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Do Calculus

• Do-calculus: Contains, as subsets: 
• Backdoor criterion 
• Front-door criterion 

• Allows analysis of more intricate structure beyond back- and front-door 

• Uncovers all causal effects that can be iden-fied from a given causal 
graph 

• Power of causal graphs is not just representa-on but towards discovery 
of causal informa-on (though with many assump-ons and caveats …)



Overview of the course

• Lecture 1: Introduc-on & Mo-va-on, why do we care about causality? 
Why deriving causality from observa-onal data is non-trivial. 

• Lecture 2: Recap of probability theory, variables, events, condi-onal 
probabili-es, independence, law of total probability, Bayes’ rule 

• Lecture 3: Recap of regression, mul-ple regression, graphs, SCM  
• Lecture 4-20: Causality

Causal Effect Es-ma-on Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
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Rubin

IV Front-door 
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Rubin, Pearl

Constraint-
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Directed vs Undirected Aside



Undirected vs Directed Graphs

Conver-ng directed models to undirected models (cannot be represented perfectly) 
For every pair of variable x and y add an undirected edge (a moralised graph):  
- if there is a directed edge, or, 
- if x and y are parents of a node. 

Deep Learning Book, Ian Goodfellow et al., page 568

Same (condi-onal) 
independencies

Not the same (cond.) 
independencies

Many edge are added, hence losing many 
implied condi-onal independencies.



Undirected vs Directed Graphs

Similarly, undirected models can contain substructures that no directed model can 
represent (i.e., the laber cannot represent all condi-onal independencies in the former)

Deep Learning Book, Ian Goodfellow et al., page 568

In conclusion: directed and undirected graphs encode strictly 
different (condi-onal) independence informa-on

Undirected model (lec) simultaneously has                         and 
No directed model can capture this. 
Instead triangulate (centre) and derive graph on the right, ensuring it remains a DAG 
(e.g. here use alphabe-cal ordering) 

<latexit sha1_base64="v5Kwj6EWyRmMm9xtd5G/oWEpkwk=">AAACCXicdVC7TsMwFHV4lvIKMLIYKiQGVCVtU8pWwcJYJPqQmqhyHKe16jxkO0hV6MrCr7AwgBArf8DG3+C0QQIEx7J0fM69ur7HjRkV0jA+tIXFpeWV1cJacX1jc2tb39ntiCjhmLRxxCLec5EgjIakLalkpBdzggKXka47vsj87g3hgkbhtZzExAnQMKQ+xUgqaaBDBO2Y8BjaB9nJHxjeQjt1Tzx7OtBLRtkwrGq9ARU5qzQaliIV06pVLWgqK0MJ5GgN9Hfbi3ASkFBihoTom0YsnRRxSTEj06KdCBIjPEZD0lc0RAERTjrbZAqPlOJBP+LqhhLO1O8dKQqEmASuqgyQHInfXib+5fUT6TeclIZxIkmI54P8hEEZwSwW6FFOsGQTRRDmVP0V4hHiCEsVXlGF8LUp/J90KmWzXrauaqXmeR5HAeyDQ3AMTHAKmuAStEAbYHAHHsATeNbutUftRXudly5oec8e+AHt7RO23Jh+</latexit>

a ?? c|{b, d}
<latexit sha1_base64="qX7XRt0qSKEngNre8VYDKuAsCEg=">AAACCXicdVC7TsMwFHV4lvIKMLIYKiQGVCVtU8pWwcJYJPqQmqhyHKe16jxkO0hV6MrCr7AwgBArf8DG3+C0QQIEx7J0fM69ur7HjRkV0jA+tIXFpeWV1cJacX1jc2tb39ntiCjhmLRxxCLec5EgjIakLalkpBdzggKXka47vsj87g3hgkbhtZzExAnQMKQ+xUgqaaBDF9ox4TG0D7KTPzx4C+0UnWB7OtBLRtkwrGq9ARU5qzQaliIV06pVLWgqK0MJ5GgN9Hfbi3ASkFBihoTom0YsnRRxSTEj06KdCBIjPEZD0lc0RAERTjrbZAqPlOJBP+LqhhLO1O8dKQqEmASuqgyQHInfXib+5fUT6TeclIZxIkmI54P8hEEZwSwW6FFOsGQTRRDmVP0V4hHiCEsVXlGF8LUp/J90KmWzXrauaqXmeR5HAeyDQ3AMTHAKmuAStEAbYHAHHsATeNbutUftRXudly5oec8e+AHt7RO2/5h+</latexit>

b ?? d|{a, c}



Markov blanket & Markov boundary

A Markov blanket of a random variable Xi in a random variable set S={X1,…, Xn} is 
any subset S1 of S, condi-oned on which Xi is independent of all other variables 
outside of S1: 

In other words, S1 contains all the informa-on needed to infer Xi, and the 
variables in S\S1 add no further informa-on. 

A Morkov blanket need not be unique. Any set in S that contains a Markov 
blanket is also a Markov blanket itself.

<latexit sha1_base64="BMjpQqgmpAfc9OdF3fP0pnhlwJU="></latexit>

Xi ?? S\S1 | S1

A Markov boundary is a Markov blanket none of 
whose subsets are Markov blankets themselves 
(i.e. it is a minimal Markov blanket with respect to 
inclusion; note that it is not necessarily unique!)Pabern Recogni-on & Machine Learning, Bishop 2006

- Parents 
- Children 
- Coparents



Causal Discovery



Learning causal relaKonships: Learn set of edges

9

• A causal structure constrains the possible types of probability 
distribu-on that can be generated from that structure



Learning causal relaKonships: Learn set of edges

10

• A causal structure constrains the possible types of probability 
distribu-on that can be generated from that structure 

• Reverse: Obtain causal structures from probability distribu-ons 
via causal inference 



Learning causal relaKonships: Learn set of edges

11

• A causal structure constrains the possible types of probability 
distribu-on that can be generated from that structure 

• Reverse: Obtain causal structures from probability distribu-ons 
via causal inference 

• Types of constraints: CondiKonal independencies (all parametric 
distribu-ons), Vanishing determinants of par-al covariance 
matrices (linear Gaussian with unobserved confounders), Unequal 
dependence on residuals (Non-linear addi-ve noise, or linear non-
Gaussian), intervenKons/perturbaKons, -me-series …  



Causal Discovery Methods (based on graphical models)

12

Class of Algorithm Name Assump-ons Short 
comings Input

PC (oldest)

Any distribu-on, No 
unobsv. confounders, 

Markov cond, 
faithfulness

FCI
Any distribu-on, 

Asympto-cally correct 
with confounders, 

Markov cond, faithfulness

Score-based GES No unobsv. 
confounders Non-bivariate

Empty graph, 
adds edges, 

removes some

Func-onal Causal 
Models (FCMs)

LinGAM/
ANM Asymmetry in data

Requires 
addi-onal 

assump-ons 
(not general), 

harder for 
discrete data

Structural 
Equa-on Model 

Glymour et al. (2019)

Constraint-based

Causal info 
only up to 

equivalence 
classes,  

Non bivariate

Complete 
undirected 

graph



AssumpKon 1: The Markov CondiKon 
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Any variable X is independent of all other variables, condi-onal on 
its parents (PA) and unobserved variables (noise):

P (x1, · · · , xn) =
JY

j=1

P (xj |PAj , ✏j)

<latexit sha1_base64="cyDWznVwRwXzpZgzxm865wDRzck="></latexit>

• Absent edge implies condi-onal independence (CI) 
• Observing condi-onal dependence implies an edge 

For example: Yellow teeth, lung cancer, smoking

Yellow 
teeth

Lung 
cancer

Smoking

Yellow 
teeth

Lung 
cancer

An edge is wrongly inferred, 
when parent is omibed 



AssumpKons 2 & 3: Causal sufficiency & Faithfulness
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•Causal sufficiency: For any pair of variables X, Y, if there exists a 
variable Z which is a direct of cause of both X and Y, then Z is 
included in the causal graph (Z may be unobserved) 

•A probability distribu-on P is faithful to a DAG G if no CI rela-ons 
other than the ones entailed by the Markov property are present. 

