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Introduction to Quantum Computing

Lectureb5: Postulate IV - System Composition

Raul Garcia-Patron Sanchez



Composition of quantum systems

/TWO Hilbert spaces H4 and Hp can form a new Hilbert Space\
Hap=HaAQHp s.t. dmH g =dimH,4 X dim H .

A basis of H ap is built via tensor products of bases of H4 and Hp.

Any operator in L(H 2p) is built via linear combinations of

N tensor products of operators from £(#H 4) and L(H B)./

Vivag) € Hag : [YaB) = Z%JW ® |7)
2,]

VU € L(Hap),Vi € L(Ha) and W; € L(Hp) : U =) Vi®@W;



Tensor product of vectors/states

® Tensor product of vectors: Ha X Hgp — Hap = Ha ® Hp

@ [u) € Ha,|v) € Hp leads to |u) ® |v) € Ha @ Hp
@ c(|u) ®[v)) = (clu) ®|v) = |u) @ (c|v))
@ |u) ® (jv1) + [v2)) = |u) ® |v1) + [u) @ |v2)

£|+) ® |+) = (%(IU) +1) @ (%(IO) +11))) = %(IO) ®[0) +|0)@|1)+ 1) ®[0) +[1) ® |1))J

V2

‘Uovo oo

@ Vector notation: |u) ® |v) = ol o (Yo — [H0V1] _ Yo1
| U1U1 11

o ([v)a®|w)p)" = (v]a® (w|p



Inner product of tensor products

~

‘Inner product of a single system - recap

(1), 1)) = (1¥))"|¢) = (¥|¢) = Zw b
\ %
( Tnner product: (Ha® Hp) X (HAa®Hp) = C h

| (wa®@lw)s, v)a @ [w)B) = (v]v") a{w|w’) ’

a N\
(lv)a ® [w)B,[v)a @ [w)B) = ({v]a ® (w[B)(|v') 4 @ |w')B)

= (v|v’) a({w|w’) B

N Dirac notation )




Inner product rules

® Inner product: (Ha @ Hp) X (Ha®Hp) —» C

o ([v)a®w)p)' = (v]a® (wp

® (Jv)a ®w)p,[v)a @ w)p) = (v|v)) a{w|w’) s

© (lv)a®|w) B:ijlv )4 ® |w; B)—Zb a(wlw;) B



Example of inner product — Bell state and computational basis state

\

[ ([0) a4 ® |w) B,Zw )4 ® |w)) B)—Zb Alw|w]) 5
1 I
{q)+> - ﬁ(‘mA . ‘O>B ' ‘1> <§é)t!';}ce 1 }{ ‘OO> ‘O>A @ ‘O>B State 2 )

/(00|@+>AB = (|00) 4B, |®")AB)
(00|27 ) 4 = ( —[0)A®|0)B

+11)4 ®(1)B])

A®1[0)B,[0)a ®[0)) + YA ®1[0)B,|1) 4

\/—(IO

L o)Aty s =

= (0|0>fi1t(0|0>3+\/§

L
V2

® |1)

B)

=

/




Inner product rules

® Inner product: (Ha @ Hp) X (Ha®Hp) —» C

o ([v)a®w)p)' = (v]a® (wp

® ([v)a®[w)p,[v)a ®[w')p) = (v]v)alw|w’)s
© (jv)a®w) B:Zbyl’v )a ® |w; B)—Zb a(w|w}) B

© (Zailva A®|w1)5,|v YA ® |w')p Za (vi|v") a(wi|w’) B

ZCL@\UZ AR |w;) B,Zb]\v A ® |w)) B Za b (vi|v}) a{w;iw’) B



Example of inner product — Orthogonality of two Bell states

[ S a4 @ [wi) s, S blol)a © [w))p) = by (wi]v)) awiw)) s J

2 J Y]

{@ﬂ L (10ya ® [0} +1>A®1>B>Mw>f<o>ml> +1>A®O>B>J
2

\f State 1 State

(H) 0 = ( L (Ola® 15+ (14 ® <0|B>) (\jﬁuom 21005 + |1)a |1>B>)\
1

(€0[0) 4(1]0) B + (1]0) 4(0]|0) B 4 (0[1) a(1]1) B + (1]1) 4(0]1) B)

