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Introduction to Quantum Computing

Lecture 19: Quantum Phase Estimation

Raul Garcia-Patron Sanchez
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From Hadamard to QFT

/Hadamard Gate —1 = Biﬂ\
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Quantum Fourier Transform over Zgn

4 . N N N
) QF1on ! 22_:1 627r7;a;y/2”‘ > Hla) = 7[|0> (D7)
/ 2n/2 =0 ’ 1 27T7LO i
o Hl|z1) = 77 110) + e 1))
\ 2N /
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Binary representation: z = 212" " 4+ 202" 4+ ... + 2,12 + 2,
Binary fraction: 0wmwiii..wm, = — + —L 44—
9 22 am—Il+1
\ /
i We will now prove
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Quantum Fourier Transform over Zgn
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1 0
@ QFT up to a reverse of the order of qubits. Iy, = {O 6@'27?/2’“]
N J
@ Unitary as composed of unitary gates. - ~
- O(n°)
@n+(n—1)+..4+1=n(n+1)/2 gates are required
+n/2 SWAP gates (3 CNOT) gates y
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General 1 eigenvalues measurement

H— oo Hy L P(0) = |IT1)
HO —|—H1 p— ] :|O>—H x H_ﬁl
A= —1h !

} I1;|4)
[T |30} ]

(—1)* = e*™"* where z € {0, 1}



Quantum phase estimation: applications
ﬂ/leasurement register t qubits Binary encoding of ¢ \

— QFT — QFT' -

T -
UL U )

@ Factoring: Shor’s algorithm

@ Quantum counting = Grover + Quantum phase estimation
@ Quantum chemistry and many-body physics: energies estimation

@ Quantum Metropolis Sampling



The eigenspace and eigenvalues of unitary matrices

/\Speetral theorem| Unitary U: UU' =U'U =1 N\
JV . VUV = D = diag(e?™1%1, .., e2TN)

0 N eigenvalues in the unit circle: \; = e*™*¥"

N N
O U=> e u)(u;|, and V =" " |i){u;
i=1 1=1

.




The eigenspace and eigenvalues of unitary matrices

/\Spectral theorem| Unitary U: UU' =U'U =1 N\
JV . VUV = D = diag(e?™1%1, .., e2TN)

0 N eigenvalues in the unit circle: \; = e*™*¥"

N N
O U=> e u)(u;|, and V =" " |i){u;
i=1 1=1

\

8 Degeneracy )
L O P=I
oU = Z €2mgp"”PfL i=1
i=1 O r; = rank(F;) : ZTZ = N




Quantum phase estimation

[Projective measurement on the basis |u;) with outcome ¢; € |0, 1]}

Assumptions: © we can perform the controled-U 2" operation
OAll ¢; have at most t digits in binary encoding

ﬂ/leasu rement register t qubits Binary encoding of <P\
0) —H ’ — |i,1)
0) —H ¢ — [i,2)
0) —H ' QFTT - |pi3)
0) —H — i)
Target register T

\‘Ui>{ ) U21E L U2tE}‘Ui> /




Quantum phase estimation

ﬂ/leasu rement register t qubits Binary encoding of (p\
0) —H——9 — lpia)
0) —H ’ — i)
0 t ®
) —H ' QFTT — lews)
: : : P
0) H T — |pie)
Target register
L] coee . ®
1 t
v) {— v purH v v =}

" Y

0") @ 1) = [0") @ ZPIw Zm" @ P;[v) %Zm @ Pi|i)

o P; is projector on subspace of elgenvalue el ¥
© With probability ||P;|¢)||? the measurement outputs |p;)




Quantum phase estimation: Proof

e . ™ Vi1 ©Pi,2 90 )
. Z’ : O. Z‘ Z‘ o o 0o 0 ?: : ’

N U|u%> = T u,) J { (10) + 1)) ® |ug) = (|0) + €™#4|1)) ® \uz>]

ﬂ/leasurement register t qubits \
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Quantum Fourier Transform over Zgn

Binary representation of integers: z = z129....2,
2=212"" 4 22" % 22 2112 212+ 2,
. . w1 Wi,
Binary fraction: O.wi..wmym = — +...+ 5~
- ° ° /
@ Encode ¢ € [0,1] into a phase e*™%

g < n—1-—1 An—I1+1 n A
627m'z2_l _ 627Ti(212n_l_1—|-222n_l_2—|—...—|—zn_l)627Ti0.zn_l_|_1zn_l+2...zn _ o2Mi0.2n 14120142 Tn
o %

<
o = 0.w1....wy,
2mwi2¢p 2w (2-:0.wiwe... Wy ) __ L 2T(w1+0.wa....we) _  2Wi0.wa... Wy,
k@ — € — € = € y




