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Search problems

Black-box access to a function: f:{0,1}" — {0,1}

Promise: f(x)=1ifx =s;, f(x) =0 if x #£ s;
Problem: find one s;

® Examples:

O Satisfiability problems: 3-SAT
O Finding a cryptographic key by brute force

® (QQuadratic improvement only

@® Generalized to approximate counting of solutions



Unstructured Search

Black-box access to a function: f:{0,1}" — {0,1}
Promise: f(zx)=1ifx=s,f(x)=0ifx # s

Problem: find s
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® We need to implement O(2""/?) Grover iterations
@ Classically we need O(2")




Unstructured Search

Black-box access to a function: f:{0,1}" — {0,1}
Promise: f(x)=1ifz=s, f(z)=0if x # s
Problem: find s

0)—H— . N
5 ) 9g) = sinfy|s) + cosby|s™) NE)
I
T 10)
sT) € subspace of unmarked elements %0

0y angle between |¢g) and subspace of unmarked elements.



[10) = sinby|s) + cos Ho\sﬂ | — |5>

1 NTe— .
sin 6y = NG s™) S me{o,;:m‘ )
Glibg) = sin(30)|s) + cos(30)]s™) 5) L)
01 = (2+1)0y = 364 “ Vs
G*|ho) = sinby|s) + cos b;|s™) 290 o)
gt — (2t -+ 1)90 // 7
57)
~ o T T 1 T
T >>1: 07 ~ 276, 400 4 sinfy 4




Unstructured Search

Black-box access to a function: f:{0,1}" — {0,1}
Promise: f(zx)=1ifx=s,f(x)=0ifx # s

Problem: find s
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® We need to implement O(2""/?) Grover iterations
@ Classically we need O(2")




The first Grover Iteration: Geometric picture

@ First step: a reflection over |s*)
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@ Second step: a reflection over |ig)




A general Grover Iteration: Geometric picture |

@ First step: a reflection over |s™) | |s)
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A general Grover Iteration: Geometric picture Il

, Viv1)
® Second step: a reflection over [¢g) |s) . Z
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The Grover Iteration: 15t Reflection via Phase Kickback

® Promise: f(z)=1ifx=s, f(xr)=0if x # s
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Phase Kickback ~~_ J " ]sh)
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f(x) =1 if x = 5,0 otherwise:
{ Us(als) +bls™)) = —als) + bls™) }

® U; implements a reflection over |s*)




The Grover Iteration: 15t Reflection via Phase Kickback

Phase Kickback 1)
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The Grover Iteration: 2" Reflection
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f(x) =1 if x = s,0 otherwise:
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The Grover Iteration: 2" Reflection
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f(x) =1 if x = s,0 otherwise:
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The 29 Reflection

= 2ol - Rloh) + o) = i) -l
f(x) =0if x = 0™, 1 otherwise:
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The 29 Reflection
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Unstructured Search

Black-box access to a function: f:{0,1}" — {0,1}
Promise: f(zx)=1ifx=s,f(x)=0ifx # s

Problem: find s
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General Reflection

{ R =2[y) (| =1 R(alto) + bty ) = a¢0>b\¢oL>J
f(z) =0 if x = 0", 1 otherwise: Choose Uy s.t.: Uy|0™) = [1))
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Multiple marked elements

Black-box access to a function: f:{0,1}" — {0,1}

Promise: f(x)=1ifz=s, f(z)=0if x # s
Problem: find s belonging to set S of size D.
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