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Introduction to Quantum Computing

Lecture 13: Simon’s Algorithm

Raul Garcia-Patron Sanchez



Find the period

//f : {0,1}" — {0,1}" N\ p N
Promise: f/is 2-to-1 aI/ld periodi:: on {0,1}" e !
flx)=f(z')ex=xorx=2 Pa (a#0) separation

KkProb]em: Find a // | /
* Inspired Shor’s Algorithm ﬂuantum subroutine \

* Can be used to break some 0) — H H— N
cryptographic primitives 0) < H H —
(see references) 0)— H 0 H—EN
O)— H f H @
Qy . I
z)|0") — |z)|f(x 0en—— ==
z)|0™) z)|f(z)) NS y




Simon’s Algorithm
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Projective and partial measurements




Projective measurement

ﬁ projective measurement consists of a set of projectors HN
l

Completeness relation: Z I, = 1,
i=0

Orthogonality relation: II,,II, = ¢, ,,I1,,
Probability of outcome i reads: P(i) = ||II;|1)||? !

The quantum state 1s updated to ,
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Two-qubit example
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Two-qubit example
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Two-register example

Two registers of n and m qubits respectively :

¥)

ﬁrojected vector \{Qp) B ;; %,w\w> ® [w) J

I, [¢) = (I ® |y) (y])|¥) = (Zwm,y ) ® |y)
Probability of outcome “y”: ||]:[y|¢ ||2 Z|¢$’y|2

Updated state after outcome “y”:

_ Iyly)y 1 X Y
U= T Vs el (;%’”' >)®'y> e




2
Simon’s Algorithm

Raul Garcia-Patron Sanchez

g

> !
£ 3 2 1 . | | ) 0
. ' ? . | | | e :
- ] | 5 ~
' | | 1 |
= ! ’
> 1 | ’ ! |
) f
2 ‘ J 4 -
¥ . - i
N B )
i -




Simon’s Algorithm
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Simon’s Algorithm
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We are measuring the lower register. Remember we
~ cannot choose the outcome, but it results from a
random process. For a given output “y” we can

Ve
]j ’t/) 1 define its corresponding projector (see above). The
|"/)y> — = y| ;H — ( \/|{ f( ) }| Z |$>) ® |y> — |¢’y> ® |y> squared norm of the projected vector gives the
L r)=1Y . — probability. We can then compute the updated
\_ v:f(®)=y ) global state (see left box).

[TL, )2 = |{$:f(25f3:y}| [ S| : size of set S ]




Simon’s Algorithm

£ O

CF0 - 01y 1 7 . — )

i — |
B |¢y>

Qy

- Ll _ 1 D, o) | ey =) ®ly) Yy <
Joll ~ \ Vi @ = vl . 7, " oy e = £ )

\ /\ S (S F— /

We can think of |y> as the state of the lower register encoding

@ f(ﬂ;‘) belng a 2-to-1 funCtion: the outcome of the measurement. Remark: in a practical

implementation it would most probably be a classical register.
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We are not going to act on the lower register anymore after its

> _|_ ‘$ a)] measurement. Therefore, to analyze the algorithm we could follow two
equivalent approaches: 1) use the global state |1/Jy)and any operation A

(unitary or projector) acting on the upper register needs to be represented

by a tensor product AQ) I; 2) Ignore the second register. For simplicity we

are going to use option 2 and work with |¢y) directly.
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What if we measure after the oracle?
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What if we measure after the oracle?
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We get an input associated with output

ow. .7 “w_7”

y” as y=f(x). But to guess “a” we need both
“x” and “x + a (mod 2)” and the probability to

measure the same “y” again is going to be
exponentially small.




Simon’s Algorithm
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® Walsh-Hadamard (and linearity):

R |
|py) —— —=

V2

2.

b} [ | J

1 1
- )7 |+ | = 3 (—1%%@@)-2!2’)}
|: (‘/27 z€{0,1}n ) (\/27 z€{0,1}n

|:(_1):Ey-z n (_1)(my@a)-z] 2)

(|zy) + |2y ® a))

-

O -
~— ~— ~— ~——
I

—

ay :
E@@

Forzst.a: -z =1 (mod 2) we geta
zero contribution (amplitude
interference). Onlyzst.a-z=0
(mod 2) are left (with a contribution
of 2), which changes the 1/v/2m+1
to 1/v/2™1 in the normalization.

There exist 2"~ 1 n-bit strings z satisfying a - z = 0 (mod 2),
which is consistent with the normalization term as one would expect.

Walsh—Hadamard transform
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Because we are measuring the computational basis on the full upper &
register (remember we are ignoring the lower register) we can use the

old rules for outcome probabilities:
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Probabilityv of out " P(Z) = N2 = Q - - 9

robability of outcome 2’ : P(2') = [(2'|¢,)]| = on1

! n . ! Notation remark: We have used so far z to label the
z € {0? ]‘} - A2 = 0 elements of the computational basis of the upper register

) n , ) . state before measurement. We are using z’ to refer to the
{z' €{0,1}" : a- 2" = 1} have zero amplitude and probability. label of the measurement outcome (in the computational

basis).

Each oracle call generates a sample z' of n bits

b {Zf S {0: 1}?1_ - A zf — O} that satisfies: a - z’ = 0 (mod 2).




Simon’s Algorithm fa'Yerx=2"orz=2"Da

@ Classical post-processing: solve system of linear equations:

(For simplicity we use z instead of z’ from now)
f G1Z§l) + GQZ(I) + -+ anz(l) — 0 mod 2 |1. Thei-th outcome generates a
(2) (2) 2) _ 49 sample z® of n bits that satisfies:
{ a1z, + a2z —I—-:-—I—anzn = (0 mo a-z® =0 (mod 2)
. 2. We generate n — 1 samples.
a1z§'”" ) 4 as z('”' Dy anz" 1) =0 mod 2 [3. Ifn— 1equations are independent
\ we solve the system of linear equations
using row-reduction with XORs to triangular form.

@ n — 1 independent equations leave us with a 1-dimensional space of solutions {0, a}
We were given the promise that a # 0, so only a is left.

1
@ Probability of n — loutcomes being all linearly independent (see proof slide 20):P > 1

Repeat until success (getting n-1 lin. ind. eq.) adds a constant factor to the
required oracle calls guaranteeing the O(n) scaling.

A better strategy is to add sample z(® only if it is linearly independent of the
previous ones and keep trying until you collect n-1.

For some hardware it may be better to do all quantum runs before classical post-
processing. Then generate ~ 4n samples z(Y and extract n — 1 lin. Ind. ones.




Classical queries
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@ We need to find a pair z and z’ such that f(z) = f(z')

Solution a = x & &’

® Success probability: Prlx = 2’ @ a] = on _

® For T queries we have at most T different pairs:
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We do not need to measure the lower register
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Neither “x,” nor “y” plays a role in the post-processing.
We could forget the value of “y” and nothing would have changed!

We could have done an alternative proof where we were not measuring the lower register, but only the upper one at
the end. We would have ended with a “garbage” quantum state on the lower register (with some dependency on the

outcome z’) that is not needed at any stage of the algorithm.

Remark: in quantum mechanics, measuring a register and forgetting its outcome is equivalent to “removing” the register you would have measured.
This can be proven using the density-matrix formalism and partial trace. This formalism is not covered in IQC but you will use it in QCS. See also NC 2.4.
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@ Probability of a linearly independent set from first n — 1 samples:
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