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Introduction to Quantum Computing
Lecture 14: Parity Check

Raul Garcia-Patron Sanchez



Quantum Error Correction in one slide

@ Noise is local: independent for every qubit

@ Our operations are perfect: error due to interaction with local environment.
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® In reality we also have correlated errors
® Our operations have errors = Theory of fault-tolerance






The repetition code |

Encoding 07 — 000 Codeword
1, — 111

/Binary symmetric channel
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Error correction: majority vote
{000, 100,010,001} — 0O,
{111,110,011,101} — 1,
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The repetition code

{Encoding O — 000 Codeword} /[n, k,d] code A

1, — 111 n : codeword length
/Binary symmetric channel ) k : # logical bits

d : min Hamming distance

0 i > 0
>< {OOO —+ 010 1 e : # correctable errors
1 1

\_ L, y \ e=[(d—1)/2] /
4 N\

Error correction: majority vote
£000, 100,010,001} — 0;
f111,110,011,101} — 1p
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Paritychecks
Encoding 0; — 000 Codeword @ @ @
1; — 111

1 D T2 To D T3

Received | Parity Parity Error Output
Word Check 1 Check 2 | location

000 0 0 no 000
001 0 1 3 000
010 1 1 2 000
100 1 0 1 000
011 1 0 1 111
101 1 1 2 111
110 0 1 3 111
111 0 0 no 111
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Quantum parity check
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Example: Parity of 2 qubits

® 1 =H.PH,=span{|00),|11)} & span{|01), [10)}
[@ = Direct Sum]

® II, = |00){00| + |11)(11

I, = [01)(01] + [10)(10] [ ‘re T 1o =1ls




From the math definition to an actual circuit
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Parity check circuit




Parity check circuit — general input
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Parity check circuit — general input

& a
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E¢in>} : }‘¢E/ﬂ>: \/ 1402 <
: ‘O> /\/L i ﬁ/o : ‘@b!) — Z ¢$1,$2‘$1;$2> 0 ‘iEl @ﬂ?g)
L k_/_w___i__fl_@_ﬂfz_: . 1,22 y
M l:IE =I1® I®|0)(0| T T

v I, =1Q1x|1)(1] e +11o = I3

~

Io|9") = (10,10, 1) + %1,0/1,0)) ® |1)  ||TTo|p")||? = |tho1|? + |10/

fy _ 1|¢) 1 i
o — po p— 3 O:r]- _I_ ) 1!0 ® ]' — !D ® ]'

\_ /




The bit flip repetition code
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The bit flip repetition code: encoding

0)r — |000) 1) — |111)
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Syndrome measurement

@ Error detection: measure Z; ® Zo and Zo ® Z3
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Measuring the parities reveals which qubit flipped
without revealing or collapsing the state, i.e.,

it preserves the superposition (assuming only one error).
Logical states and its single bit-flips are eigenstates of both

parity check operators. Tr1 D xo To D T3
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Parity check of phase
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[—X— = {HHZHHF  #i = 5500+ (171 = \i>]
Bit flip error P (() 1) Phase flip error _
IXT b0 141 Z:(o —1)
Xlx)y=|zdl) | |H Z|+) = |F)
® Basis Z|x) = (—1)"|z) X|£) = +|£)
® Parity check A ® Parity check X ® X
II. = |00){00] + [11)(11] [Te = | ++)(+ + [+ = =)~ —|
IT, = |01)(01| + |10)(10| Mo = [+ =)+ =+ [=+) =+
(Z ® Z)y), = £/, (X ® X))o = £/,
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Parity Check as a Hadamard Test




An equivalent circuit
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Tutorial 2 problem 2



Hadamard test circuit for parity check
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Hadamard test circuit for parity check

: Z
‘¢> { : : }He/0|¢>
. A .

71 ® Zo|z1ms) = (_1)m1$$2|$1x2> The operator ?Z: h i

S +1 eigenspace of ZZ is the even-parity subspace
Le — ‘00> (00‘ + ‘11> <11‘ -1 eigenspace of ZZ is the odd-parity subspace
II, = |01)(01] + [10)(10] This will generalize to the

(Z X Z)Hefo — :Hem Hadamard test, see next lecture




Parity in the X basis
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General parity check
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Generalized parity check

Parity-check operator

P=PQPRh®  --QFP,_18PF,

A string of Pauli matrices

P
- P, e {I,X,Y,Z}
W> PH::I — ::H::I
Pn_1 I14+, eigenspace with eigenvalue + 1
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1. Operators and Observables: NC 2.1.2, 2.1.5, 2.1.6.

2. Projective measurement: NC 2.2.5

3. Parity measurement: NC 10.5.8

NC = Michael Nielsen and Isaac Chuang, Quantum Computation and Quantum Information
Cambridge University Press (2010)
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