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Hadamard Test – binary outcome measurements



From the definition to designing a circuit implementing it



Hadamard Test – binary outcome measurements

Exist unitary A: 



Hadamard Test – unitary is observable with ±1 eigenvalues 

Observable ±1 eigenvalues 



Hadamard Test – unitary is observable with ±1 eigenvalues 

Observable ±1 eigenvalues 



Hadamard Test – binary outcome measurements

Exist unitary A: 



Parity check



Hadamard test circuit for parity check



Hadamard test circuit for general check



Two-qubits SWAP Test



SWAP Test



SWAP gate 



SWAP gate 



SWAP Test



SWAP Test



SWAP Test



Hadamard Test 

The proof works for is general and works 
for any A s.t.:

It also works for any A and arbitrary size register.



Hadamard Test – Bias of probabilities 



SWAP Test – Bias of probabilities 



General Swap Test



SWAP Test – Multiple qubits 

SWAP

Single qubit registers
The Hadamard Test needs to control
the exchange of the two  two qubits.
Done with SWAP gate.

Multiple-qubit registers
The Hadamard Test needs to control
the exchange of the two  N qubit registers.

The exchange is done:
1. Pair together the i-th qubits of each register
2. Apply SWAP gate on each pair (controlled by upper-qubit)
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Removing the control qubit



What if we do not need the updated state

Exist unitary A: 



What if we do not need the updated state – parity check

Non-demolition measurement

Demolition measurement



What if we do not need the updated state – parity check

Demolition measurement

Non-demolition measurement



What if we do not need the updated state – 2-qubit SWAP Test

Symmetric subspace

Anti-symmetric subspace

Bell measurement + post-processing

We can replace the SWAP Test by measurement 
in the Bell basis + postprocessing



What if we do not need the updated state – N-qubit SWAP Test

N pairs Bell measurements + post-processing

We can replace the SWAP Test by measurement 
in the Bell basis + postprocessing

N-qubit SWAP Test

SWAP

N qubits

N qubits

1 qubit

1

2

N

i

1

2

N

i



What if we do not need the updated state – general case

Exist unitary A: 


