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From classical to quantum oracles

Every classical oracle has a quantum analogue

Construction via reversible classical oracle
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Allow superposition of inputs
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Reversible classical circuits: Toffoli gates

 Toffoli gate "\ (Reversible as self-inverse
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From classical reversible to quantum circuit

 Toffoli gate N CNOT gate A
a) —e—|a) b) ——[b)
b) ———— |b) o) —e—lcab)
N c) an c P ab>/

@ Now allow for superpositions!
@ Toffoli gate = Control-control-NO™T
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Phase Kickback
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Phase Kickback
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We can forget the ancillary qubit output

Phase chkback . 4 W|0> |¢|1> \¢|2> \}M N
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Phase Kickback f:4{0,1}" — {0,1}
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Balanced or equal function Game

//f :10,1}" = {0,1} 3
Constant: f(z) =c Vx /\O>— niaanin [7\\
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Detecting linear functions

/ 2 Y 4 I

(f:{0,1}" = {0, 1} h 10y + e
Promise: f(ilf):a-a’;:;aixi mod 2 gi_: Uf_:_?
Problem: Find a A2\
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The same circuit as for Deutsch-Jozsa allow to guess “a
with a single query to the quantum oracle where
classically we need at least n queries.
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Walsh—Hadamard transform
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Balanced case

/;}?:{0,1}”-—>{0,1}

| Problem: Find a

Promise: f(x) =a-x = Z a;x; mod 2
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Outcome zero decides
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Bernstein-Vazirani Algorithm|[BV93]
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o If y = a we have (=1)*®¥)* =1 w P(a)=1

O As ZP(@) = 1 we have that Vy # a: P(y) =0



Classical strategies

( " R A
f:4{0,1}" — {0,1} _
Promise: f(z) =a-x = Z a;x; mod 2 é@ P

\\Problem: Find a i y y

® Each query reveals at most 1 bit of information about a

a contains n bits, therefore we need 2(n) queries to learn it

® Linear separation between the quantum and classical complexities.

O Recursive version of problem needs poly(n) quantum queries.

Q(logn)

Classical randomized algorithms need n queries.



Phase Kickback is a fundamental subroutine
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General Phase Kickback

U : |z) — e'|z)
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Phase: €' - Complex number of norm 1(scalar)

If ¢ = zm where z = {0, 1} we have e'? = (—1)?
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