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Counterfactuals (revisited)

5 Pearl’s Primer book Chapter 4

You wish to go to a bar with your friends to have a drink on Friday night. You 
would prefer if the bar is not too busy so that the drink can be served quickly.


You choose to go to a bar in Cowgate, and it turns out to be busy. You might be 
saying “We should have just gone to Teviot.”


Colloquially: “If we had gone to Teviot, it would have been quieter and we 
would have been served more quickly.”


Counterfactuals: An ‘if’ statement in which the ‘if’ position is untrue or 
unrealised. (‘if’ here is a hypothetical condition or antecedent).


We wish to compare two outcomes (serving time above), under the same 
conditions differing only in one aspect (going to Teviot above).



Counterfactuals (revisited)

6 Pearl’s Primer book Chapter 4

Knowing the outcome of the action we have already taken is important,

because our estimate of serving time at Teviot may be different after observing 
the time at Cowgate, which may offer valuable evidence of our assessment (e.g. 
break/weekend, more students are going to the bar). 


If we use the do-expression to estimate the serving time we will have a problem: 


E[serving time | do(Teviot), serving time = 40 mins]


Clash: Actual serving time (at Cowgate, known) and  
the hypothetical one under do(Teviot)



Counterfactuals (potential outcomes notation)

7 Pearl’s Primer book Chapter 4

Use different subscripts to label the two outcomes (as done before): 

           

         : Serving time at Teviot

         : Serving time at Cowgate


So we wish to estimate:

Notice the apparent contradiction in this notation, two different worlds.

We seek to estimate the serving time in a world where we chose Teviot given that 
in the actual world, Cowgate, the time it took to serve the drink was 40mins.


Compare with do-operator: 

This expression seeks to estimate the serving time in a world that we chose 
Teviot, without reference to the other world (Cowgate) whatsoever. 

<latexit sha1_base64="/agifBd64n22mwybgRrXQjoqnMc=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hd0kG9eDEvDiMUJekixhdjKbDJl9MDMrhCUf4cWDIl79Hm/+jbNJBBUtaCiquunu8mLOpDLND2NldW19YzO3ld/e2d3bLxwctmWUCEJbJOKR6HpYUs5C2lJMcdqNBcWBx2nHm1xnfueeCsmisKmmMXUDPAqZzwhWWurcDdLmpTUbFIpmyTTtSs1BmlyUHcfWpGzZ1YqNLG1lKMISjU HhvT+MSBLQUBGOpexZZqzcFAvFCKezfD+RNMZkgke0p2mIAyrddH7uDJ1qZYj8SOgKFZqr3ydSHEg5DTzdGWA1lr+9TPzL6yXKd9yUhXGiaEgWi/yEIxWh7Hc0ZIISxaeaYCKYvhWRMRaYKJ1QXofw9Sn6n7TLJatWqt5Wi/WrZRw5OIYTOAMLzqEON9CAFhCYwAM8wbMRG4/Gi/G6aF0xljNH8APG2yc3F4+B</latexit>

YT=1
<latexit sha1_base64="WVF1oipH9cEnU9Zkud1mcnxlyGs=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hd0kG9eDEvDiMUJekixhdjKbDJl9MDMrhCUf4cWDIl79Hm/+jbNJBBUtaCiquunu8mLOpDLND2NldW19YzO3ld/e2d3bLxwctmWUCEJbJOKR6HpYUs5C2lJMcdqNBcWBx2nHm1xnfueeCsmisKmmMXUDPAqZzwhWWurcDdLmpTkbFIpmyTTtSs1BmlyUHcfWpGzZ1YqNLG1lKMISjU HhvT+MSBLQUBGOpexZZqzcFAvFCKezfD+RNMZkgke0p2mIAyrddH7uDJ1qZYj8SOgKFZqr3ydSHEg5DTzdGWA1lr+9TPzL6yXKd9yUhXGiaEgWi/yEIxWh7Hc0ZIISxaeaYCKYvhWRMRaYKJ1QXofw9Sn6n7TLJatWqt5Wi/WrZRw5OIYTOAMLzqEON9CAFhCYwAM8wbMRG4/Gi/G6aF0xljNH8APG2yc1ko+A</latexit>