• “Conjugate" to the Markov condi-on 
• Edge implies condi-onal dependence 
• Observing CI implies absence of an edge



AssumpKons 3: Faithfulness

15

It fails when distribu-ons are set up in such a way that paths exactly cancel:  

Pregnancy Thrombosis 

Birth 
control�↵

<latexit sha1_base64="ho6aYWJqEUYeqXTJze4pDr12fyI=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwY0nSRuOu6MZlBfuANpTJdNIOnUyGmYlQQj/CjQtF3Po97vwbJ20FFT1w4XDOvdx7TygYVdq2P6zCyura+kZxs7S1vbO7V94/aKsklZi0cMIS2Q2RIoxy0tJUM9IVkqA4ZKQTTq5zv3NPpKIJv9NTQYIYjTiNKEbaSJ2zPmJijAblil21ba927kNDLl3f9wxxHa9e86BjrBwVsERzUH7vDxOcxoRrzJBSPccWOsiQ1BQzMiv1U0UEwhM0Ij1DOYqJCrL5uTN4YpQhjBJpims4V79PZChWahqHpjNGeqx+e7n4l9dLdeQHGeUi1YTjxaIoZVAnMP8dDqkkWLOpIQhLam6FeIwkwtokVDIhfH0K/ydtt+rUqu5tvdK4WsZRBEfgGJwCB1yABrgBTdACGEzAA3gCz5awHq0X63XRWrCWM4fgB6y3T2IFj50=</latexit>

�
<latexit sha1_base64="mKXPayKwTFSkKYXSWq7CKLVzw2s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwVZK00bgrunFZwT6gDWUynbRjZyZhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/feEyaMKm3bH1ZhZXVtfaO4Wdra3tndK+8ftFWcSkxaOGax7IZIEUYFaWmqGekmkiAeMtIJJ1e537knUtFY3OppQgKORoJGFCNtpHZ/hDhHg3LFrtq2VzvzoSEXru97hriOV6950DFWjgpYojkov/eHMU45ERozpFTPsRMdZEhqihmZlfqpIgnCEzQiPUMF4kQF2fzaGTwxyhBGsTQlNJyr3ycyxJWa8tB0cqTH6reXi395vVRHfpBRkaSaCLxYFKUM6hjmr8MhlQRrNjUEYUnNrRCPkURYm4BKJoSvT+H/pO1WnVrVvalXGpfLOIrgCByDU+CAc9AA16AJWgCDO/AAnsCzFVuP1ov1umgtWMuZQ/AD1tsn8zCPYw==</latexit>

�
<latexit sha1_base64="XWuZTX+sbVLFRj0RlE8hEwLjFvY=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KknaaLwVvXisYNpCW8pmu22XbjZhdyOU0N/gxYMiXv1B3vw3btoKKvpg4PHeDDPzwoQzpW37w1pZXVvf2CxsFbd3dvf2SweHTRWnktCAxDyW7RArypmggWaa03YiKY5CTlvh5Dr3W/dUKhaLOz1NaC/CI8GGjGBtpKAbUo37pbJdsW2veu4jQy5d3/cMcR2vVvWQY6wcZVii0S+9dwcxSSMqNOFYqY5jJ7qXYakZ4XRW7KaKJphM8Ih2DBU4oqqXzY+doVOjDNAwlqaERnP1+0SGI6WmUWg6I6zH6reXi395nVQP/V7GRJJqKshi0TDlSMco/xwNmKRE86khmEhmbkVkjCUm2uRTNCF8fYr+J0234lQr7m2tXL9axlGAYziBM3DgAupwAw0IgACDB3iCZ0tYj9aL9bpoXbGWM0fwA9bbJzAqjvI=</latexit>

P = �↵B + UP
<latexit sha1_base64="NMIhQ7sXbOdzbpPMRDIn+tVVUYc=">AAAB+nicdVBPSwJBHJ21f2b/tI5dhiQIItldRfMQiF06GrQq6CKz46wOzs4uM7OFbH6ULh2K6Non6da3aVYNKurBwOO99+P3m+dFjEplmh9GZmV1bX0ju5nb2t7Z3csX9tsyjAUmDg5ZKLoekoRRThxFFSPdSBAUeIx0vMll6nduiZA05DdqGhE3QCNOfYqR0tIgX2hdnPURi8YINuEpdAatQb5olkyzblZrUJN62a6UNbGtqlWzoKWtFEWwhM6/94chjgPCFWZIyp5lRspNkFAUMzLL9WNJIoQnaER6mnIUEOkm89Nn8FgrQ+iHQj+u4Fz9PpGgQMpp4OlkgNRY/vZS8S+vFyv/3E0oj2JFOF4s8mMGVQjTHuCQCoIVm2qCsKD6VojHSCCsdFs5XcLXT+H/pG2XrHLJvq4UG81lHVlwCI7ACbBADTTAFWgBB2BwBx7AE3g27o1H48V4XUQzxnLmAPyA8fYJ8f2Sgw==</latexit>

T = �P + �B + UT
<latexit sha1_base64="NdDXeMS/pJRYSl03156LRip2GIM=">AAACAnicdVDLSgNBEJz1GeMr6km8DAZBCITdJCTmIIR48RghL0iWpXcySYbM7C4zs0IIwYu/4sWDIl79Cm/+jZOHoKIFDUVVN91dfsSZ0rb9Ya2srq1vbCa2kts7u3v7qYPDpgpjSWiDhDyUbR8U5SygDc00p+1IUhA+py1/dDXzW7dUKhYGdT2OqCtgELA+I6CN5KWO65ddn2rANZzpDkAIwFWcwQ2v7qXSdta2y3axhA0p53OFvCE5p+iUHOwYa4Y0WqLmpd67vZDEggaacFCq49iRdicgNSOcTpPdWNEIyAgGtGNoAIIqdzJ/YYrPjNLD/VCaCjSeq98nJiCUGgvfdArQQ/Xbm4l/eZ1Y9y/cCQuiWNOALBb1Y451iGd54B6TlGg+NgSIZOZWTIYggWiTWtKE8PUp/p80c1knn83dFNKV6jKOBDpBp+gcOaiEKuga1VADEXSHHtATerburUfrxXpdtK5Yy5kj9APW2ycrIZVe</latexit>

) T = (�↵� + �)B + U
<latexit sha1_base64="jSULnNzfewrduxLr9aPnRIHazbI="></latexit>

Silver 2018



AssumpKons 3: Faithfulness

16

It fails when distribu-ons are set up in such a way that paths exactly cancel:  

