution: In la) we saw that H is its own inverse and it can be verified that R_;4 is
inverse of Rr/4 gate, i.e. R_; 4R/ = RryR_5/4 = 1. Hence the circuit

|R/L)—| Brj2 = H [—|0/1)

can be used to map |R) and |L) into a computational basis where they can be distinguished
by the measurement.

Problem 4: Outer-product and projectors

a. Show that the following matrices can be written as the out-product of the the |[4) and

|—) states:
1/1 1 1 -1
W=z (1 1) eE=5(0 1)

ion: ~ - . oy oo (1 _
Solution: ~ We express the states in the matrix form: |+) = S =5 <1)7 (+] =
NG (1 1) and |-) = ‘0>\;§|1> =7 (_11), (—-I= 2% (1 —1) and the result follows by direct
computation.
b. Show that P, = |+) (+| and P = |-) (—| are projectors by verifying the condition

P? = P; and they project on orthogonal basis as P, P_ = 0.

2\ 1)2\1 1) " 2\1 1
and similarly for P_; or by using the braket notation which simplifies the proof even more:
Pz = () FDUR) (+) = [+ (FHF) (H = [H) L+ = [+) (+] = P _

P2 = (=) (== (=) = [=) (=|=) (=] = |=) 1(=| = |=) (=] = P—. Orthogonality can
also be checked the two different ways, the braket one being: P, P_ = (|4) (+|)(|-) (—|) =
[+) (+|=) (+H = [+)0(= =0

c. Check the completeness relation for measurement on the {|+),|—)} basis.

Solution: Since P, and P_ are orthogonal projectors onto {|4),|—)} basis, it remains to
check if they satisfy the completeness relation to be valid projective measurement operators.

Solution: This can be checked either algebraically P} = L (1 1) L (1 1) =1 (1 1)
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Le., it should hold that Py + P_ = |+) (+| 4+ |—) (—| = I what can be checked by direct
calculation:

ee-=3 00+ (4 ) =600

d. Compute P(+) = || Py |¢)||* and P(—) = ||P_|1)]|? for an arbitrary state [1)) = 1,|0) +
Y1|1) and show that P(+) + P(—) = 1, as expected.

Solution:
Using the definition of the norm || [¢) || = v/{(¥|¢)) and a*a = |a|? for any complex number

a, we can show:

P(+) = [P+ [) [ =11 [+) (+] (o [0) + 21 [1)]]*
= II% |+) (+10) +1/11 [+) ¢+ I

=15t )+ 0 14 P

= I ) P
|¢0+¢1’ |||+>H2

_ |1/10+¢1’2

2

P(=) = [[P- [} |I* = II1=) (=] (20 [0) + 1 1))
= ||wo =) (=10} + ¢ [ =) (=[1) [

1
—waoH—Ewll—le
B p
o —

= ) 1P
o —

n 2
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Therefore
2 _ 2 1
P4+ p(-) = D 0= 2 sy ) )" + (o — ) — )

= 2 (o) 053+ 50) + (o — )5 — )
= S (0ol + 0wt + Y50 + Wl + Il = vt — Gt + )

1
= 5(2|¢0’2 + 2[¢1[?)

= [¢o|* + [t
=1



