Ol tp
@@ THE UNIVERSITY of EDINBURGH

< o

B bEEd B f i'.

o - A

N: INTOrMAarics
<'(\«[.3‘_11\1'\3\-\

Introduction to Quantum Computing

Lecture 16: Hadamard Test

Raul Garcia-Patron Sanchez



Hadamard Test — binary outcome measurements

4 . . N
We want to ask the question: ” Are you in subspace Il or 1I;7

\_ )

@ Syndrome measurement in quantum error correction

@ SWAP test: overlap between quantum states, measurement of purity with two copies



From the definition to designing a circuit implementing it
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We need to find the circuit Upy ‘0> .
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Hadamard Test — binary outcome measurements

/Exist unitary A: I
A =TI, — II,
N HO + Hl — IQ“‘ y CT T T T T TT T 1
10— H 4 el
V) — A

@ Syndrome measurement in quantum error correction

@ SWAP test: overlap between quantum states, measurement of purity with two copies



Hadamard Test — unitary is observable with 1 eigenvalues

/Observable +1 eigenvalues \

A =11y — II;
\_ /
® A is also a unitary matrix
AAT = (ITy — 10, (I — ;) = T2 — TIoI0; — I 00 + 112 =1y + 11, = 1

T .
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Hadamard Test — unitary is observable with 1 eigenvalues

/Observable +1 eigenvalues I, = Z ‘UEH’UE;‘ \
A= H() — Hl k
Iy + I1; = Iyn M=) |v){v|
[
K AHU/I — ::HD/I /

[ ATl = (IT, — TI))TI, = T, — 112 = —1I1, }
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Hadamard Test — binary outcome measurements

/Exist unitary A: I
A =TI, — II,
N HO + Hl — IQ“‘ y CT T T T T TT T 1
10— H 4 el
V) — A

@ Syndrome measurement in quantum error correction

@ SWAP test: overlap between quantum states, measurement of purity with two copies
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Hadamard test circuit for parity check

A=72Q 7Z =11, — 11,

Z1 ® Zslxrixo) = (_1)$1@$2|$1$2>
I, = [00)(00] + [11)(11]

Ally/ = £I1y I, = |01)(01| + [10)(10|

(Z ® Z)Heﬁ} = :Heﬁo

A =T, —II,
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Hadamard test circuit for general check

P=P®..QP, =1, —1I_;

A =1y —1I; P, el{l, XY, 2}

g + 11; = Ign Pll; =114
AHU/I — Zimhg/l H_|_1 —|— H—l — IQ'H-
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SWAP Test

d1)
D2)

P(0) — P(1) = [{¢1]¢2)[7

We need to run multiple experiments to estimate P(0) — P(1)
For precision € we need O(1/¢€?) circuit runs

Hidden assumption: We are assuming we can prepare same copies every time (not specific to quantum)



SWAP gate

SWAP (permutation) gate _(1) 8 (1) 8 SPAR EaSY
B=10 10 0 I — lll
00 0 1 &

" Does exisits{a, b, c,d} s.t.
Uswap = a|®T)(®T| 4 b7 ) (7| + c[¥T)(TT| 4 d|@7) (7|7

\
/Bell basis [12%) = %(\@ ©[0)p+[)a®)p) [TF)=—7=(0)a®|)p£[1)a® \0>B)\

7
"1 0 0 +1 1 0o 0 0 O
110 o o 0 + 4 0O 1 £1 0
SR —
@) (P |_§ 0 0 0 0 &) (] 2 10 =+ 1 O
N 41 0 0 1 0 0 0 0o




SWAP gate

SWAP (permutation) gate I Gf lﬂf

Uswap = [®F)(®F] + [&7)(®7 |+ [TH)(TF] - &7 )(&7|
o = [@F)(BF] + @) (& | + [T} (T h

o= o O
O O O

o O = O

o0 O -

[T, = | )(¥|
Uswap =1l — 11 y
/Bell basis A
yq>i>—7(|o> A®|05+|D4®][1)5) (1 0 0 &1 1 0 0 0 O
1{o 0 0 O 0 1 +1 0
X 2=H2E =510 0 0 o =510 21 1 o
B5) = —(10)a ® [1)5 + 1)4 ® [0)5)
\_ V2 +1 0 0 1 0 0 001 )