Pregnancy Thrombosis 

Birth 
control�↵

<latexit sha1_base64="ho6aYWJqEUYeqXTJze4pDr12fyI=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwY0nSRuOu6MZlBfuANpTJdNIOnUyGmYlQQj/CjQtF3Po97vwbJ20FFT1w4XDOvdx7TygYVdq2P6zCyura+kZxs7S1vbO7V94/aKsklZi0cMIS2Q2RIoxy0tJUM9IVkqA4ZKQTTq5zv3NPpKIJv9NTQYIYjTiNKEbaSJ2zPmJijAblil21ba927kNDLl3f9wxxHa9e86BjrBwVsERzUH7vDxOcxoRrzJBSPccWOsiQ1BQzMiv1U0UEwhM0Ij1DOYqJCrL5uTN4YpQhjBJpims4V79PZChWahqHpjNGeqx+e7n4l9dLdeQHGeUi1YTjxaIoZVAnMP8dDqkkWLOpIQhLam6FeIwkwtokVDIhfH0K/ydtt+rUqu5tvdK4WsZRBEfgGJwCB1yABrgBTdACGEzAA3gCz5awHq0X63XRWrCWM4fgB6y3T2IFj50=</latexit>

�
<latexit sha1_base64="mKXPayKwTFSkKYXSWq7CKLVzw2s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwVZK00bgrunFZwT6gDWUynbRjZyZhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/feEyaMKm3bH1ZhZXVtfaO4Wdra3tndK+8ftFWcSkxaOGax7IZIEUYFaWmqGekmkiAeMtIJJ1e537knUtFY3OppQgKORoJGFCNtpHZ/hDhHg3LFrtq2VzvzoSEXru97hriOV6950DFWjgpYojkov/eHMU45ERozpFTPsRMdZEhqihmZlfqpIgnCEzQiPUMF4kQF2fzaGTwxyhBGsTQlNJyr3ycyxJWa8tB0cqTH6reXi395vVRHfpBRkaSaCLxYFKUM6hjmr8MhlQRrNjUEYUnNrRCPkURYm4BKJoSvT+H/pO1WnVrVvalXGpfLOIrgCByDU+CAc9AA16AJWgCDO/AAnsCzFVuP1ov1umgtWMuZQ/AD1tsn8zCPYw==</latexit>

�
<latexit sha1_base64="XWuZTX+sbVLFRj0RlE8hEwLjFvY=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KknaaLwVvXisYNpCW8pmu22XbjZhdyOU0N/gxYMiXv1B3vw3btoKKvpg4PHeDDPzwoQzpW37w1pZXVvf2CxsFbd3dvf2SweHTRWnktCAxDyW7RArypmggWaa03YiKY5CTlvh5Dr3W/dUKhaLOz1NaC/CI8GGjGBtpKAbUo37pbJdsW2veu4jQy5d3/cMcR2vVvWQY6wcZVii0S+9dwcxSSMqNOFYqY5jJ7qXYakZ4XRW7KaKJphM8Ih2DBU4oqqXzY+doVOjDNAwlqaERnP1+0SGI6WmUWg6I6zH6reXi395nVQP/V7GRJJqKshi0TDlSMco/xwNmKRE86khmEhmbkVkjCUm2uRTNCF8fYr+J0234lQr7m2tXL9axlGAYziBM3DgAupwAw0IgACDB3iCZ0tYj9aL9bpoXbGWM0fwA9bbJzAqjvI=</latexit>

P = �↵B + UP
<latexit sha1_base64="NMIhQ7sXbOdzbpPMRDIn+tVVUYc=">AAAB+nicdVBPSwJBHJ21f2b/tI5dhiQIItldRfMQiF06GrQq6CKz46wOzs4uM7OFbH6ULh2K6Non6da3aVYNKurBwOO99+P3m+dFjEplmh9GZmV1bX0ju5nb2t7Z3csX9tsyjAUmDg5ZKLoekoRRThxFFSPdSBAUeIx0vMll6nduiZA05DdqGhE3QCNOfYqR0tIgX2hdnPURi8YINuEpdAatQb5olkyzblZrUJN62a6UNbGtqlWzoKWtFEWwhM6/94chjgPCFWZIyp5lRspNkFAUMzLL9WNJIoQnaER6mnIUEOkm89Nn8FgrQ+iHQj+u4Fz9PpGgQMpp4OlkgNRY/vZS8S+vFyv/3E0oj2JFOF4s8mMGVQjTHuCQCoIVm2qCsKD6VojHSCCsdFs5XcLXT+H/pG2XrHLJvq4UG81lHVlwCI7ACbBADTTAFWgBB2BwBx7AE3g27o1H48V4XUQzxnLmAPyA8fYJ8f2Sgw==</latexit>

T = �P + �B + UT
<latexit sha1_base64="NdDXeMS/pJRYSl03156LRip2GIM=">AAACAnicdVDLSgNBEJz1GeMr6km8DAZBCITdJCTmIIR48RghL0iWpXcySYbM7C4zs0IIwYu/4sWDIl79Cm/+jZOHoKIFDUVVN91dfsSZ0rb9Ya2srq1vbCa2kts7u3v7qYPDpgpjSWiDhDyUbR8U5SygDc00p+1IUhA+py1/dDXzW7dUKhYGdT2OqCtgELA+I6CN5KWO65ddn2rANZzpDkAIwFWcwQ2v7qXSdta2y3axhA0p53OFvCE5p+iUHOwYa4Y0WqLmpd67vZDEggaacFCq49iRdicgNSOcTpPdWNEIyAgGtGNoAIIqdzJ/YYrPjNLD/VCaCjSeq98nJiCUGgvfdArQQ/Xbm4l/eZ1Y9y/cCQuiWNOALBb1Y451iGd54B6TlGg+NgSIZOZWTIYggWiTWtKE8PUp/p80c1knn83dFNKV6jKOBDpBp+gcOaiEKuga1VADEXSHHtATerburUfrxXpdtK5Yy5kj9APW2ycrIZVe</latexit>

) T = (�↵� + �)B + U
<latexit sha1_base64="jSULnNzfewrduxLr9aPnRIHazbI="></latexit>

Silver 2018

So if                , no dependency between T and B will be observed!� = ↵�
<latexit sha1_base64="fhXeD9KVfgMT/y4rKctY5uzVlf4=">AAAB+3icdVBNS8NAEN3Ur1q/aj16WSyCp5K0jcaDUPTisYL9gKaUyXbbLt1Nwu5GLKV/xYsHRbz6R7z5b9y0FVT0wcDjvRlm5gUxZ0rb9oeVWVldW9/Ibua2tnd29/L7haaKEklog0Q8ku0AFOUspA3NNKftWFIQAaetYHyV+q07KhWLwls9iWlXwDBkA0ZAG6mXL/hDEAIufODxCPyAaujli3bJtt3KqYcNOS97nmtI2XGrFRc7xkpRREvUe/l3vx+RRNBQEw5KdRw71t0pSM0Ip7OcnygaAxnDkHYMDUFQ1Z3Ob5/hY6P08SCSpkKN5+r3iSkIpSYiMJ0C9Ej99lLxL6+T6IHXnbIwTjQNyWLRIOFYRzgNAveZpETziSFAJDO3YjICCUSbuHImhK9P8f+kWS45lVL5plqsXS7jyKJDdIROkIPOUA1dozpqIILu0QN6Qs/WzHq0XqzXRWvGWs4coB+w3j4BUQ2Uow==</latexit>



AssumpKons 3: Faithfulness

17

It fails when distribu-ons are set up in such a way that paths exactly cancel:  