Quantum phase estimation: Proof

C Ulw) = e )
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Quantum phase estimation: Proof

i1 0,2 i,
{goz- < [0, 1[ i = 0.051052....05t = 902 =+ 22 + ...+ gttJ

£€2ﬂ'i2k<p _ 627T’i(2k_1907;,1-|—---—|—907;,k)GO-SOz',k-H---CPz',t _ eo-cpi,k-l—l---‘Pi,tJ
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H
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Quantum phase estimation: Proof

i1 7,2 i,
{%‘ < [07 1[ 0; = 0.0 104 2....05 ¢ = i + i + ...+ i t}

2 e 21

{> a7z (10) + €207 [1))((0) 4 27105150 1)) (0) €207 n1>>}

QFT
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Quantum phase estimation: Proof

i1 0,2 i,
{goz- < [0, 1[ i = 0.051052....05t = 902 =+ 22 + ...+ gttJ
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Quantum phase estimation

ﬂ/leasu rement register t qubits Binary encoding of (p\
0) —H——9 — lpia)
0) —H ’ — i)
0 t ®
) —H ' QFTT — lews)
: : : P
0) H T — |pie)
Target register
L] coee . ®
1 t
v) {— v purH v v =}

" Y

0") @ 1) = [0") @ ZPIw Zm" @ P;[v) %Zm @ Pi|i)

o P; is projector on subspace of elgenvalue el ¥
© With probability ||P;|¢)||? the measurement outputs |p;)




Application and Discussion
ﬂ/leasurement register t qubits \

0) —{H——¢— — |i,1)

‘0>_@ 4 ; |pi2)

n 10) —@ FT'— |03,3)
[omwwz%qu /T . QFT'F

) 10) —H] 1 —05.t)

Qw> { — U : U21: U22 U2t : } PZ|¢> J

@ Can we implement U 2kefﬁciently?

O Sometimes YES!!, see Shor’s algorithm.
O Most of the time not! or we could exp-accelerate quantum simulation.

@ To obtain ¢ accurate to n bits with probability of error ¢

1
- 50|

O we need to satisfy: t = n + [log(2 4
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Shor algorithm:
QPE for modular exponentiation
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Shor’s Algorithm for Factoring

Input: N € N. An n digits integer number.

Promise: N = pip2 where p1, p2 are prime numbers.
Problem: find p; and po

@ Major breakthrough in 1994

Changed the ﬁeld of quantum computation

Nli

Home About the book Ab tthelauthor? Photos’ Reviews:

How the Hippies

Saved Phgsms How the Hl

Saved Phgsics
e | SCIENCE, COUNTERCULTURE, QUANTUM
i AND THE QUANTUM REVlVAl | (] TECHNOLOGIES

The surprising story of eccentric young scientists { -
“arl::ostood‘ up to cs(;?:ention—and changed the / p F‘? C) Cj [D\ A M M E

UK NATIONAL




Summary Factoring
® Pick kK € N: kK < N at random.

® Compute GCD(k, N) Using Euclid’s Algorithm.
If GCD(/Q, N) # 1 — GCD(/{’ N) — pl or p2 As unlikely as ! J

random guessing
-

[fN,HJ(x) = k" (modN) Least positive r : k" (modN) = 1}

@ We call ORDER FINDING to obtain 7.
@ GCD(k"? —1,N)=p; GCD(x"/2+1,N)=ps

[Hl riseven: r/2eN.  H2 k72410 (modN){Ja@
@ We have a verification of solution. [ Plk < N:HINH2| > 1/2%@
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Phase-estimation for order finding
-

N / ster t qubi rror prob
. Measurement register t qubits pI‘O . 6\
Uly) = [ky(modN)) 0 @ ' G
0) —iH} ?

Unitary as GCD(k, N) =1 7l i
9 y \0> ﬂ. ' QFT :
(. . A \0> H]

Binary encoding of NV T
\L — “Og(N)_‘ I U : U21: U22 U2t ’us>

N
(=
2

e

@ |uy) is eigenvector of U of eigenvalue e?™**/" with s € {0, — 1}

ug) = fze—zrmsi/rm (mod)N) U\u3> _ 627Tis/r‘u8>

@ Continued fractions extract s/r from

1
® Approximation ¢ of 2L + 1 bits, if t = 2L 4+ 1 + [log(2 + 2—)1
€



The input state

4 I
. Measurement register t qub I'TOor pI‘Ob. €
Uly) = [rey(mod N))[ e =
) ' p R s/
\Unitary as GCD(k,N) =1 , ‘?> @ . QFTT :
0) —{H] T
QD — v urH v = v — |us) y
2mwis/r

® |ug) is eigenvector of U of eigenvalue e

® But to generate |us) we need r!

% i ug) = 1) = [0) @ ... ® |0) ® |1)



Post-processing: potential error

4 N
_ Measurement register £ qubits IrTOoT prob, €
Uly) = lry(modN))| 722" o)
0) —H]| v
\Unitary as GCD(k,N) =1 , ‘?> @ . QFTT :
0) —H] T
— v urH v = v — |us)

i ="

@ Continued fractions computes the nearest s’ /r’ such that GCD(s',r') =1

/ﬁ

® Error if s'/r' = s/r and GCD(s,r) # 1

1 r—1
1) = — )
O For random s € {0,r — 1} high prob. GCD(s,r) =1 ) NG SE_:O us)
#co-primes: (r/loglogr) = repeat O(log L)
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