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Problem 1: Quantum Fourier Transform

As you have seen in the lectures, we can represent any integer z in its binary form as:
Z = 2129 ...2p
where z1, 29, ..., 2, are such so that:

2=2, 2" b 422l

a. How many qubits at least would we need to encode the integer states |14) and |9)? What
is their binary representation when using qubits to encode the integers?

b. Recall that: . . .
l 1+1 bt m

O.ZZZZ+1 . e Zm = E ? W

Calculate:

1. 230.212923, 220.21 2923 and 20.21 2023, where z; € {0,1}.

2. 22017238 where j; € {0,1}.

c. Now consider the quantum Fourier circuit for three qubits:

— H/ ST

with S and T being the gates:

1 0 10 1 0
S = (0 eiﬂ/?) - <O Z) 7T* (O ei7r/4)

Suppose that we input the state |j) = |j1j273). What will be the output state?

Problem 2: Order-Finding

For two positive integers x and N with x < N the order of x modulo N is defined to be the
least positive integer such that:
" =1 mod N
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a. Show that for x = 2 and N = 5 we have r = 4.

b. Now consider the transformation U which acts on the computational basis states as
follows:
U:|y) = |ry mod N)

Prove that:
1. UUy = Uy

2. U1 = Ut = UJ, using the fat that = has an inverse 2~ ( mod N) if and only if x
and N are co-prime.

3. UxU; = U;UZ = I, which proves it is an unitary transformation.
4. Uy = I where 7 is the period of x modulo N.
c. Show that the states:

¥ mod N)

r—1
|u > — ]_ 26727\"’1;316
s) = ——
Vris

for integer 0 < s < r — 1 are eigenstates of U,. What is their corresponding eigenvalues?

d. As you can see preparing the state |us) requires that we know r in advance. Fortunately
there is clever observation which circumvents the problems of preparing |u). Show that:

1.
r—1
E e—2msk/r _ T(Sk,O
5=0

2.

r—1
1 2misk/ k
e ug) = 2% mod N)
i

which has as special case when k = 0:

2=l = ).

which is a trivial state to generate. This opens the door to applying quantum phase-
estimation to sample from ¢ = s/r, which later leads to a guess of r as explained in the
lecture on Shor’s algorithm.

e. If we wanted to apply a phase estimation procedure we must have efficient procedures to
implement a controlled-U?" operation for any integer j. Given an integer number z, propose
a technique to compute 22" that scales linearly in k.

f. Assuming that we are given an unitary S such that implements S|z) = |z* mod N) that
needs O(L?) gates, where L = [log N1, i.e., the size of the register. How many gates we will
be needed to implement |z) — |22 mod N)?



