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Introduction to Quantum Computing

Lecture 18: Quantum Phase Estimation
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Quantum Fourier Transform over Zog»
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Generalization to multiple-outcome measurement
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Quantum phase estimation: applications
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The eigenspace and eigenvalues of unitary matrices

: Spectral theorem Normal matrix 4: AAT = ATA h
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Quantum phase estimation

[Projective measurement on the basis |u;) with outcome ¢; € [0, 1)}

Assumptions: © We can perform the controlled-U 2! operation
O All p; have at most ¢ digits in binary encoding
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Quantum phase estimation

ﬂ/leasurement register t qubits Binary encoding of <P\
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O 1I; is projector on Subspace of elgenvalue e
O With probability ||TI;|+)||? the measurement outputs |p;)
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General +1 eigenvalues measurement
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O 1I; is projector on subspace of eigenvalue e
\ O With probability ||TL;|%)||* the measurement outputs |¢p;)
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Quantum phase estimation: Proof
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Quantum phase estimation: Proof
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Quantum phase estimation: Proof
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Quantum phase estimation: Proof
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Quantum phase estimation: Proof
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Quantum phase estimation
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Application and Discussion
ﬂ/leasurement register t qubits \
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@® Can we implement U 2" efficiently?

O Sometimes YES!!, see Shor’s algorithm.
O Most of the time not! or we could exp-accelerate quantum simulation.

@ To obtain ¢ with n-bit accuracy with probability of error ¢

1
o we need to satisfy: t =n + [log(2 + 2—ﬂ
€
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QPE for modular exponentiation




Shor’s Algorithm for Factoring

Input: N € N. An integer with n-bit binary encoding.

Promise: N = p;p, where p1, po are distinct odd primes.
Problem: find p; and po

® Major breakthrough in 1994

@ Changed the ﬁeld of quantum computation
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Summary Factoring
@ Pick k e N:1 < kK < N at random.

@ Compute GCD(k, N) using Euclid’s Algorithm.

random guessing

If GCD(k,N)# 1= GCD(k,N) = py or ps {AS“”'”‘E'V“ L 4 J

[ fnx(x) = k" (mod N) Least positive 7 : k© (mod N) = J

@ We call ORDER FINDING to obtain r.
@ GrCD(/{'a/2 —1,N) =p; GCD(&T/2+1,N) =5
[Hlfris even: r/2€ N. H2 k™2 4+1#0 (mod N)J

@ We have a verification of solution. [ Plk < N:H1NH2| > 1/2}
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Phase estimation for order finding
4 )
. Measurement register t qubits EI‘I‘OI‘ pI’Ob. €
Uly) = sy (mod Ny | o=z E)
| o) 1] . 0 2 8/r
KUmtary as GCD(k,N) =1 , 0>—|E . 5 QFT? ;
(e . ) 0) —{H]
Binary encoding of NV I
L = |log(N — Mol e —
L (Og( )_‘ /@S> — U _U2 - 2 72— ’us> /
@ |u,) is eigenvector of U of eigenvalue e?™*/" with s € {0,...,r — 1}

1 r—1 | |
) = W Ze—QmsUr‘ﬁl (mod N)) U‘US> _ 6271'@5/7°|u8>
[=0

® Continued fractions extract s/r from

1
® Approximation ¢ of 2L + 1 bits, if t = 2L + 1 + [log(2 + 2—)]
€



The input state

/ \ Measurement register t qubits Error rOb. E
Uly) = |ky (mod N)) / P b — \
) ] — p R s/
KUnitary as GCD(k,N) =1 , 0>—|E . 5 QFTT ;
0)—H]} I
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@ |uy) is eigenvector of U of eigenvalue e2mis/T

® But to generate |ug) we need to know 7.

Z\Hs 1) =10)®---®[0)® 1)



Post-processing: potential error

/ \ Measurement register t qubits Error rOb. E
Uly) = |ky (mod N)) / P b — \
) ] — p R s/
KUnitary as GCD(k,N) =1 , 0>—|E . 5 QFTT ;
0)—H]} I
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. . . / /
® Continued fractions returns s/r in lowest terms s’ /r

® If GCD (s,7) # 1 we get ' < r (a divisor of r) !
1) = s
O For random s € {0,...,r — 1} high prob. GCD(s,r) =1 ) VT Z us)
#co-primes: )(r/loglogr) = repeat O(log L)
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