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Introduction to Quantum Computing

Lecture 16; Hadamard Test

Raul Garcia-Patron Sanchez



Hadamard Test — binary outcome measurements

4 : : N
We want to ask the question: ” Are you in subspace Il or 117

\_ /

@ Syndrome measurement in quantum error correction

@ SWAP test: overlap between quantum states, measurement of purity with two copies



From the definition to designing a circuit implementing it
4 y O\

Mo+ =1;  P(i) = [IL[Y)|[*  Update: :ﬁ
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Hadamard Test — binary outcome measurements

/Exist unitary A: \
A =1y — I,
N IIg + 111 = Isn ) o e ;
10— H ek el
) p— A

@ Syndrome measurement in quantum error correction

@ SWAP test: overlap between quantum states, measurement of purity with two copies



Hadamard Test — unitary is observable with 1 eigenvalues

/Observable +1 eigenvalues \

A =11y — 114
\_ )
® A is also a unitary matrix
AAY = (Iy — T1,) (T — II;) = 112 — TIoIl;, — I 00 4+ 112 =TI+ 11, = 1

: : IL;|%)
W} ; A : } T )]
|
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Hadamard Test — unitary is observable with 1 eigenvalues

/Observable +1 eigenvalues I, = Z ‘UEHUE‘ \
A= H() — Hl k
o + I1; = Ion =) |o) (v
!
K AHO/1 — ::Hﬂfl /

[ ATl = (ITy — I0))IT,; = T,I0, — 112 = —I1, ]

: : I1; %)
¢>} ; A : } T )]
|
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Hadamard Test — binary outcome measurements

/Exist unitary A: \
A =1y — I,
N IIg + 111 = Isn ) o e ;
10— H ek el
) p— A

@ Syndrome measurement in quantum error correction

@ SWAP test: overlap between quantum states, measurement of purity with two copies
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Hadamard test circuit for parity check

A=7® Z =11, — 11,

71 @ Zalx120) = (—1)"19%2| 1 25)
IT, = [00)(00| + [11)(11]

Ally/ = £y I, = [01)(01] + |10)(10]

(Z X Z)H,amh = ::HE/D

A=1Iy —1I4




Hadamard test circuit for general check

P=P®.QP, =11, — I,

A:HO_Hl Pi,e{[:rX:rY:rZ}

g + 11 = Ign PH::I — ::H::1

Allyy = %11y M +1I = Ian
i

e ————— " ' Py |

0} HED : 2 :

: A 7 I Ijn_l E
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Two-qubits SWAP Test




SWAP Test

b1)
b2)

P(0) — P(1) = [(¢1]¢2)|°

We need to run multiple experiments to estimate P(0) — P(1)
For precision € we need O(1/¢€*) circuit runs

Hidden assumption: We are assuming we can prepare same copies every time (not specific to quantum)



SWAPgate
SWAP (permutation) gate =P l an

[ =111
" Does exisits{a, b, c,d} s.t.

Uswap = a|®F) (@] +b]@7) (@[ + o UH)(TF| +d[@™ )@ |7

I =

o R O O
I»—\OOOI

oS O = O

' o o '

/Bell basis [27) = %(\OM R0+ |)a®[1)p) [¥F) = %(l0> ®)p£[1)a® |0>B)\
"1 0 0 =17 | O 0 0 0
E= + 1 0 0 O 0 \IFI: lej: _ = 0 1 +1 0
|(I) ><(I) | — 5 0O 0 0 0 | >< | 2 |0 =+1 1 0
\_ +1 0 0 1 o 0 0 0 Y,




SWAP gate

SWAP (permutation) gate PR e

] =T

Uswap = |0)(®+] + [&7)(@7| + [T F)(TF| — [@7)(e| |
.

Mo = BTN (@] + &)@ | + [WH) (U]

O = OO
IF—*EDCDC:Jl

o O = O

IDDDr—l'

[l = |¥ (|
Uswap =1y — 11 )
" Bell basis N
!¢>i>=%(\0>A®\O>Bi|1>A®|1>B) (1 0 0 1] 0 0 0 O]
|(I):I:><(I):|:| _ 1 0O O O O |lIF|:>(\IF|:| _ 1 0O 1 £1 0
9%) = (04 © )5 £ [1)4 ® [0)5) 510 00 o 2o £ 1 o0
\ +1 0 0 1 i ] /




Uswap = 1l — 114

[y + I, = I
¥) = olyh) + 11 [h) {

HRIRI

0) ® [4)) > (10) +[1))/v2 ® (To|) + M1 [h))
cSAWP, 1/v/2(|0) ® (Ho|v) + 1 |[¥) + 1) ® Uswap (Io|th) + II;|2p))
= 1/v2(|0) ® (Tl|y) +TI_|)) +|1) @ (Mp|w) — My]h))

_[0)+]1) 0) - [1)
V2 V2

22780 10) ® Mo|y) + 1) @ Iy )

® Ip|y) + RILi|Y) = |+) @ Ip|Y) + |—) @ 11 |4)




Uswap = 1l — 114

[y + 11y = I,
¥) = Io[y) + II1[9) {



Uswap = 1lg — 115

My + 11, = I4
P) = o[)) + I [¢) {

0) @ [9) = 10) ® Tho[$) + 1) @ T |9p) = |¢) | Ty =)yl ® Ls }
I + 10 = Iy

Ty = |0Y(0] @ I N
IIo|$) = (]0)(0] ® I)(|0) ® o[} + |1) ® I11 |1h)) = |0) & Mg 9h)
P(0) = ||ILo|#)||* = ((8]Lo) (o] ¢)) = (0] ® (%|I)(]0) ® My |))