Pregnancy Thrombosis 

Birth 
control�↵

<latexit sha1_base64="ho6aYWJqEUYeqXTJze4pDr12fyI=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwY0nSRuOu6MZlBfuANpTJdNIOnUyGmYlQQj/CjQtF3Po97vwbJ20FFT1w4XDOvdx7TygYVdq2P6zCyura+kZxs7S1vbO7V94/aKsklZi0cMIS2Q2RIoxy0tJUM9IVkqA4ZKQTTq5zv3NPpKIJv9NTQYIYjTiNKEbaSJ2zPmJijAblil21ba927kNDLl3f9wxxHa9e86BjrBwVsERzUH7vDxOcxoRrzJBSPccWOsiQ1BQzMiv1U0UEwhM0Ij1DOYqJCrL5uTN4YpQhjBJpims4V79PZChWahqHpjNGeqx+e7n4l9dLdeQHGeUi1YTjxaIoZVAnMP8dDqkkWLOpIQhLam6FeIwkwtokVDIhfH0K/ydtt+rUqu5tvdK4WsZRBEfgGJwCB1yABrgBTdACGEzAA3gCz5awHq0X63XRWrCWM4fgB6y3T2IFj50=</latexit>

�
<latexit sha1_base64="mKXPayKwTFSkKYXSWq7CKLVzw2s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwVZK00bgrunFZwT6gDWUynbRjZyZhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/feEyaMKm3bH1ZhZXVtfaO4Wdra3tndK+8ftFWcSkxaOGax7IZIEUYFaWmqGekmkiAeMtIJJ1e537knUtFY3OppQgKORoJGFCNtpHZ/hDhHg3LFrtq2VzvzoSEXru97hriOV6950DFWjgpYojkov/eHMU45ERozpFTPsRMdZEhqihmZlfqpIgnCEzQiPUMF4kQF2fzaGTwxyhBGsTQlNJyr3ycyxJWa8tB0cqTH6reXi395vVRHfpBRkaSaCLxYFKUM6hjmr8MhlQRrNjUEYUnNrRCPkURYm4BKJoSvT+H/pO1WnVrVvalXGpfLOIrgCByDU+CAc9AA16AJWgCDO/AAnsCzFVuP1ov1umgtWMuZQ/AD1tsn8zCPYw==</latexit>

�
<latexit sha1_base64="XWuZTX+sbVLFRj0RlE8hEwLjFvY=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KknaaLwVvXisYNpCW8pmu22XbjZhdyOU0N/gxYMiXv1B3vw3btoKKvpg4PHeDDPzwoQzpW37w1pZXVvf2CxsFbd3dvf2SweHTRWnktCAxDyW7RArypmggWaa03YiKY5CTlvh5Dr3W/dUKhaLOz1NaC/CI8GGjGBtpKAbUo37pbJdsW2veu4jQy5d3/cMcR2vVvWQY6wcZVii0S+9dwcxSSMqNOFYqY5jJ7qXYakZ4XRW7KaKJphM8Ih2DBU4oqqXzY+doVOjDNAwlqaERnP1+0SGI6WmUWg6I6zH6reXi395nVQP/V7GRJJqKshi0TDlSMco/xwNmKRE86khmEhmbkVkjCUm2uRTNCF8fYr+J0234lQr7m2tXL9axlGAYziBM3DgAupwAw0IgACDB3iCZ0tYj9aL9bpoXbGWM0fwA9bbJzAqjvI=</latexit>

P = �↵B + UP
<latexit sha1_base64="NMIhQ7sXbOdzbpPMRDIn+tVVUYc=">AAAB+nicdVBPSwJBHJ21f2b/tI5dhiQIItldRfMQiF06GrQq6CKz46wOzs4uM7OFbH6ULh2K6Non6da3aVYNKurBwOO99+P3m+dFjEplmh9GZmV1bX0ju5nb2t7Z3csX9tsyjAUmDg5ZKLoekoRRThxFFSPdSBAUeIx0vMll6nduiZA05DdqGhE3QCNOfYqR0tIgX2hdnPURi8YINuEpdAatQb5olkyzblZrUJN62a6UNbGtqlWzoKWtFEWwhM6/94chjgPCFWZIyp5lRspNkFAUMzLL9WNJIoQnaER6mnIUEOkm89Nn8FgrQ+iHQj+u4Fz9PpGgQMpp4OlkgNRY/vZS8S+vFyv/3E0oj2JFOF4s8mMGVQjTHuCQCoIVm2qCsKD6VojHSCCsdFs5XcLXT+H/pG2XrHLJvq4UG81lHVlwCI7ACbBADTTAFWgBB2BwBx7AE3g27o1H48V4XUQzxnLmAPyA8fYJ8f2Sgw==</latexit>

T = �P + �B + UT
<latexit sha1_base64="NdDXeMS/pJRYSl03156LRip2GIM=">AAACAnicdVDLSgNBEJz1GeMr6km8DAZBCITdJCTmIIR48RghL0iWpXcySYbM7C4zs0IIwYu/4sWDIl79Cm/+jZOHoKIFDUVVN91dfsSZ0rb9Ya2srq1vbCa2kts7u3v7qYPDpgpjSWiDhDyUbR8U5SygDc00p+1IUhA+py1/dDXzW7dUKhYGdT2OqCtgELA+I6CN5KWO65ddn2rANZzpDkAIwFWcwQ2v7qXSdta2y3axhA0p53OFvCE5p+iUHOwYa4Y0WqLmpd67vZDEggaacFCq49iRdicgNSOcTpPdWNEIyAgGtGNoAIIqdzJ/YYrPjNLD/VCaCjSeq98nJiCUGgvfdArQQ/Xbm4l/eZ1Y9y/cCQuiWNOALBb1Y451iGd54B6TlGg+NgSIZOZWTIYggWiTWtKE8PUp/p80c1knn83dFNKV6jKOBDpBp+gcOaiEKuga1VADEXSHHtATerburUfrxXpdtK5Yy5kj9APW2ycrIZVe</latexit>

) T = (�↵� + �)B + U
<latexit sha1_base64="jSULnNzfewrduxLr9aPnRIHazbI="></latexit>

Silver 2018

So if                , no dependency between T and B will be observed!� = ↵�
<latexit sha1_base64="fhXeD9KVfgMT/y4rKctY5uzVlf4=">AAAB+3icdVBNS8NAEN3Ur1q/aj16WSyCp5K0jcaDUPTisYL9gKaUyXbbLt1Nwu5GLKV/xYsHRbz6R7z5b9y0FVT0wcDjvRlm5gUxZ0rb9oeVWVldW9/Ibua2tnd29/L7haaKEklog0Q8ku0AFOUspA3NNKftWFIQAaetYHyV+q07KhWLwls9iWlXwDBkA0ZAG6mXL/hDEAIufODxCPyAaujli3bJtt3KqYcNOS97nmtI2XGrFRc7xkpRREvUe/l3vx+RRNBQEw5KdRw71t0pSM0Ip7OcnygaAxnDkHYMDUFQ1Z3Ob5/hY6P08SCSpkKN5+r3iSkIpSYiMJ0C9Ej99lLxL6+T6IHXnbIwTjQNyWLRIOFYRzgNAveZpETziSFAJDO3YjICCUSbuHImhK9P8f+kWS45lVL5plqsXS7jyKJDdIROkIPOUA1dozpqIILu0QN6Qs/WzHq0XqzXRWvGWs4coB+w3j4BUQ2Uow==</latexit>

• Fails in regulatory systems, e.g. home temperature, outside temp, 
thermostat: By design, thermostat keeps the inside temp independent of 
outside, always fixed at T* 

• Biology and homeostasis!  
Ocen keep the assump-on and argue that most distribu-ons are 
mul-modal and will not cancel each other exactly …
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Recall collider example:
Gas Tank Babery

