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Introduction to Quantum Computing

Lecture 16: Hadamard Test

Raul Garcia-Patron Sanchez



From the definition to designing a circuit implementing it
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General parity check

P:JI®---®JHZH0—H1
o; € {I,X,Y,Z}

PH:E = (_]_):17]___[:E Example: Z; ® Z5 parity
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Hadamard Test — binary outcome measurements

We want to ask the question: ” Are you in subspace IIy or II;?

@® Parity checks in quantum error correction

@® SWAP test: overlap between quantum states, measurement of purity with two copies



Hadamard Test — unitary is observable with 1 eigenvalues

ﬁbservable +1 eigenvalues \
o P(i) & (| )|

A =11y — II; (spectral decomposition) g | 7 |
Hg + Hl =1 9n (completeness) : :
All, = (—1)*II, (eigenspaces) : '
\_ AAT = A? = [,n (unitarity) .

IT;|v)
| TT:]5)|

i) =

[o AT, = (T — I,)IT; = TpIT; — 112 = —1I, }

® A is also a unitary matrix
AAT = (TIy — 11, ) (ITy — II;) = 102 — TIpIl; — I, 11 + 12 = IIy + I1; = Ion
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Two-qubit SWAP Test

d1)
d2)

P(0) — P(1) = [(¢1]¢2)|°

We need to run multiple experiments to estimate P(0) — P(1)
For precision € we need O(1/€?) circuit runs

Hidden assumption: We are assuming we can prepare same copies every time (not specific to quantum)



Two-qubit SWAP gate

SWAP (permutation) gate

Uswap =

o= OO

F—X
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g Do there exist{a,b, c,d} s.t.
| Uswap = al@F)(BF] 4+ @) (B | + ) (U] + d ) (U7

/

/Bell basis [|2F) = %(\@ R0y £|1)a®[l)p) [¥F)= 7(\0>A ®[1)p£1)a ®|0)B)

"1 0 0 41 1 0 0 0 0
110 0 0 O + + 0O 1 =£1 0
Eis + _ * /] \/} —
| @) (P~ = 5lo 0 0 o0 (&) (] 2 10 =+ 1 O
\ +1 0 0 1 _0 0 0 0_ /




Two-qubit SWAP gate

SWAP (permutation) gate g- D L S
) L =111

| Uswar = [@F)(@F[ +[@7)(@7| + [T )WH| - [wT)(¥7]
Mo = [&H)(F] + &) (@ | + [TT)(TH A

o = O O

oo = O

o0 O -

I, = (o) (9|
I £
KBell basis I
5%) = —=(0)4 9 05 £ D4 @ 1)) 10 0 41 0 0 0 0
|(I,:I:><(I):|:|:1 0O 0 0 O |IIF':)(\IF|:|:1 0 1 +£1 O
I‘Ili>ZL(IO>A®\1>Bi|1>A®\o>B) 210 0 0 O 210 #1 1 0
\ V2 +1 0 0 1 0 0 0 of




Uswapll, = (—1)"IL; E’O>— Hb—— H D E
g + 11 = 14 | 1 :
)= )+ 1) | X ;

HRIRI

0) ® [¢)) > (10) + [1))/v2 ® (o |¢) 4 I [4))
VAT 1/v2(|0) ® (o) + Iy |9)) + |1) ® Uswap (o |w) + 1 |9)))
=1/v2(|0) ® (To|) + 11 [¥)) + [1) ® (Tp|yp) — II1[%)))

_[0)+]1) 0) - [1)
V2 V2

Z8T8% 10) ® Mo|y) + [1) @ Iy |4)

® Ilo[y) + R IL1[Y) = |+) @ o |¢h) + [—) @ L4 |¢h)




Uswap = 11 — 114 E’O>_H — H e
o + 11y = I : |
¥) = o|¢) + 111 9) { ! X



g + 11, = 14

Uswap = 1lg — 115

) =1gl) +

I, = |y){y| ® I4
:—I[} -+ Hl = Ig

|

Ty = |0)(0| ® I

\_

P(0) = ||flo|)] 2 =

(($I1Lo) (1L
= (0[0) (¥

0l9)) =
5ly) =

[Tol¢) = (10)(0] ® I)(10) ® Mo|9) +[1) ® 1 [9))) =
({0] ® (|,
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SWAP Test — Bias of probabilities

Uswap = 11y — 1I;
Iy +1I; = 1,4

¥) =1olY) + 111 [¢) {

P(0) = ||TTo|)]* = [Tl

P(1) = |[L[¢)|* = L |¥)|*

P(0) — P(1) = ||TI,
= (Y|’

)

1!