N =0 Y,




Summary: inner product and notation

® Inner product: (Ha @ Hp) X (Ha®Hp) —» C
@ (|[v)a® |w)p, [v)a®[w)p) = (v|v)a(wlw')p

Zazm A ® |w;) B,ij\fv YA ® |w)) B Za, bj (vi|v5) a(wi|w) B

® Additional notation:

o [V)® =Y)RY) Q- @) i —
- ) }_ |¢>®k
0F) = 10)®* = |0) ® |0) ® - - - ® |0) ) ——

@ |Z)=|T1,%0,...,%n) =|21)Q|T2) ® - Q |T,)



Entanglement

O EI‘¢AB> c Hap s.t. ﬂ’¢A> c H and ‘QOB> cHp: ’¢AB> — ’¢A>

R |l¢B)

Bell states: a basis of Hg ® Hg composed of entangled states.

B+ = 7<\o> A®|0)5+|1a®|L)5) o) = 7<|o> A®|L)5 + [1)4®[0)5)
D) = %uom ® (005 — [1)4 ® [1)5) ) = %um ® )5 — |1)a ®|0)5)

@ Maximally entangled states of 2 qubits.

@® A Bell state is a unit of entanglement, just as an unbiased coin is a unit of randomness.

® V|vap) € Hap : |VaB) Z%,g

) @ [7)



Tensor product of operators

) 5 o
D f-;% A
X

|




Tensor product of operators

® Tensor product of operators: L(Ha) X L(Hp) = L(Hap) = L(HA ® Hp)
® (A® B)(jv) ® |w)) = (Alv)) ® (Blw)) = Alv) @ Blw)

® (A®B)(D ailvi) ® lwi)) =Y a;Alv;) ® Blw;)

) )
® (> ;A ®B)|v) ®w) =) ciA|v) ® Bi|w)
i AO[}B AOlB “ e AU(d—l)B ]
AlOB AllB “ e Al(d—l)B

@ Matrix notation: A Q B =

| Ag-10B A@g-11B ... Ag-1ya-nB.



Example (Dirac notation)

+) Hb— +) basis:
1
+) = —=((0) +]1))
-) H—} v
-) = =500 = 1)

(Ho )+ e|-) = H) e H-) [ AeB)k o) = A0 e Bl |




Example (matrix notation)

1

1
1
—1
—1

1

—1 1

1
—1

1/v/2 1/vV/27 1
» wor= [ (43
1 1
1 [H H 1|1 -1
'H@)H:ﬁ[f] —H]:§ 11
1 -1
1
1|1
@ [¥)=(HH)(+H)e[-)=7 |,
1

—1
—1

1
—1
—1

1

4 N
+) Hi—
—) Hi—
\ %
a )
[ AgB Ao1 B Aga-nB ]
AoB A B Aya-1B
Al 8 — : : . :
| Aa-10B Aw@-11B .. Aw@g-1)a-1)B.
\ %
1 0
1 [—1 1
_—1 _0




Example (Dirac notation)

 (HeH)(+) 8|-) = H) e H-) =)o)




Entangling operations

® Uap € L(Hap) st. JUs € L(Ha) and U € L(Hp) : Uap = Us @ Ug

Controlled-NOT gate (CNOT gate): T or L
—_ - I X e ~

1 0 0 O

0 1 0 O

UG’NOT — 0 0 0 1

0 0 1 0

® VU € L(MHag),Vi€ L(Ha) and W; € L(HB) : U= Y V,;@W,



Composition of measurement: computational basis

® lLet £ encode the n-bit outcome

AN | B =l @l e o)

-

@)=l S wln = sl

9 y€{0,1} y




General multi-qubit basis measurement

® Measurement basis {|v;)} :

) i U'—cAN ' ) o o,

’_\

— A,

\ N 1:_} _____ : :f - :‘_ ) _i /Bell basis N
W> > i )E = i @) = 7(\0>A®!0> BT [1)a®|1)B)
J i » i U+ = (\0> @ [1)g £ [1)a ®10)5)

%\

"




References

Reading references
1. Tensor product NC 2.1.7
2. Outer product NC 2.1.4 page 67

NC = Michael Nielsen and Isaac Chuang, Quantum Computation and Quantum Information
Cambridge University Press (2010)



	Untitled Section
	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19