Car 
Starts

Gas tank      Babery 
Gas tank      Babery | Car starts = 0

??
<latexit sha1_base64="Qw48WEhQqWfcOSZKMytFVzKiURM=">AAAB/HicdVDLSsNAFJ3UV62vaJduRovgqiRpo3FXdOOygn1AE8pkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpK2gomcYOHPOvdw7x08YFdIwPrTSyura+kZ5s7K1vbO7p+8fdEWcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn14Vfu+OcEHj6FZmCfFCNI5oQDGSShrqVTchPIHuUXHg4jHUa0bdMOzGmQMVubAcx1bEMu1mw4amsgrUwBLtof7ujmKchiSSmCEhBqaRSC9HXFLMyKzipoIkCE/RmAwUjVBIhJfPl5/BE6WMYBBzdSMJ5+r3jhyFQmShrypDJCfit1eIf3mDVAaOl9MoSSWJ8GJQkDIoY1gkAUeUEyxZpgjCnKpdIZ4gjrBUeVVUCF8/hf+TrlU3G3XrpllrXS7jKINDcAxOgQnOQQtcgzboAAwy8ACewLN2rz1qL9rrorSkLXuq4Ae0t0/56ZO0</latexit>

6??
<latexit sha1_base64="jHJpeeF1BfUfowJ8Lq9Io/X5czs=">AAACAHicdVC7TsMwFHXKq5RXgIGBxVAhMVVJ2kDYKlgYi0QfUhNVjuu2Vh0nsh2kKurCr7AwgBArn8HG3+C0RQIEx7J0fM69ur4nTBiVyrI+jMLS8srqWnG9tLG5tb1j7u61ZJwKTJo4ZrHohEgSRjlpKqoY6SSCoChkpB2Or3K/fUeEpDG/VZOEBBEacjqgGCkt9cwDn8cK+gkRCfSP8jN/9MyyVbEst3rmQU0uHM9zNXFst1Z1oa2tHGWwQKNnvvv9GKcR4QozJGXXthIVZEgoihmZlvxUkgThMRqSrqYcRUQG2WyBKTzRSh8OYqEvV3Cmfu/IUCTlJAp1ZYTUSP72cvEvr5uqgRdklCepIhzPBw1SBlUM8zRgnwqCFZtogrCg+q8Qj5BAWOnMSjqEr03h/6TlVOxqxbmpleuXiziK4BAcg1Ngg3NQB9egAZoAgyl4AE/g2bg3Ho0X43VeWjAWPfvgB4y3TzealYk=</latexit>
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Recall collider example:
Gas Tank Babery

Car 
Starts

Gas tank      Babery 
Gas tank      Babery | Car starts = 0

??
<latexit sha1_base64="Qw48WEhQqWfcOSZKMytFVzKiURM=">AAAB/HicdVDLSsNAFJ3UV62vaJduRovgqiRpo3FXdOOygn1AE8pkOmmHTh7MTIQQ6q+4caGIWz/EnX/jpK2gomcYOHPOvdw7x08YFdIwPrTSyura+kZ5s7K1vbO7p+8fdEWcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn14Vfu+OcEHj6FZmCfFCNI5oQDGSShrqVTchPIHuUXHg4jHUa0bdMOzGmQMVubAcx1bEMu1mw4amsgrUwBLtof7ujmKchiSSmCEhBqaRSC9HXFLMyKzipoIkCE/RmAwUjVBIhJfPl5/BE6WMYBBzdSMJ5+r3jhyFQmShrypDJCfit1eIf3mDVAaOl9MoSSWJ8GJQkDIoY1gkAUeUEyxZpgjCnKpdIZ4gjrBUeVVUCF8/hf+TrlU3G3XrpllrXS7jKINDcAxOgQnOQQtcgzboAAwy8ACewLN2rz1qL9rrorSkLXuq4Ae0t0/56ZO0</latexit>

6??
<latexit sha1_base64="jHJpeeF1BfUfowJ8Lq9Io/X5czs=">AAACAHicdVC7TsMwFHXKq5RXgIGBxVAhMVVJ2kDYKlgYi0QfUhNVjuu2Vh0nsh2kKurCr7AwgBArn8HG3+C0RQIEx7J0fM69ur4nTBiVyrI+jMLS8srqWnG9tLG5tb1j7u61ZJwKTJo4ZrHohEgSRjlpKqoY6SSCoChkpB2Or3K/fUeEpDG/VZOEBBEacjqgGCkt9cwDn8cK+gkRCfSP8jN/9MyyVbEst3rmQU0uHM9zNXFst1Z1oa2tHGWwQKNnvvv9GKcR4QozJGXXthIVZEgoihmZlvxUkgThMRqSrqYcRUQG2WyBKTzRSh8OYqEvV3Cmfu/IUCTlJAp1ZYTUSP72cvEvr5uqgRdklCepIhzPBw1SBlUM8zRgnwqCFZtogrCg+q8Qj5BAWOnMSjqEr03h/6TlVOxqxbmpleuXiziK4BAcg1Ngg3NQB9egAZoAgyl4AE/g2bg3Ho0X43VeWjAWPfvgB4y3TzealYk=</latexit>

• Markov Equivalence Class (MEC): Two graphs G and G’ belong to 
the same equivalence class iff each condi-onal independence 
implied by G is also implied by G’ and vice versa. 

• We can learn edges/direc-ons using MEC and d-separa-on.  
• D-separa-ons gives all CI implied by graph
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True DAG

All Observed CIs

Set of DAGs in MEC

CPDAG 
 (complete par-ally DAG)

A ?? C|B
<latexit sha1_base64="KKKeGHlvUT0MFAkba1ZPakZqr+w=">AAACA3icdVDLSgMxFM34rPVVdaebaBFclZlpq+OuthuXFewDOkPJpGkbmskMSUYoteDGX3HjQhG3/oQ7/8ZMO4KKnhA4Oedebu7xI0alMs0PY2FxaXllNbOWXd/Y3NrO7ew2ZRgLTBo4ZKFo+0gSRjlpKKoYaUeCoMBnpOWPaonfuiFC0pBfq3FEvAANOO1TjJSWurn9C+hGRETQPUxO+qjBW1jt5vJmwTTLxVMHanJuO05ZE9sql4plaGkrQR6kqHdz724vxHFAuMIMSdmxzEh5EyQUxYxMs24sSYTwCA1IR1OOAiK9yWyHKTzWSg/2Q6EvV3Cmfu+YoEDKceDrygCpofztJeJfXidWfcebUB7FinA8H9SPGVQhTAKBPSoIVmysCcKC6r9CPEQCYaVjy+oQvjaF/5OmXbCKBfuqlK9U0zgy4AAcgRNggTNQAZegDhoAgzvwAJ7As3FvPBovxuu8dMFIe/bADxhvn6G2lZw=</latexit>

A ?? C|;
<latexit sha1_base64="QhXGbPZ4Bpht9nAbJQ6etgq9o90=">AAACDHicdVDLSgMxFM3Ud31VXbqJFsFVmelD687HxqWCbYVOkUx6a0MzMyG5I5TaD3Djr7hxoYhbP8Cdf2OmraCiNwROzjmXm3sCJYVB1/1wMlPTM7Nz8wvZxaXlldXc2nrdxInmUOOxjPVlwAxIEUENBUq4VBpYGEhoBL2TVG/cgDYiji6wr6AVsutIdARnaKmrXP6I+gq0ov5WeiaPE3pLfQgV9g1g1rrcgutWSntVasFBsVqtWFD0KuVShXpWSitPJnV2lXv32zFPQoiQS2ZM03MVtgZMo+AShlk/MaAY77FraFoYsRBMazBaZkh3LNOmnVjbGyEdsd87Biw0ph8G1hky7JrfWkr+pTUT7FRbAxGpBCHi40GdRFKMaZoMbQsNHGXfAsa1sH+lvMs042jzS0P42pT+D+rFglcqFM/L+cPjSRzzZJNsk13ikX1ySE7JGakRTu7IA3kiz8698+i8OK9ja8aZ9GyQH+W8fQLDQ5mV</latexit>