2 — [|TLy )] |
To|p) — (¥

TI1TT, )

= (Y| |y) — (Y|IL;|¢) = (P|IIp — I11]9)
= (Y|Uswapr|?¥)

Expectation value of Uswap on state |1))




e 181) x
h2) : X
P(0) — P(1) = (|Uswap|¥)) |
= (¢1]| ® (¢2|Uswapr|¢1) ® |¢2)
= ((¢1] ® (92/)(|92) ® |#1))
= (P1/02)(P2|#1)
= (p1]d2)(D1]¢2)* = [(D1]¢2)|%




. . [ = = = = = = = = e e e e e e e e e ==
SWAP Test — Multiple qubits 0/1

l
l
l
l
The Hadamard test needs to control I
|
l
l

Single qubit registers ’O> .
1 qubit
the exchange of the two qubits ﬁb >
done with a controlled-SWAP gate. 1 n qubits SWAP

¢'2> I n qubits

Multiple-qubit registers USWAP
The Hadamard test needs to control = @
the exchange of the two n-qubit registers. - . -
- U® -
The exchange is done: @ P 1LY N @
1. Pair together the i-th qubits of each register - E -
2. Apply controlled-SWAP gate on each pair (controlled by the upper qubit) . R .
Uswapr
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General Hadamard Test




General +1 eigenvalues measurement

TR

Iy + IO, = Iyn v | A
A =T, — 0, :\0> H x H :
All, = (—1)"I1, ’ i |
AAT = A2 =1 ¥ : A : } I1,]¢))
fk,. = : — J I}
i |¢) = |0) ® IIp|9p) + |1) ® II1|9) memmm e m e mm
_ — \
[l =10)(0| ® I -:-0\@ _ 9 ®Ihly) _ 0) @ IIg|2))
| P(0) = ||TTo[@)||* = [ITo|w)||>  [Iol&)Il [l i)l
P(0) — P(1) = (| A|v) xpectation value of A on state |1))

.
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Subroutine for quantum simulation




Quantum simulation in one slide

. . Y _iHt - )
Time-dynamics of a quantum system: e~ “**|s)) (" et is a unitary operator
The Hamiltonian encodes the “physics”: H = H' = Z R H = Z E;|v;) (v,

h,, are “Hamiltonian terms”: h,, = hL w A J

encoding interactions between parts of the system et — Z et o) {v]
kA]ways defined over some topology: lattice, graph, etc \_ j //
p

Knowing the eigenbasis |v;) is a very hard problem in the general case, even for quantum computers.
Nonetheless, quantum computers can implement e “#? efficiently for “realistic” Hamiltonians (e.g. local).

.

/Ising Model

Each vertex is a qubit (spin)

N Commuting Hamiltonian: I

If all h,, commute among themselves
o tHt _ He—ihwt
Hi= ), 7%;Z®Z w

\ (2,J)EE(G) / K /




Quantum simulation in one slide

Time-dynamics of a quantum system: e~ “**|y) (" et is a unitary operator
The Hamiltonian encodes the " physics”: H=H= Z R H = Z Ej|’Uj) (’Uj|
h; are ”Hamltonian terms”: h,, = hL w ) J
encoding interactions between parts of the system et — Z et o) {v]
\A]ways defined over some topology: lattice, graph, etc \_ j J /
/N on-commuting: Trotterization and other tricks N~ Commuting Hamiltonian: I
If all h,, commute among themselves
—iHAt —ih 1 At A .
e ~]]e emifit = T emihwt
'?.‘_U'r
w
@pproximation for small time steps / K j
d Any set of h,, without overlapping qubits

can be implemented in parallel.

Solve a coloring problem to optimize depth.

G -/




Pauli-string rotation

Pauli rotations e " are useful subroutines in quantum simulation and beyond.\
Single-qubit rotations e—if—} At H o~ 10w’ P
R$(29) — e—iGX Ry(29) _ e—ié‘Y Rz(ze) — o i0Z L

; / 2
4 ' -
e P = cos @Iy — isin OP Iy + 1I; = Ion
B_iQP — E_ie]._.[g + eieﬂl P = H{] — Hl
- - J N J
000 ® =P+ [1)(1| ® &P .
: |
0) : H R, (20) ! 0)
o = I
: |
—10
@b} : )2 P ' e [Y)
| :
= ___ i




Pauli-string rotation — Proof

10)(0] ® e + 1)1 @ P

" R,(20) = e=*X — cosOI — i sin X )
= cosOH? —isinPHZH
= H(cosOI —isin0Z)H

= He "?H = HR,(20)H

1 H ‘ R,(20) ‘ HF

P P

\_ /




Pauli-string rotation — Proof

—{ R — 10)(0] ® e +[1)(1] @ 0P
i I:I:X\

P P ) = =5

- /

(H® L)(0)0]® Lo + 1)1 @ PYH®Ln)

[I@HU +X®H1] = [+ {+ @ Ion +[-){—|® P
—H I Hl— I—;X®(H0+H1)+I2X®(H0—H1)
P :(I—;X_I_I;X)®H0+(I—;X_I—2X)®Hl
k =IQI)+ X ®II; /




Pauli-string rotation — Proof

(R — | (0@ee ™ mee
(e~ P — cog 0l>n —1sin P A
P P i e—'iQP — e—ie]:[o i ei9H1
\ (2 )0l + e 1)1
I, + XTI, | /[0><0| @ e+ [1)(1] @ e {Hoﬂl = (m

—H Hl— (I®Il)+ X @ II;) (e *)|0)(0] ® Izn + €?|1)(1]| ® In)(I @ IIg + X R II;)
I =)0 @ Ty + 0 )1 @T,
+e " |1)(1| @ IT; + e™*|0)(0 @ IT;

P = |0)(0] ® (¢TI + €TI;) + |1)(1| ® (e*TI, + e~*1I4)

\_ =100l ® e~ +[1)(1] ® ™" %
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2. Pauli rotation gadget: NC4.7.3

NC = Michael Nielsen and Isaac Chuang, Quantum Computation and Quantum Information
Cambridge University Press (2010)




	Untitled Section
	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25



  n


  n


  n


  ± 1

