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Postulate I: Quantum states

A quantum state with d degrees of freedom is represented by a vector in

a complex vector space with inner product (Hilbert space)

) € H=C (Yly) =1

N )
[ Hilbert space = Complex vector space + Inner product J

)y | A d-dimensional vector of complex numbers
(] @ g )
State vector |¢v)=| . ® Qubit: d = 2
; @ Qudit: d > 2
| Ya—1 on qubits: d = 2 P

Y; = (i|yp) € C: Probability amplitude of computational state 4 P(z) — ’wz ’2



The ideal life of a qubit in a nutshell

State preparation Operation Measurement

Source of quantum states Circuit/Gates

0) H N e

Quantum random number generator circuit




Quantum operations: the intuition

® An operation maps an input state into an output state

ﬁin - S — ﬁﬂut

‘wiﬂ>_ GrH— ‘wﬂut>

e If input and output are vectors, what is the transformation?

Matrices!!
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Example 1: Quantum NOT gate

NOT gate 0 1-\
‘¢in> — X ‘wﬂut> X =
1 O
- ] _
ar S A
® Action on |0) : X|0) = [1) 0 11| |O
1 0| (0] |1
X 0




Example 1: Quantum NOT gate

NOT gate 0 1-\
‘¢in> — X ‘wﬂut> X =
1 O
- ] _
ar S A
® Action on |0) : X|0) = [1) 0 11| |O
1 0f|0] |1

e Action on |1) : X|1) = |0) \_ X o) 1) .




Example 1: Quantum NOT gate

NOT gate 0 1-\
‘¢in> — X ‘wﬂut> X =
1 0
\ _ _J
L T et )
® Action on |0) : X|0) = |1) 0 11| |O
1 0f (0] |1
o Action on |1) : X|1) = |0) X0

® Action on |¢) = «|0) + B|1)

X|p) = X(a|0) + B]1)) = aX|0) + FX|1) = 5|0) + afl)



Example 2: Z gate

(7 gate 10 A
‘¢in>_Z_‘¢Dut> 4 = 0 —1
- ] _
2 L N
@ Action on |¢) = a|0) + 5|1) 1 0| |« _ | @
Z|W) = al0) - BJ1) AU N 1A I e




Basis: General case 1 = ¢

® Spanning set of H: set of vectors |vy), |va), ..., |vn)

V) € H : o) = Zwv lv;) where amplitudes are given by: 1, = (v;|1))

® Linearly independent
ai|lvi) + -+ an|vn) =0) =>a1=---=a, =0

Example
® Basis: Span{|v;)} =H =>n=d

1
+ Lin. ind. +) = TUO) + (1))
® Orthonormal: Vi, 5 € {1,...,d}, (vi|v;) = d;; 1
=) = —=(|0) — 1))
e Has an associated measurement V2




Example 2: Z gate

7 gate 0 ~
‘¢in> — /L "ﬁbGHt) /= 0 —1
- ] ~
an L N
@ Action on |¢) = «|0) + §|1) 1 0 ol [a
— _ Al 0 —-1| (8| |-p
Z|y) = a|0) — 5[1) L e R
@ Action on |+) basis: Z|+) = |F) &) basis:
+) = (!0> + 1))

® 7 gate is a “NOT gate” in the |+) basis! | |7/ =




Example 3: Hadamard gate

‘Hadamard gate
‘¢in>_H_‘wc-ut> H =
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Example 3: Hadamard gate

‘Hadamard gate 1 M 1 7
‘¢in> —H— "'vbnut> H = ﬁ 1 —1
[ _ _J
4 )
@ Action on |0) : H|0) = |+) 1 {1 1 } {a} _ {(Oﬁrﬁ)/\@}
@ Action on [1) : H|1) = |—) V2 1 —1] (8] [(a—p)/v2
- /
@ Action on |+) basis: H|+) = |0) +) basis:
Hl=) =11) +) = —=(0) + 1)




Example 3: Hadamard gate

‘Hadamard gate 1 M 1 7
‘¢in>_H_"‘vbnut> H = ﬁ 1 —1
. ] _
4 )
@ Action on |0) : H|0) = |+) 1 {1 1 } {a} _ {(Oﬁrﬁ)/\@}
@ Action on [1) : H|1) = |—) V2 1 —1] (8] [(a—p)/v2
- /
@ Action on |+) basis: H|+) = |0) +) basis:
Hl=) =11) +) = —=(0) + 1)
® Hadamard gate is a change of basis: |0/1) < |+) ) %(‘m )




Quantum randomness generation

‘Hadamard gate 1 1 1 1
‘¢in> —H— ‘wﬂut) H = ﬁ 1 —1
- _ _J

@ Quantum random number generator circuit

= |1po|* =1/2

/_\

’ P(0)
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= [¢1]* = 1/2
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Postulate Il: Quantum operations

\

-
The evolution of a quantum system |¢) € H = C? is given by

a unitary transformation U : H — H, s.t. |[Your) = U|¥in)
\_ J

/Unitary matrices UUT =UU = Id\

@ Linear operator U : H — H
@ Preserves the inner product

@ Equivalent of orthogonal matrices on real vector spaces

\_ /




o Ac L(H):H — H is linear on its inputs:

O A(Z a;lv;)) = ZaiA(|vi>)

) ()

® (A+ B)lY) = Aly) + Bly)

@ Composition: (BA)|y) = B(A|y))
@ Not necessarily commuting: BA|y) # AB|y)

@ Matrix representation: (i|A[j) = A;;



Dirac notation summary

/ L Dirac notation
(0

Ket jwy=| " |en

¢d.— 1

Bra (¢|=[¢§ ¢f ... ¢i_]:H—=>C

Inner product: wie)=[vs vi ... vi,]x

Outer product:




Outer product (Dirac notation)

wor= [ o=[ g =] <o g-[
o=l 0= o= (1) [0 1] = 8 (1)
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Outer product (Dirac notation)

ano
aio

aopi

a1l |

= ano

10

_O O_

+ ao1

0
0

1
0

+ aio

0
1

0
0

+ a11

0
0

0
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Outer product (Dirac notation)
-agg agl- -]. 0- I | -0 | i 0-
1 1

—a
ajp Q11 00 0 0

0 1 0 0
+ ap1 0 0 + aio 0 + a11 0

= a00]0)(0] + ao1|0)(1| + a10|1)(0] + a11[1)(1




outer product

A= aili){jl
7

NOT gate X — (1) é = |0)(1] + |1)(0)
7 gate 7 — é _01 = [0)(0] — |1)(1,

Hadamard gate 7= — |’ _11] = L 10)0] + 10y (1| + [15(0] — [1)(1]

AR
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