A ! B ! C
<latexit sha1_base64="nqEEFbSKUEciTjt7BT47z+7WlwM=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwVZK00bir7cZlBfuANpbJdNIOnUzCzEQpof/hxoUibv0Xd/6Nk7aCih6Y4XDOvdx7jx8zKpVpfhi5ldW19Y38ZmFre2d3r7h/0JZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP2lkfueOCEkjfqOmMfFCNOI0oBgpLd1ewr6KYH3+NwqDYsksm6ZTOXOhJhe26zqa2JZTrTjQ0laGEliiOSi+94cRTkLCFWZIyp5lxspLkVAUMzIr9BNJYoQnaER6mnIUEuml861n8EQrQxhEQj+u4Fz93pGiUMpp6OvKEKmx/O1l4l9eL1GB66WUx4kiHC8GBQmD+sYsAjikgmDFppogLKjeFeIxEggrHVQWwtel8H/StstWpWxfV0u1+jKOPDgCx+AUWOAc1MAVaIIWwECAB/AEno1749F4MV4XpTlj2XMIfsB4+wRbqJEi</latexit>

A B ! C
<latexit sha1_base64="5PSpnvj0fP7b3WEJEaD9wZcC/zI=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovgqiRpo3FX243LCvYBTSiT6aQdOnkwM1FKKPgrblwo4tbvcOffOGkrqOiBC4dz7uXee/yEUSEN40NbWl5ZXVsvbBQ3t7Z3dvW9/baIU45JC8cs5l0fCcJoRFqSSka6CSco9Bnp+ONG7nduCRc0jm7kJCFeiIYRDShGUkl9/fASuowEEnEe38E6dGUMG8W+XjLKhmFXzhyoyIXlOLYilmlXKzY0lZWjBBZo9vV3dxDjNCSRxAwJ0TONRHoZ4pJiRqZFNxUkQXiMhqSnaIRCIrxsdv4UnihlAIOYq4oknKnfJzIUCjEJfdUZIjkSv71c/MvrpTJwvIxGSSpJhOeLgpRB9WOeBRxQTrBkE0UQ5lTdCvEIcYSlSiwP4etT+D9pW2WzUrauq6VafRFHARyBY3AKTHAOauAKNEELYJCBB/AEnrV77VF70V7nrUvaYuYA/ID29gl+E5SM</latexit>

A B  C
<latexit sha1_base64="H+sBgwenlN9DVUN8vjP+JXpijzE=">AAACBXicdVDLTsJAFJ3iC/FVdamLicTEFWkL1bpD2LjERMAEGjIdpjBh+sjMVEMaNm78FTcuNMat/+DOv3EKmKDRk9zkzDn3Zu49XsyokIbxqeWWlldW1/LrhY3Nre0dfXevJaKEY9LEEYv4jYcEYTQkTUklIzcxJyjwGGl7o3rmt28JFzQKr+U4Jm6ABiH1KUZSST398AJ2GfEl4jy6g7XFR73Q04tGyTDs8qkDFTm3HMdWxDLtStmGprIyFMEcjZ7+0e1HOAlIKDFDQnRMI5ZuirikmJFJoZsIEiM8QgPSUTREARFuOr1iAo+V0od+xFWFEk7VxYkUBUKMA091BkgOxW8vE//yOon0HTelYZxIEuLZR37CoIxgFgnsU06wZGNFEOZU7QrxEHGEpQouC+H7Uvg/aVkls1yyrirFam0eRx4cgCNwAkxwBqrgEjRAE2BwDx7BM3jRHrQn7VV7m7XmtPnMPvgB7f0LOISXxQ==</latexit>

A! B  C
<latexit sha1_base64="O2QZrGtRLq6YJA4G7VpIaitjEaw=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovgqiRpo3FX243LCvYBTSiT6aQdOnkwM1FKKPgrblwo4tbvcOffOGkrqOiBC4dz7uXee/yEUSEN40NbWl5ZXVsvbBQ3t7Z3dvW9/baIU45JC8cs5l0fCcJoRFqSSka6CSco9Bnp+ONG7nduCRc0jm7kJCFeiIYRDShGUkl9/fASujKGdegyEkjEeXwHG8W+XjLKhmFXzhyoyIXlOLYilmlXKzY0lZWjBBZo9vV3dxDjNCSRxAwJ0TONRHoZ4pJiRqZFNxUkQXiMhqSnaIRCIrxsdv4UnihlAIOYq4oknKnfJzIUCjEJfdUZIjkSv71c/MvrpTJwvIxGSSpJhOeLgpRB9XCeBRxQTrBkE0UQ5lTdCvEIcYSlSiwP4etT+D9pW2WzUrauq6VafRFHARyBY3AKTHAOauAKNEELYJCBB/AEnrV77VF70V7nrUvaYuYA/ID29gl4qJSM</latexit>

A — B — C
<latexit sha1_base64="UIAK0hrgNfFrznOi5t69NsZO/mI=">AAACCHicdVC7TgJBFJ31ifhCLS2cSExsILs8FDuExhITeSSwIbPDABNmH5m5ayQbSht/xcZCY2z9BDv/xlnARIye5CZnzrk3c+9xAsEVmOansbS8srq2nthIbm5t7+ym9vYbyg8lZXXqC1+2HKKY4B6rAwfBWoFkxHUEazqjauw3b5lU3PduYBww2yUDj/c5JaClburoEneA3UGEM5kMnuDK4rPaTaXNrGkW82clrMlFrlQqapKzioV8EVvaipFGc9S6qY9Oz6ehyzyggijVtswA7IhI4FSwSbITKhYQOiID1tbUIy5TdjQ9ZIJPtNLDfV/q8gBP1Z8TEXGVGruO7nQJDNVvLxb/8toh9Et2xL0gBObR2Uf9UGDwcZwK7nHJKIixJoRKrnfFdEgkoaCzS+oQvi/F/5NGLmvls7nrQrpcmceRQIfoGJ0iC52jMrpCNVRHFN2jR/SMXowH48l4Nd5mrUvGfOYALcB4/wKnipc1</latexit>

A! B  C
<latexit sha1_base64="O2QZrGtRLq6YJA4G7VpIaitjEaw=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovgqiRpo3FX243LCvYBTSiT6aQdOnkwM1FKKPgrblwo4tbvcOffOGkrqOiBC4dz7uXee/yEUSEN40NbWl5ZXVsvbBQ3t7Z3dvW9/baIU45JC8cs5l0fCcJoRFqSSka6CSco9Bnp+ONG7nduCRc0jm7kJCFeiIYRDShGUkl9/fASujKGdegyEkjEeXwHG8W+XjLKhmFXzhyoyIXlOLYilmlXKzY0lZWjBBZo9vV3dxDjNCSRxAwJ0TONRHoZ4pJiRqZFNxUkQXiMhqSnaIRCIrxsdv4UnihlAIOYq4oknKnfJzIUCjEJfdUZIjkSv71c/MvrpTJwvIxGSSpJhOeLgpRB9XCeBRxQTrBkE0UQ5lTdCvEIcYSlSiwP4etT+D9pW2WzUrauq6VafRFHARyBY3AKTHAOauAKNEELYJCBB/AEnrV77VF70V7nrUvaYuYA/ID29gl4qJSM</latexit>

