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Bernstein–Vazirani Algorithm [BV93]
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Same circuit as Deutsch–Jozsa 
different promise
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From classical to quantum oracles

Classical oracle

Reversible oracle

Quantum oracle

Every classical oracle has a quantum analogue

Construction via reversible classical oracle

Address bits

Target bit



Allow superposition of inputs

Quantum oracle



Reversible classical circuits: a single Toffoli gate

Replace every NAND by a TOFFOLI



Reversible classical circuits: a full circuit

Input n bits Output 1 bit

Circuit with NAND gates

Input register I has n bits
Register R has w bits
Output register O has 1 bit

Memory of intermediate 
NAND-gate outputs

Extra memory needed 
to make NANDs into Toffolis



From classical reversible to quantum circuit



Reversible quantum circuits: a full circuit

Input register I has n qubits
Register R has w qubits (intermediate outputs)
Output register O1 has 1 qubit – later un-computed
Output register O2 has 1 qubit – quantum output

We un-compute to remove all memory of 
intermediate steps. We just want input – output  

Compute circuit Un-compute circuit



From the quantum function oracle to the phase oracle

Quantum function oracle

Phase oracle



Phase Kickback

Phase oracle

H H



Phase Kickback

Phase oracle

H H



We can forget the ancillary qubit output

Phase oracle

H H



Phase Kickback

Phase oracle

H H

n+1 qubits 

n+1 qubits 

N qubits 



Balanced or constant function Game
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Phase Kickback circuit
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Detecting linear functions 

1 single query!
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The same circuit as for Deutsch–Jozsa allows us to 
determine “a” with a single query to the quantum oracle 
whereas classically we need at least n queries. 



Walsh–Hadamard transform
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Bernstein–Vazirani Algorithm [BV93]
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Walsh–Hadamard transform



Bernstein–Vazirani Algorithm [BV93]
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Walsh–Hadamard transform

Phase oracle



Bernstein–Vazirani Algorithm [BV93]
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Measurement postulate



Bernstein–Vazirani Algorithm [BV93]
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Classical strategies



Phase Kickback is a fundamental subroutine

General phase oracle 

Multiple output oracle

We can build oracles with larger output registers (see Simon’s algorithm lecture 13).
Other reversible forms exist (|x⟩|y⟩ → |x⟩|gx(y)⟩ with gx a permutation (QPE version of Shor).

Bitwise (mod 2) addition
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