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Introduction to Quantum Computing

Lecture4: Postulate IV — Measurement

Raul Garcia-Patron Sanchez



Postulate I: Quantum states

A quantum state with d degrees of freedom is represented by a vector in

a complex vector space with inner-product (Hilbert space)
cH =C vy =1

[ Hilbert space = Complex Vector Space + Inner—product}

1y A d-dimensional vector of complex numbers
(] @ g )
State vector [v)=| ® Qubit: d =2
; @ Qudit: d > 2
_ . 7 oN
Ya—1_ \Q N qubits: d = 2 y

1; € C: Probability amplitude of degree of freedom 1 P(i) = |; ‘2



Postulate Il: Quantum operations

\

p
The evolution of a quantum system |¢)) € H = C? is given by

a unitary tranformation U : H — H, s.t. |Yout) = Ul|Yin)
\_ J

/Unitary matrices UUT =UU = Id\

@ Linear operator U : H — H

@ Preserves the inner-product

@ Equivalent of orthogonal matrices on real vector spaces

\_ /




Basis: Computational basis H = C“
Computational basis Ho = Span{|0), [1)}
® Vi), g and 91 : |¢) = 10|0) +1|1)
This ensure logical 0 and 1 is an
O <O‘1> — () (Ortjflogonal baSiS) glzt:icr)nn;.rmal basis of a Hilbert space
@ [[|0)|| =1|[1)|| =1 (Normalized basis)

Computational basis measurement

=N on the logical basis (0 and 1) are

‘¢> & associated with the outcome

N 9 | probabilities of the computational
P 1‘¢ ‘ ‘¢1’ basis measurement (logical 0 or 1).

’ ( ) — ‘<OW>‘2 — |¢0‘2 The amplitudes of the quantum state







Random coins vs quantum coins

® (Classical coin flip B 1 /2 1/ 2
- |1/2 1/2

_ 1]

Vo = 0 R

0) H




Random coins vs quantum coins: concatenation

® (Classical coin flip n_ 1 /2 1/ 2
- _1/2 1/2_

— _ S

Uy = 0 R R Pout =

® Quantum random number generator circuit

0) H H a2 AN




Random coins vs quantum coins: concatenation

® Two classical coin flips

Vo = | R R

® Two "quantum coin flips”

0) H H




To measure or not to measure....

® Two "quantum coin flips”

0)

H

+)

H

® Two "quantum coin flips” with intermediate measurement

0)

H

H




Measurement of orthonormal basis

@ orthonormal basis {|v;)} that span H has and associated measurer@

Probability of outcome i reads: P(i) = |[{v;|1))[?

The quantum state is updated to |v;)

-




To measure or not to measure....

® Two "quantum coin flips”

0) H +) H

® Two "quantum coin flips” with intermediate measurement

f’:I':
”

0) H N ) 121




In quantum world observing the system can change its dynamics!!
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Arbitrary basis qubit measurement
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Basis: General case 1 = ¢

® Spanning set of H: set of vectors |vq), |va), ..., |Upn)

Vi) € H: i) = Zwv ;) where amplitudes are given by: v, = (¥|v;)

® Linearly independent: #aq,as, ..., a, # 0 complex numbers

ai|lvi) + ... + anlv,) =0

Example
e Basis: Span{|v;)} = H & n=d
+ Lin. ind. +) =

® Orthonormal: Vi,5 € {1,...,d}, (vi|v;) = d;

5(10) + 1))

=) = —=(10) = 1))

- -

e Has an associated measurement




Measurement of orthonormal basis

@ orthonormal basis {|v;)} that span H has and associated measurer@

Probability of outcome i reads: P(i) = |[{v;|1))[?

The quantum state is updated to |v;)

-




Example:+/- basis

® [4) = ol0) + ¢u1) Ho = Span{|+), |}
o P |+>=7<m>+|1>>
) —D By P(o) \—>:%<\o> 1)

o P(+)=[+¥)° = !%(ﬂ! +{0)(%0]0) + 1 [1))[* = [tho + ¢1[*/2

O P(=)= |-V = [vo — ¥1]*/2



Arbitrary basis measurement

® Measurement basis {|£)} :

Wttt = WA H—A o o
PE)=IEWIT  Measurement + basis I
=m0 (+l9) = O|HIY)
S=HL sy = )
(Alp))T = (| AT - /
. H'=H




Arbitrary basis measurement

® Measurement basis {|£)} :

Measurement =+ basis
@ Measurement basis {|v;)}:  "7TTTTTTmmTmoommoossoomoooos
V) — Sy, = U i s

{V basis {|v;)}, AU, s.t. |v;) = Uy,li) (vi|¥) = (@|U] ) J
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1. NC2.2.3and 2.2.5

NC = Michael Nielsen and Isaac Chuang, Quantum Computing and Quantum Information
Cambridge University Press (2010)

Lecture 10 we will revisit the measurement in terms of projectors

There is even a more general concept of measurement in N&C called POVM (2.2.6) that we will not
cover in this course.

Even more general is the concept of quantum instrument.



https://en.wikipedia.org/wiki/Quantum_instrument
https://en.wikipedia.org/wiki/Quantum_instrument

Complex number in a nutshell

Im 4
® C={z=a+1ibl(a,b) € R? and i* = —1} Z

Trigonometric form: z = |z|(cos 8 + i sin 6) b

® Norm: |z|? = zz* = a® + b° 4 Re
® Addition: z1 + 29 = (CLl -+ ag) —+ Z(bl -+ bg)

O Multiplication: Z1R9 — (a1a2 — blbz) -+ i(albg -+ blag)

® (Conjugation: z* = a — b >
(21 +22)" =21+ 25 (2122)" = 2{23 .

® Euler equation: e = (cosf +isinf) = z = ‘Z’éw

H(61+62)

® Multiplication: z129 = |21||22



Inner-product (Math notation)

Inner-product (+,:) : V XV — F

(@ B) =18 ai ... aj_]x

Linearity: (A\a, 8) = \*(a, B)
(C_‘fl + 0_427 ) (
Conjugate symmetry: (& 5)

Positive semi-definiteness: (o‘z

g, -

B

@R
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