A ! B ! C
<latexit sha1_base64="CFsExZc4f7tGfK8QbiU3t5rbytc=">AAAB9HicdVDLTgIxFL2DL8QX6tJNIzFxNZlBo7JD2LjERIQEJqRTOtDQ6Yxth4RM+A43LjTGrR/jzr+xDJj4PEmbk3Puzb33+DFnSjvOu5VbWl5ZXcuvFzY2t7Z3irt7typKJKFNEvFItn2sKGeCNjXTnLZjSXHoc9ryR/WZ3xpTqVgkbvQkpl6IB4IFjGBtJO8SdXWEatlf7xVLjl1x3MqZi34T13YylGCBRq/41u1HJAmp0IRjpTquE2svxVIzwum00E0UjTEZ4QHtGCpwSJWXZktP0ZFR+iiIpHlCo0z92pHiUKlJ6JvKEOuh+unNxL+8TqKDCy9lIk40FWQ+KEg4MifOEkB9JinRfGIIJpKZXREZYomJNjkVTAifl6L/yW3Zdk/s8vVpqVpbxJGHAziEY3DhHKpwBQ1oAoE7uIdHeLLG1oP1bL3MS3PWomcfvsF6/QApwZES</latexit>

A! B  C
<latexit sha1_base64="Tgx6svlc+KzdCV2m2n3H2sRwu+Q=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwNcxUUbur7cZlBfuAzlAyaaYNzSRDklHqUPwVNy4Ucet/uPNvTB+CzwMXDufcy733hAmjSrvuuzU3v7C4tJxbya+urW9s2lvbDSVSiUkdCyZkK0SKMMpJXVPNSCuRBMUhI81wUB37zWsiFRX8Sg8TEsSox2lEMdJG6ti759DXAlagz0ikkZTiBlY7dsF1Sq5XOvHgb+I57gQFMEOtY7/5XYHTmHCNGVKq7bmJDjIkNcWMjPJ+qkiC8AD1SNtQjmKigmxy/QgeGKULIyFNcQ0n6teJDMVKDePQdMZI99VPbyz+5bVTHZ0FGeVJqgnH00VRyqD5dxwF7FJJsGZDQxCW1NwKcR9JhLUJLG9C+PwU/k8aRcc7coqXx4VyZRZHDuyBfXAIPHAKyuAC1EAdYHAL7sEjeLLurAfr2XqZts5Zs5kd8A3W6wdDoZR8</latexit>

Glymour et al. (2019)
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• For |V|=n nodes there are                          dis-nct pairs of variables 

• There are at least                  possible graphs where between any 
two pairs there is either an edge or no edge. 

• There are at most                  possible graphs since we may have 
either of: 

• Grows super exponen-ally in the number of nodes 

• Requires efficient causal discovery algorithms: PC algorithm

✓
n

2

◆
=

1

2
(n� 1)n

<latexit sha1_base64="reRrkKtIDoP8AE1Xw6HijOBwfdI="></latexit>

2
1
2 (n�1)n

<latexit sha1_base64="h0PaFMdI3xo4GCQ65LCyX39VlKw=">AAAB/nicdVDLSsNAFJ34rPUVFVduBotQF5YkbbXuim5cVrAPaGOZTCft0MkkzEyEEgL+ihsXirj1O9z5N07aCip64MLhnHu59x4vYlQqy/owFhaXlldWc2v59Y3NrW1zZ7clw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW98mfntOyIkDfmNmkTEDdCQU59ipLTUN/ed26TnC4QTO02ctMhP7GOe9s2CVbKsavm0BjU5d2q1qiaOXa2Uq9DWVoYCmKPRN997gxDHAeEKMyRl17Yi5SZIKIoZSfO9WJII4TEakq6mHAVEusn0/BQeaWUA/VDo4gpO1e8TCQqknASe7gyQGsnfXib+5XVj5dfchPIoVoTj2SI/ZlCFMMsCDqggWLGJJggLqm+FeIR0GEonltchfH0K/yctp2SXS851pVC/mMeRAwfgEBSBDc5AHVyBBmgCDBLwAJ7As3FvPBovxuusdcGYz+yBHzDePgFv5ZUp</latexit>

3
1
2 (n�1)n

<latexit sha1_base64="ZERKVWwTJAWJ/ewdQrQ6Pc8sgGc=">AAAB/nicdVDLSgMxFM34rPVVFVdugkWoC8s8Wh13RTcuK9gHtGPJpJk2NJMZkoxQhgF/xY0LRdz6He78G9OHoKIHLhzOuZd77/FjRqUyzQ9jYXFpeWU1t5Zf39jc2i7s7DZllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Y8uJ37rjghJI36jxjHxQjTgNKAYKS31CvvObdoNBMKplaV2VuIn1jHPeoWiWTbNqnPqQk3ObdetamJb1YpThZa2JiiCOeq9wnu3H+EkJFxhhqTsWGasvBQJRTEjWb6bSBIjPEID0tGUo5BIL52en8EjrfRhEAldXMGp+n0iRaGU49DXnSFSQ/nbm4h/eZ1EBa6XUh4ninA8WxQkDKoITrKAfSoIVmysCcKC6lshHiIdhtKJ5XUIX5/C/0nTLltO2b6uFGsX8zhy4AAcghKwwBmogStQBw2AQQoewBN4Nu6NR+PFeJ21LhjzmT3wA8bbJ3F9lSo=</latexit>

A! B, A B, A B
<latexit sha1_base64="9d6woSv8fK1Y/mjk1YWIP2QF9YQ="></latexit>

Silver 2018



Peter-Clark (PC) Algorithm

Glymour et al. (2019)

True causal graph: A

B
C D

1. Start with the complete graph 

A

B
C D

2. Zeroth order CI,              , by faithfulness:A ?? B
<latexit sha1_base64="urhlF3msHk5RLK0YQxJh3rW+fJs=">AAAB/3icdVC7TsMwFHV4lvIKILGwGCokpipJGwhbKQtjkehDaqLKcZ3WqvOQ7SBVpQO/wsIAQqz8Bht/g9MGCRAcy9LxOffqXh8/YVRIw/jQFhaXlldWC2vF9Y3NrW19Z7cl4pRj0sQxi3nHR4IwGpGmpJKRTsIJCn1G2v7oMvPbt4QLGkc3cpwQL0SDiAYUI6mknr5/Ad2E8AS6h9nJH/WeXjLKhmFXTh2oyLnlOLYilmlXKzY0lZWhBHI0evq7249xGpJIYoaE6JpGIr0J4pJiRqZFNxUkQXiEBqSraIRCIrzJbP8pPFZKHwYxVzeScKZ+75igUIhx6KvKEMmh+O1l4l9eN5WB401olKSSRHg+KEgZlDHMwoB9ygmWbKwIwpyqXSEeIo6wVJEVVQhfP4X/k5ZVNitl67paqtXzOArgAByBE2CCM1ADV6ABmgCDO/AAnsCzdq89ai/a67x0Qct79sAPaG+fbmCUdQ==</latexit>

A

B
C D

Need staKsKcal  
independence tesKng.



