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The ideal life of a qubit in a nutshell

State preparation Operation Measurement

Source of quantum states Circuit/Gates

0) H N e

Quantum random number generator circuit




Classical bits

Today computation is based on the computation on binary registers (bits)

® Turing machines

® Circuits g

® Probabilistic computation

Probability and Computing

Randomized Algorithms and Probabilistic Analysis

Michael Mitzenmacher
Eli Upfal

e Simulated Annealing
* Primality Test




A discrete probability space

e Sample space ) : the set of all possible outcomes.

QZ{Ojlj...}d—l} n bits : d = 2"
e Axioms (state of the system)
i Do i i Po ] -].- -0- -O-
p1 p1 0 1 0
@ p=| . |€R p=| . |=po|.|+p1|.|+ . +pa|.
| Pd—1 | _pd-_ 1 _6_ _6_ _i_

@ p; > 0 (Non-negativeness) sl ot
assical bi

d—1
® P(Q)= qu; = 1 (Normalization) {po} — 1o {1} + {O}
1=0 P1 0 1




Quantum Bit or Qubit

}—\OI:O»—\

Logical zero |0)

These two states (logical 0 and 1) form an orthonormal basis
of a qubit.

Logical one [1) =

General state of a qubit |¢) = z(l)

; € C : probability amplitudes
where |1o|* + 11| = 1 (Normalization)

1 O Linearity of QM allows us to write any

_ — qubit state as a linear combination of
|¢> T ¢O|O> _|_ wl ‘]‘> T wo O _|_ wl 1 logical 0 and 1, as they are a basis for

the qubit state space.




Dirac Notation

/ Dirac notation
) ket

) = ol0) + wal1) = o g +1 |

0
1

|

Paul Dirac: Nobel Prize 1933
Fundamental contributions to:
e quantum mechanics

e quantum electrodynamics

Westminster Abbey (London)



Postulate I: Quantum states

-

A quantum state with d degrees of freedom is a vector
belonging to a Hilbert space of dimension d and norm 1.

\

J

Hilbert space = Complex vector space + Inner product J

[ 1o
State vector |¢) = ?’b_l

a1

= Yol0) + ¥1|1) + ... + Yg_1|d — 1)

y; € C: Probability amplitude of degree of freedom %

d—1 d—1
Normalization: Z@D;‘wi = Z ;] =1 n qubits :d = 2"
i—0 i—0



Hilbert Space: Complex vector space

Addition: H x H — H

o |  Po | o + o
(0f] ®1 Y1 + @1

V) +lo) = | . . .

;wé—l_ _¢€—1_ f@$414‘¢d—1_

Scalar multiplication: C x H — H

o | [ Ao
(51 Ay
ANv)y=x| . | = :
a1 Atg_1

The zero vector: |0) =

S

-




Inner product in a nutshell

4 d—1 I
® (') VXV oF |@g=29=) zy

a and b orthonormal basis:

(a,a) = (b,b) =1

a,b) =0
(@:9) Y
v = (a,v)a+ (b,v)b

e Norm: V — Rsq  ||9]| = +/(9,9) >0

@ Orthogonal transformation preserves inner product



Complex number in a nutshell

Im 4
® C={s=a+ibl(a;b) eR*and " =-1} | z
Trigonometric form: z = |z|(cos 8 + ¢ sin @) b ;
@ Re
® Addition: z1 + 29 = (CLl + CLQ) -+ Z(bl —+ bg) Im 4
<
O MU_ItipliCatiOIlI 2129 = (CL1£L2 — blbz) + i(albg -+ blag) _ .
Re
® Conjugation: z* = a — b o

® Norm: |z| = Vzz*



Hilbert Space: Inner product (Dirac notation) 1 = ¢
Inner product HxH—>C
 Bra O
(1), |9)) Zw b= (Y|g) = @l=[¥5 i i1]
(Wl = )" = (lv)")*




Hilbert Space: Inner product (Dirac notation)

/Inner product: H x H — C ¢ |
P1
(1), 16) =[5 ¥ ... ] x| .

ol

_¢’d:—1_
\§ l
" Bra N ( Ket

AN

Wl=[vs vl - i o=
g d—1
Inner product: H X H — C (Wlo) =)

& 1=0




Hilbert Space: Inner product (Dirac notation) H = C*

Inner product‘ HxH—>C

 Bra O

(1), |9)) Zw b= (Ylg) = @l=[5 ¥ ... ¥i]
(Pl = )T = (lv)h)”

N

Norm: ‘H — R>

11}l = v/@l) > 0
o [19)+ 1) < [[ )]l +l|#)l]  Triangle inequality

Norm being 1 is associated with the
fact that measurement outcome
O Quantum States have Nnorin ]_: H ‘¢>H — ]_ probabilities should sum to one. The
QM equivalent of the normalization
axiom for classical systems (slide 4).




Basis: Computational basis H = C“

Computational basis Hg = Span{|0), |1)}
® V[Y), 3o and ty : [1h) = tho[0) + 91 |1)
This ensures logical 0 and 1 are an
O <O‘1> — O (Ortj_’logonal baSiS) glzt:icr)nn;.rmal basis of a Hilbert space
@ |||0)]| =||1)|| =1 (Normalized basis)

Computational basis measurement

=N on the logical basis (0 and 1) are

‘¢> & associated with the outcome

N 9 | probabilities of the computational
P 1‘¢ ‘ ‘¢1’ basis measurement (logical 0 or 1).