\_ = (0[0)(4[TI3[%h) = (0]0)([Mo|ep) = |[Molp)||*




A=1II, - I

[y + 11y = I,
¥) = Io[y) + II1[9) {

(Ty = 0)(0] @ 1 h
IIy|p) = |0) ® Ip|3h)

P(0) = ||TIs|0) |2 = ||IT 2
&() o |@) |7 = |[ILo|9)|] y

o~ a ~
= |¢p) Iy = ly){y| ® 14
My + 1Ty = I

|

The proof works for is general and works
forany As.t.:

A =TI, — II,

It also works for any A and arbitrary size register.




Hadamard Test — Bias of probabilites ~ 77T 0/1
g +11; = 14 : :

_ | A |

) = Ilp|Y) + 111 |7) { : :

P(0) = [[Tol8)I* = IMol4) P P(1) = [ITId)[1* = M )lI*

P(0) — P(1) = ||Ip|¥)|[* — [|T11|4)]|?
= (Y|TI} o |) — (T I |)
= (Y|llg|yp) — (Y|I1|Yp) = (Y| — I11]9))

= (1p|AlY))  [Expectation value of A on state [1))




R o—{ g+ H
SWA Ié;(])(@(:lfl;_)(@_l+|‘I’+)(‘I’+|—|‘I’_)(‘I’_| (’bl) : 0
A — .
P(0) — P(1) = (|Uswap|¥) |
= (1] ® (P2|Uswapr|¢1) ® |P2)
= (91| ® (@2])(|P2) ® |41))
= (¢1|P2) (P2|d1)
= (1|d2)(P1]d2)* = |(P1|d2)]°
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General Swap Test




SWAP Test — Multiple qubits o 6/_1_

[
Single qubit registers | ’O> H * H g\

I" "1 qubit
The Hadamard Test needs to control I Al

the exchange of the two two qubits. ¢) I
1)

Done with SWAP gate. IN qubits
I SWAP

¢2> I N qubits
O = @
Multiple-qubit registers R

The Hadamard Test needs to control M @
the exchange of the two N qubit registers. - . -
The exchange is done: @ Uswap_ @
1. Pair together the i-th qubits of each register e

2. Apply SWAP gate on each pair (controlled by upper-qubit) . . .
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Removing the control qubit




What if we do not need the updated state

( Exist unitary A: N mTT T TTTT T P(i) & T2
I
N Lo + 11 = Ion ) W} : A : } Lo
| I
1L |¢)

If we do not need to use the updated state later in the computation

[T )

we can just measure |t¢) in the eigenbasis of the operator A




What if we do not need the updated state — parity check

A — Z ® Z — HE . HD Non-demolition measurement
]
Z1 ® Za|w1we) = (—1)"19"2|z125)
I, = |00)(00| + |11)(11] l -
II, = [01)(01| + |10)(10] (NS o
Z® Z)Hefo = :Hefo
I_ ________ L :@_x;: Demolition measurement
0)— H—{H >
- - =Y
(0 T,Yy) =xDY
AN p ; ) e
S




What if we do not need the updated state — parity check

A=XX = ﬁe _ ﬁD Non-demolition measurement

Mo = [+ +)(++ |+ - —)(——| — H H

Mo = |+ =) {(+—|+] =+ (- +] T I _
(X ® X)) = £, 0) _d: GL/ A

Demolition measurement

w>{ ; T i |¢>_H

BB

}f(a:,y)zxélay

- H




What if we do not need the updated state — 2-qubit SWAP Test

Uswap = I — II4 /Bell basis h

%) = (00 @ [0)p = [1)a @ [1)5)

Symmetric subspace

o = [@T)(®T| 4 | )(P™ | 4 [T ) (T ) = (1004 ® 1)+ [1)4 ®[0)5)
\_ V2

Anti-symmetric subspace

Hl — |lIl_ > <lIl_ | We can replace the SWAP Test by measurement

in the Bell basis + postprocessing

- - - == = =-=-=-=-====== I Bell measurement + post-processing

I 0/1 I -~

[ \
0)— HF——HF2 T HHA N

~ N

I
I z \

)( : X \by
I

I - . V(I,y)II*M




What if we do not need the updated state — N-qubit SWAP Test

N-qubit SWAP Test We can replace the SWAP Test by measurement
0/ 1 in the Bell basis + postprocessing
1 qubit
00— H T H D
N qubits SWAP N pairs Bell measurements + post-processing
- T
\
N qubit HFA's X1 _ .
OIUIS————1 ————— I - f(xiy)_ Li - Yi
\ @ USWAP : X . e S Y1 '
Jols Slol " 3
. | mi A
| . ~
| ® ! X A s
'® e, (D) ’
) I ¢
I . ¢ -
i . [
I -
U I
® L@ ——h"s Yn




What if we do not need the updated state — general case

/Exist unitary A: I
3N
A =11, — I —
bt i= f(a)
Il + 111 = Ign v) Up _cb}
\_ /
VA =11, — II4

3 unitary Up that diagonalizes A, Il and II;
UpAU}, = Dy — D,

Dy, D1 are the diagonalisation of Iy, II;
composed of {0, 1}




