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Introduction to Quantum Computing

Lecture5: Postulate |V System Composition
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Composition of quantum systems

/TWO Hilbert spaces H4 and Hp can form a new Hilbert Space\
Hap=HsQ@Hp s.t. dimHsp = dimH 4 X dimH 5.

A basis of H 4p is built via tensor product of basis of H4 and Hp.

An operator L(H 4p) is built via linear combinations of

u tensor product of operators from L(H 4) and L(Hp). Y,

Vivag) € Hag : [YaB) Z%,J

) @ [7)

YU € L(Hag),HV;} € L(HA) and {W;} € L(Hp): U=) V;aW,



Tensor product of vectors/states

® Tensor product of vectors: Ha X Hp — Hap = Ha @ Hp
@ [u) € Ha,|v) € Hp leads to |u) ® |v) € Ha @ Hp

o c(ju) ®|v)) = (clu) @ |v) = [u) @ (c|v))
@ |u) @ (|v1) +[v2)) = |u) @ |v1) +[u) @ |v2)

£+> ® [+) = (—/=(10) + 1)) ® (=(10) + 1)) = 5(10) ®10) + [0} © [1) + [ @ [0) +]1) & 1>>J

V2

‘U0 Yoo

@ Vector notation: |u) ® |v) = ol o (Y0 — [H0V1] _ Yo1
Uy U1 U1V W10

| U1U1 P11




Tensor product of vectors/states

® Inner-product: Ha  Hg X Ha @ Hp — C

o ([v)a® |w)p)' = (v]a® (w|s
® ([v)a ®|w)p, |[v)a @ [w')p) = (v]v') a(w|w’) s

O (Zail’vi A®|wi)B,[v)a® |w)B Za (vi|v") a(wi|w') B

@ (|v)a®|w)p, Y bj|v))a® |w))p Zb alw|w’)p

J

Zaz\v@ AR |w;) B,Zb]\v A ® |w)) B Za b (vi|v}) a{w;iw’) B



Tensor product of vectors/states

® Inner-product: Ha Q Hg X Ha Q Hp — C
@ (|[v)a® |w)p, [v)a®[w)p) = (v|v)a(wlw')p

Zazm A ® |w;) B,ij\fv YA ® |w)) B Za, bj (vi|v5) a(wi|w) B

® Additional notation:

@ V) =)@ ) ®...0 m —
) ; }— 1) ="
@ [0%)=10)*" =10)®[0)®...®0) ¥) ——

® |T) = |r1,Z2, ..., Tp) = [71) ® |22) ® ... @ |T7y)



Entanglement

O E”@DAB> c Hap s.t. ﬂ’¢A> c H and ‘QOB> cHp: ‘¢AB> — ’¢A>

R |l¢B)

Bell states: a basis of Hg ® Hg composed of entangled states.

B+ = 7<\o> A®|0)5+|1a®|L)5) o) = 7<|o> A®|L)5 + [1)4®[0)5)
D) = %uom ® (005 — [1)4 ® [1)5) ) = %um ® )5 — |1)a ®|0)5)

@ Maximally entangled states of 2 qubits.

@ Bell states are entanglement units. Similarly as an unbiased coins is a unit of randomness.

® V|vap) € Hap : |VaB) Z%,g

) @ [7)



Tensor product of operators
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Tensor product of operators

® Tensor product of operators: L(Ha) X L(Hp) = L(Hap) = L(HA ® Hp)
® (A® B)(jv) ® |w)) = (Alv)) ® (Blw)) = Alv) @ Blw)

® (A®B)(D ailvi) ® lwi)) =Y a;Alv;) ® Blw;)

® (> ;A ®B)|v) ®w) =) ciA|v) ® Bi|w)

. .
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_AllB AlgB “e AlnB_

A21B A22B . AQnB
@ Matrix notation: A QR B = , , , .

A,1B AB ... A,.B



Example (Dirac notation)

+) Hb— +) basis:
1
+) = —=((0) +]1))
-) H—} v
-) = =500 = 1)

(Ho )+ e|-) = H) e H-) [ AeB)k o) = A0 e Bl |




Example (matrix notation)

4 N
[ —E—
1/[] [1/\/§] 1 |—1
@ [+)® ==
wel= e e =3 | =) —1H—
1 \ %
1 1 1 1 | 4 (AnB  ApsB ... Ay,B]
L L A21B A22B . A2nB
.H@H:L[H lell 1 1 ! A® B = : : : ;
ve i —Hp 2l =l AmB AwB ... AnB
_1 _1 _1 1_ \ el n2 nny
1 1 1 1 1] [0]
1|1 -1 1 =1 1 ]-1 1
_1 —1 -1 1_ _—1_ _O_




Example (Dirac notation)

 (HeH)(+) 8|-) = H) e H-) =)o)




Entangling operations

® Uap € L(Hap) st. JUs € L(Ha) and U € L(Hp) : Uap = Us @ Ug

Controlled-NOT gate (CNOT gate): T or L
—_ - I X e ~

1 0 0 O

0 1 0 O

UG’NOT — 0 0 0 1

0 0 1 0

® VU € L(Hap), HV;} € L(Ha) and {W;} € L(Hp): U=> V;@ W,



Composition of measurement: computational basis

® Let’s ¥ encode the outcome of n bits

A [ 2) = |21) @ |22) @ ... ® |2,) }

-

@)=l S wln = sl

9 y€{0,1} y




General multi-qubit basis measurement

® Measurement basis {|v;)} :

) i U'—cAN ' ) o o,

’_\

— A,

\ N 1:_} _____ : :f - :‘_ ) _i /Bell basis N
W> > i )E = i @) = 7(\0>A®!0> BT [1)a®|1)B)
J i » i U+ = (\0> @ [1)g £ [1)a ®10)5)
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