’ ( ) — ‘<OW>‘2 — |¢0‘2 The amplitudes of the quantum state




Quantum randomness generation

/Computational basis \ f 1) \
P(0) = {012 = [o ? <1+>1>77 "
\P(l) = |(1]¥)]* = |4 ; .,'
\ (0]+)[0) |0>J
P(0) =7
+) PANe )
‘ W P(1) =?
_ b IR SO SAPTO 1/@
+)= S50 +11) = 510+ 1) L/ﬂ




Quantum randomness generation

/ Computational basis \ f 1) \

measurement

P(0) = [{0]s)|* = |10l RTESTHY )
P(1) = [(1g)? = [ ? //{

\ J \ (0]4)]0) |o>j
P(0) = |(0+)]> = 1/2
+) oL P 2
| W P1) = (1) =1/2
_ L 1 [1/V2
!+>—\/§(\0>+\1>)—\/§!0>+\/§y1> [1/\/5}




Quantum randomness generation

/ Computational basis \

measurement

P(0) = [{0]4)|* = [3bol”
\P(l) = [{1|)]* = |41 ]




Quantum randomness generation

/ Computational basis \

measurement

P(0) = [{0]4)|* = [3bol”
\P(l) = [{1|)]* = |41 ]




Quantum randomness generation




Quantum randomness generation




Postulate I: Quantum states

A quantum state with d degrees of freedom is represented by a vector in

a complex vector space with inner product (Hilbert space)

) € H=C (Yly) =1

N )
[ Hilbert space = Complex vector space + Inner product J

)y | A d-dimensional vector of complex numbers
(] @ g )
State vector |¢v)=| . ® Qubit: d = 2
; @ Qudit: d > 2
| Ya—1 on qubits: d = 2 P

Y; = (i|yp) € C: Probability amplitude of computational state 4 P(z) — ’wz ’2
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Appendix



Complex number in a nutshell

Im 4

® C={z=a+1ibl(a,b) € R? and i* = —1} Z

Trigonometric form: z = |z|(cos 8 + i sin 6) b

® Norm: |z|? = zz* = a® + b° 4 Re
® Addition: z1 + 29 = (CLl -+ ag) —+ Z(bl -+ bg)

O MU_ItipliCatiOIlZ Z1R9 — (a1a2 — blbz) -+ i(albg -+ blag)

® (Conjugation: z* = a — b Re
(Zl + 22)* — ZT + Z; (2122)* — ZTZ; Z*
¥ = cosf +isinf = z = |z|e®

1(601+62)

® Euler’s formula: e*

® Multiplication: z129 = |21]|22]e



Hilbert Space: Complex vector space

Addition: H x H = H

-
y
W +ley=| .

o
d1

Yo+ do

Associativity:|¢1) + ([th2) + [13)) = ([¢1) + [1h2)) + [¢3)

_?ﬂd.— 1

1+ P1

_de.—l_

Pg-1 + Pa—1_

Commutativity: 1) + |¢2) = [12) + |¢1)

Neutral element: |¢) + |0) = |¢)

Inverse element: V|y), d|x) s.t. |¥) + |x) = |0)

The zero vector: |0) =

GI
]

-




Hilbert Space: Complex vector space

Scalar multiplication: C x H — H

o | - Ao |
(5] APy
oy =a| =]
Ya—1| AYg—_1 |

Compatibi_lity: Av|Y)) = (Av)|y)

(Compatibility of product of scalars with scalar multiplication)
Distributivity (vector addition): A(|y1) + [¥2)) = A1) + Alio)
Distributivity (field addition): (A + v)[y) = Aly) + v|y)
Identity element: 1|¢) = [1))

Multiplying by zero: 0|¢) = |0)




Inner product (Math notation)

Inner product (-

Linearity: (&, )\B) = )\(@:B)
(aq + a2, B) = (a1, B8) +

Conjugate symmetry: (@, ) = (5,

Positive semi-definiteness: (&, &

— X
AVAReY

A1

B d'— ]

) VXV o F
g

(0_427 6)
Conjugate-linearity: (A&, 8) = \*(&, )

)*
0

Ol

Q]

-

@R



Hilbert Space: Inner product (Dirac notation)

Inner product HxH—C

(hlg) = Zw b

Linearity: (|v),

(1%1) +

Conjugate-linearity: (A|y),
Conjugate symmetry: (v

A@)) =
‘¢2>:

) =

Positive semi-definiteness: (y[y) > 0

(@)

W) =0 ) =

4 " o ] N
Ket ¥) = ¢:1
_¢d.—1_
Bra @Wl=[)'=[v v ... i
A@lo) = (I1¥)T(Ale))
$)) = (Y1]@) + (P2|9)
) = X (Wlg) = (Al9))T|o)



Norm

Norm: ‘H — R

1) = V{¥l) = 0

o [l =0 [y)=10)
o [[IAII = IALT) ]

o [119)+ I8 < Il W)l +|¢)]|  Triangle inequality

® Quantum states have norm 1: || |¥)|| =1

Norm being 1 is associated with the
fact that measurement outcome
probabilities should sum to one. The
QM equivalent of the normalization
axiom for classical systems (slide 4).
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