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Introduction to Quantum Computing

| ecture 10: Partial measurements
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Projectors on computational basis

® Projector on computational basis state |x)

0 [0)(0] = (1) x [1 0] = é 8
0 11)(1] = (1) x [0 1] = 8 (1)
11 0] 1
=416 315131 - ] -

® Projector on |—)
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Definition of projectors
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Projectors on quantum states

® (lwuDlyr = w) (uly) = (ul$)lu) = Yulu)
cC
P.l) = (ul)|u)

(|u){u|)|v) =

Zu U;; —uz(Zu v;) = ui{u|v)

— ¢u|u



Projectors properties

® P: = Ps

() (u])|u) (u| = |u)(ul

In this course

e Pl = Ps U
g Self-adjoint Proj h
elr-aqgjoint Projectors
(lu)(u)" = |u)(u |
P2 =Ps=P!
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Revisiting basis measurements




Measurement of orthonormal basis

@ orthonormal basis {|v;)} that span H has and associated measure@
d—1

Satisfying a completeness relation: Z [v3) (v;| = Ig
i=0

P; = |v;)(v;| are projectors on the states of the basis

Probability of outcome i reads: P(i) = ||P;|1)||* = [(v;|1)|? )

The quantum state is updated to

Bily)  (uld) ;) = e |v;)

\Pz-w 2] P} = (oillos) »




Example:+/- basis

Ho = Span{|

)5 1=)3

111 1 111 -1 I 0
® Completness: |+)(+ H—)(—\E§L 1}4-5{_1 1]:{0 1]512

o ) —A

) = 1o|0) + 911)

¥)

P )

1Py |9

P(—) =||P,|y)||> Updated state:

P == | )] < ve v =514 T

b2 -

=)

k P(—) = o — 1]?/2 Updated state: \—}/




Global phase

\

The quantum state is updated to

P;|v) _ (vi|)
B0 [ Pild)

Tlvs) = ¢oa)

)

@ Define a state up to a global phase: \@E} = ew\w

U4 )

Output probability: P(i) = [|P;[d)]|2 = | (v;]0) |2 = [(v;]w)|?



Projectors on basis states are rank-1 projectors

V basis {|v;)}, AU, s.t. |vi>:Uv\i>J .0 0 0 0
) 0 00 0 O
P; = |v;)(v;| = U, i) (i|U} =U. [0 0 1 0 0|U]
0 00 0 O
0 0 0 0 .|
Rank 1 matrix
® Measurement basis {|v;)} :
V) —A Ny = U ey




Composition of measurement: computational basis

Let’s £ encode the outcome of n bits

/:r z1) ® |22) ® .... ® |x,)

~

P, = |2){a] = [21)(21] ® ... ® |2,) (@]
2 P(z) = || Pe|¥)||? = |{(z|¥)|?
ate: Pﬂ?'d)) _ ?7[)-’17 ) = Biqb T
Gpd R T X R T Ll y
a I
(z|9)|? Z Uy |Y)|? = [¥z]?
X yE{O 1}n y




General multi-qubit basis measurement

® Bell basis measwroment: Bell basis B
| — ! HEA | 1#9= 00 0s£haens)
b IR |

|w>J : X @\, i \I‘Ifi> %(IO>A®I1> +|1)4 ®1(0)B)

. Bell basis measurement i
1 0 0 =1 0 0 0 O]
1{0o 00 O typtl_ L]0 1 £1 0
+ +| _ -
T =3510 0 0 o ] 0 £1 1 0
1 0 0 1 0o 0 0 0
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Projectors on subspaces




Projector on subspace

@ Consider a 3-dimensional space ‘3>

We want to project on subspace.
For example, the first two dimensions.

Pyly) = cf3) V) = al1) +bj2) + cf3)
s [2)
Rank 2 projector ’1> |
ﬂ Pi2|y) = all) +b]2)
1 0 0
@ Pio=|0 1 0| =P+
0 0 0




Projectors on vector subspaces

@ Projectors on a 1-dim vector subspace: P; = |v;)(v;|

e Projector on vector subspace S of dim k(S C H) :

@ Being a vector space, S has an orthonormal basis {|u;}"~

k—1
® Ps =) |us){u
1=0

® P: = Ps
P2 — p. = P!
o PI — Py S S S
N J
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Projective measurement




Projective measurement

ﬂ projective measurement consist of a set of projectors PN

[

Satisfying a completeness relation: Z P, =1,
i=0
Satisfy orthogonal relation: P, P, = 0y mPm

Probability of outcome i reads: P(3i) = || P;|)]|° !

The quantum state is updated to

Py) Pl
\_ TR e




A degenerate 3 dimensional qguantum system

@ Orthonormal basis:

e Completeness:
® P+ P

2
0 0 O 1
0 0 O+ 1|0
0 0 1 0

0
@ 1
0

Rank 2 projector J

® P(12) = || Pr2[y)||" = lal” + [b]°

1
Update: [¢) =

a2+ b2

(al1) +b]2))

Ps|y) = c|3)

¥) = all) +0]2) +¢|3)

1)

> [2)

Pialty) = a|1) +bJ2)



Projective measurement
~

/Completeness relation

[
Zplzfd

N =0 /

/Completeness implies probabilities add to 1: \ /We use: \

> P) —ZHP-W )2 ® P(i) = ||Pi|y)|I?
Z _Z w‘PTP‘w w‘ZPTP‘w © Linearity

w!ZPw () = 1 ® P§=Ps =P}
\ AN 9%




Reproducibility of measurement

@ Repeating the same measurement immediately after, gives the same answer.

Results from: P? = P,

(2

4 'R

Pilvi) = |vi){vilvi) = |v;) /
Pjlvi) = |vj)(ujlvi) = 0if i # j .

P;(P;|1)) = P;(vy, |vi)) = Yo, Bi|vi) = ¥y, |vs) = P;lv;) ;)

" /
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Partial measurement




Subsystem measurement




Two qubit example
7 > N
- ) [Py =18 [0)(0

‘¢> ’—\\ ® P — I 1 1
_ﬁ - |y> 1 - % ><
. B+B=1

{|¢> = 100/0) ® |0) + 101]|0) ® |1) + ¥10]|1) ® |0) + P11]1) & |1>]

/150|?:> ®10) = (I ® [0)(0))(|%) ® |0)) = I|i) ®0) {0]0) = |i) ® |0) A




Two qubit example

—— 45 /I?g =1® |0) (0\
[¥) i“»@ P =1® |1)(1
. B+h=1

{|¢> = 100/0) ® |0) + 101]|0) ® |1) + ¥10]|1) ® |0) + P11]1) & |1>]

g PolYp) = 100/0) ® |0) + 1b10]1) ® |0) = (¥00|0) + ¥10]1)) ® \0>\
|1 Polo)|)? = [tbo,0|* + |%1,0]%

AT = T 0 + vl 210) = ) © 0

N /




Two registers example

. . v (= DY
Two register of n and m qubits respectively Py — I ® ‘y> <y‘
— > Py =Iyen
) z’ N ) \_ yEl01}n y
e D
) = Z%,w\@ ® |w)
N Ir,w )
- ﬂ_ )
Py"@ — (Z ¢m,y‘$>) ® |y) H%W)Hz — Z me ;
Py _ 1 (Z¢ |x>) ® ly) = ly) ® [y) m
LRI Ve \4 y
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