Peter-Clark (PC) Algorithm

Glymour et al. (2019)

3. 1st order CI,                      , by faithfulness:
A

B
C

A ?? D|C
B ?? D|C

<latexit sha1_base64="bluOX2JTJZDYfc6R939PHBS+qis=">AAACIHicdVDLTgIxFO3gC/E16tJNlZi4IjMDI7hDcOESE3kkDCGd0oGGziNtx4Qgn+LGX3HjQmN0p19jB8ZEjZ6myek59+b2HjdiVEjDeNcyS8srq2vZ9dzG5tb2jr671xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd1xP/PYN4YKGwbWcRKTno2FAPYqRVFJfL59DJyI8gs5hctLHBbyFdcfJ1f41+3reKBiGXTytQEXOrErFVsQy7VLRhqayEuRBikZff3MGIY59EkjMkBBd04hkb4q4pJiRWc6JBYkQHqMh6SoaIJ+I3nS+4AweK2UAvZCrG0g4V793TJEvxMR3VaWP5Ej89hLxL68bS6/Sm9IgiiUJ8GKQFzMoQ5ikBQeUEyzZRBGEOVV/hXiEOMJSZZpTIXxtCv8nLatgFgvWVSlfraVxZMEBOAInwARlUAWXoAGaAIM78ACewLN2rz1qL9rrojSjpT374Ae0j0/rNZ8k</latexit>

D



Peter-Clark (PC) Algorithm

Glymour et al. (2019)

3. 1st order CI,                      , by faithfulness:
A

B
C

A ?? D|C
B ?? D|C

<latexit sha1_base64="bluOX2JTJZDYfc6R939PHBS+qis=">AAACIHicdVDLTgIxFO3gC/E16tJNlZi4IjMDI7hDcOESE3kkDCGd0oGGziNtx4Qgn+LGX3HjQmN0p19jB8ZEjZ6myek59+b2HjdiVEjDeNcyS8srq2vZ9dzG5tb2jr671xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd1xP/PYN4YKGwbWcRKTno2FAPYqRVFJfL59DJyI8gs5hctLHBbyFdcfJ1f41+3reKBiGXTytQEXOrErFVsQy7VLRhqayEuRBikZff3MGIY59EkjMkBBd04hkb4q4pJiRWc6JBYkQHqMh6SoaIJ+I3nS+4AweK2UAvZCrG0g4V793TJEvxMR3VaWP5Ej89hLxL68bS6/Sm9IgiiUJ8GKQFzMoQ5ikBQeUEyzZRBGEOVV/hXiEOMJSZZpTIXxtCv8nLatgFgvWVSlfraVxZMEBOAInwARlUAWXoAGaAIM78ACewLN2rz1qL9rrojSjpT374Ae0j0/rNZ8k</latexit>

D

4. No higher order CI observed. No-ce that condi-oning sets only need to 
contain neighbours for the two nodes due to the Markov condi-on. We do 
not know the parents but parents are a subsets of neighbours. As the graph 
becomes sparser, the number of tests to be performed decreases. This 
makes PC very efficient.  



Peter-Clark (PC) Algorithm

Glymour et al. (2019)

3. 1st order CI,                      , by faithfulness:
A

B
C

A ?? D|C
B ?? D|C

<latexit sha1_base64="bluOX2JTJZDYfc6R939PHBS+qis=">AAACIHicdVDLTgIxFO3gC/E16tJNlZi4IjMDI7hDcOESE3kkDCGd0oGGziNtx4Qgn+LGX3HjQmN0p19jB8ZEjZ6myek59+b2HjdiVEjDeNcyS8srq2vZ9dzG5tb2jr671xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd1xP/PYN4YKGwbWcRKTno2FAPYqRVFJfL59DJyI8gs5hctLHBbyFdcfJ1f41+3reKBiGXTytQEXOrErFVsQy7VLRhqayEuRBikZff3MGIY59EkjMkBBd04hkb4q4pJiRWc6JBYkQHqMh6SoaIJ+I3nS+4AweK2UAvZCrG0g4V793TJEvxMR3VaWP5Ej89hLxL68bS6/Sm9IgiiUJ8GKQFzMoQ5ikBQeUEyzZRBGEOVV/hXiEOMJSZZpTIXxtCv8nLatgFgvWVSlfraVxZMEBOAInwARlUAWXoAGaAIM78ACewLN2rz1qL9rrojSjpT374Ae0j0/rNZ8k</latexit>

D

4. No higher order CI observed. No-ce that condi-oning sets only need to 
contain neighbours for the two nodes due to the Markov condi-on. We do 
not know the parents but parents are a subsets of neighbours. As the graph 
becomes sparser, the number of tests to be performed decreases. This 
makes PC very efficient.  

5. Orient V-structures (colliders): take triplets where 2 nodes are connected 
to the 3rd:                      only. A 6?? B|C

<latexit sha1_base64="t9m9HBqh7ouqCP/1DeC5gjFcJds=">AAACCHicdVC7TsMwFHV4lvIqMDJgqJCYqqRtIGylXRiLRB9SE1WO67ZWHSeyHaSqdGThV1gYQIiVT2Djb3DaIAGCY1k6PudeXd/jR4xKZZofxsLi0vLKamYtu76xubWd29ltyjAWmDRwyELR9pEkjHLSUFQx0o4EQYHPSMsf1RK/dUOEpCG/VuOIeAEacNqnGCktdXMHF9DloYJuREQE3cPkpI8qvIW1bi5vFkzTLp06UJPzouPYmhQtu1yyoaWtBHmQot7Nvbu9EMcB4QozJGXHMiPlTZBQFDMyzbqxJBHCIzQgHU05Coj0JrNFpvBYKz3YD4W+XMGZ+r1jggIpx4GvKwOkhvK3l4h/eZ1Y9R1vQnkUK8LxfFA/ZlCFMEkF9qggWLGxJggLqv8K8RAJhJXOLqtD+NoU/k+axYJVKhSvyvlKNY0jA/bBETgBFjgDFXAJ6qABMLgDD+AJPBv3xqPxYrzOSxeMtGcP/IDx9glH6Jeb</latexit>

A

B
C D

Note             cannot be as it would have 
been a collider (not detected in 5)

<latexit sha1_base64="x+S6MeuGArQGyFle4f+e6xtPsHM=">AAAB9XicdVDLTgIxFO3gC/GFunTTSExckRlgdNwRceESE3kkMJJO6UBDp520HQkh/IcbFxrj1n9x59/YAUzU6ElucnLOvbn3niBmVGnb/rAyK6tr6xvZzdzW9s7uXn7/oKlEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVjGqp37onUlHBb/UkJn6EBpyGFCNtpLsa7DISaiSlGMOrXr5gF23bLZ950JCLkue5hpQct1J2oWOsFAWwRL2Xf+/2BU4iwjVmSKmOY8fanyKpKWZklusmisQIj9CAdAzlKCLKn86vnsETo/RhKKQpruFc/T4xRZFSkygwnRHSQ/XbS8W/vE6iQ8+fUh4nmnC8WBQmDGoB0whgn0qCNZsYgrCk5laIh0girE1QORPC16fwf9IsFR23aN9UCtXLZRxZcASOwSlwwDmogmtQBw2AgQQP4Ak8W2Pr0XqxXhetGWs5cwh+wHr7BCZrkk0=</latexit>

C  D



Remarks

26

• Missing/unobserved variables could lead to wrong/biased graphs 

• Condi-onal independence tests are subject of ac-ve research 

• Parallelised PC 

• PC for heterogeneous data etc.  

• PC + score-based

Nevertheless, the assump-ons behind these are very strong! !
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