Uswap = 1o — 11 E’0>—H — H D
g + 11 = 14 | J
)= Talf) + T} 1 |

HRI®L. /1 | 1\ ) /oo (1 L\ L T Ly

0) ® ) > (10) +11))/v2 ® (To 1) + M [4))
cSAWP, 1/v2(|0) ® (To|ep) + I1|9)) + 1) ® Uswap (ol + II1|e)))
= 1/v2(|0) ® (Tlp|yp) + 1 ]¥)) + 1) @ (Io|yp) — II1 |9))

_[0)+ 1) 0) - [1)
V2 V2

2880 10) @ Toly) + |1) @ Iy [4h)

® Ip|y) + RILi|¢) = |+) @ Ip|Y) + |—) @ I1; |[4)




Uswap = 1o — 11 E’0>—H — H D
g + 11 = 14 | J
)= Talf) + T} 1 |



Uswap = 11y — 11, E’O>—H — H D E

Iy + 11, = I4 | ! :

)= )+ T | | ;

0) @ 1)) = [0) ® Thol) + 1) @ T [p) = |6) | My =ly)wl @1
[Iy + 1I; = Ig

[To|¢) = (|0){0] ® I)(|0) ® Io[9h) + 1) ® I [3h)) = [0) ® o))
P(0) = |[To|¢)|1> = ({¢[To)(ITo|4)) = ({0] ® (#[IL)(|0) ® To|4)))
N = (0]0)(s|TI5|) = (0]0) (x| To|¢p) = [[TTo|4)||”
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General Hadamard Test




A=1II, - I

[y + 11, = I,
) = o) + I [¢)) {

0/1:
H | H o

A i

=19) [ W=l ek
o+ 10, = Iy

/1:[0 = 0)(0| ® I A
Ily|¢) = [0) ® Io|e))

P(0) = ||IIo|é)||? = ||IT 2
k() [[Io|@)||* = [0 |9} 5

The proof works for is general and works
for any A s.t.:

A =1, —1II,

It also works for any A and arbitrary size register.




General 1 eigenvalues measurement

/H:HO@Hl\ "___———————————.—|
}sz
[I1L; |4

Ho+1lh =1 —{H ] HE
N Y

¢>} . A

B) = 10) @ TL|eb) + |1) @ T, [ep) —-—----—======--

[~ L ™
IIp = 0){0| ® I L @ _ 10y @ Ilp|eh) _ 0) ® IIo|4))

| P(0) = [ITol$)|I” = IITo|w)|[>  [Tol@)l] Il o]

=)ol L(6) _ Hey) Wiy
PQ) = |IL|@)|2 = I )|*  ([Mmg)]| [l [T )
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Hadamard Test - Bias of probabilities ~~ """ """ 0/1
A =1y —1I; 10— H x H 5 E
g +11, = 14 : :

Y) = o |Y) + 111 [9) { ! 4 i

P(0) = [IMo|8)|? = [ITol)|? P(1) = IfI6) 12 = 1T ) 1* |

P(0) — P(1) = ||To|p)||* — ||TL;]eb)||?
= (Y| Mo|9p) — (W[TI]TT4|%)
= (Y|Ip|y) — (V|11 |[¢) = (Y|l — 111 |2))

— <¢‘ AW) xpectation value of A on state |i))
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Back to SWAP Test
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SWAP Test — Bias of probabilites , 6/_1_:

|

I

1 0 0 0 |
0010

|

|

I

00 0 1] ¢’ >
Uswap = [@T) (@] + @)@ | + [T (TT| — |®7) (| 1
P2) — X

P(0) — P(1) = (¢|Uswaplv)

b1 ® (92|Uswapr|d1) @ |p2)
1| ® (P2])(|P2) ® |¢1))
h2)(P2|P1)

B2) (P1]d2)* = [(¢1]d2)|?
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General Swap Test
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[
Single qubit registers I ’O>1 ubit H H g\
The Hadamard Test needs to control I A
the exchange of the two two qubits. QS > I
Done with SWAP gate. 1 IN qubits
I SWAP
¢'2> I N qubits
_____________________ ol
@ USWAP
Multiple-qubit registers
The Hadamard Test needs to control 4USW_AP. @
the exchange of the two N qubit registers. - . _
| . R .
The exchange is done: @ Uswap @
1. Pair together the i-th qubits of each register -
2.  Apply SWAP gate on each pair (controlled by upper-qubit) . é .
Uswap
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Removing the control qubit
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What if we do not need the updated state — general case

/Exist unitary A: I
N
A=T1I, —II; —=
g +11; = Ion V) Up _&}
= /
VA =1, — II4

3 unitary Up that diagonalizes A, Ily and II;
UpAU}, = Dy — D,

Dy, D, are the diagonalisation of IIj, II;
composed of {0, 1}
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