YT=0

<latexit sha1_base64="RLGbd/JIvrbgL641VjQYw73RaCI="></latexit>

E[YT=1|T = 0, Y = Y0 = 40mins]

<latexit sha1_base64="xHa1kS6HtGGw3/2lVGGRsCvPedY=">AAAB/nicdVDLSgMxFM34rPVVFVdugkWomzLTl+NCKYjgskJf0g4lk2ba0ExmSDJCGQv+ihsXirj1O9z5N2baCip6IHA4517uyXFDRqUyzQ9jYXFpeWU1tZZe39jc2s7s7DZlEAlMGjhggWi7SBJGOWkoqhhph4Ig32Wk5Y4uEr91S4SkAa+rcUgcHw049ShGSku9zH7XR2rouvHlpHNz1w9y9TN17PQyWTNvmuVixYaanBZsu6xJwSqXimVoaStBFsxR62Xeu/0ARz7hCjMkZccyQ+XESCiKGZmku5EkIcIjNCAdTTnyiXTiafwJPNJKH3qB0I8rOFW/b8TIl3Lsu3oyCSt/e4n4l9eJlGc7MeVhpAjHs0NexKAKYNIF7FNBsGJjTRAWVGeFeIgEwko3ltYlfP0U/k+ahbxVyZeuS9nq+byOFDgAhyAHLHACquAK1EADYBCDB/AEno1749F4MV5nowvGfGcP/IDx9gkGL5WJ</latexit>

E[Y |do(T = t)]



Counterfactuals: Keep identification & estimation separate

8 Pearl’s Primer book Chapter 4

Estimation: Measure the serving time at Teviot at a different time.  
Here will be making approximations under certain assumptions. We have to make 
sure this assumption are appropriate. 


BUT, defining the counterfactual should not require approximation. Definitions 
should accurately capture what we wish to estimate precisely.  
(How we then estimate it is a different problem).


Defining and estimating counterfactual allows us to address complex problems:

- efficacy of a job training programme by identifying how may enrolled would 

have gotten jobs had they not enrolled

- Predict the effect of an additive intervention (adding 5 mg/l of insulin to a group 

of patient with varying insulin levels), from experimental studies

- Obtain the likelihood that an individual cancer patient would have had a 

different outcome, had they chosen a different treatment



Counterfactuals: SCM

9 Pearl’s Primer book Chapter 4

In a fully specified causal model M: Know all functions F, and the value of all 
exogenous variables U. Then every assignment of U=u correspond to a single 
member (unit) in a population or a situation in nature. 


People: e.g., salary, area, education, hobbies, etc. 

i.e., so many of the defining properties that cannot all be included in the model, 
such that, when taken together, they can uniquely distinguish each individuals 


So U=u here represents a unique individual. 


Example: Simple causal model 

<latexit sha1_base64="uSZ/pe6LgtWfK+OQR089VEJTaDo=">AAAB/XicdZDLSsNAFIYnXmu8xcvOzWCxCEJJ2qbWhVJw47JC01baUCbTaTt0cmFmItRQfBU3LhRx63u4822ctBVU9MDAx/+fwznzexGjQprmh7awuLS8sppZ09c3Nre2jZ3dhghjjomDQxbylocEYTQgjqSSkVbECfI9Rpre6DL1m7eECxoGdTmOiOujQUD7FCOppK6xn6vDc4icTkfP3Sjy6vDE6RpZM2+adrFcgQrOCpWKraBg2aWiDS1lpZUF86p1jfdOL8SxTwKJGRKibZmRdBPEJcWMTPROLEiE8AgNSFthgHwi3GR6/QQeKaUH+yFXL5Bwqn6fSJAvxNj3VKeP5FD89lLxL68dy37FTWgQxZIEeLaoHzMoQ5hGAXuUEyzZWAHCnKpbIR4ijrBUgekqhK+fwv+hUchb5XzpupStXszjyIADcAiOgQVOQRVcgRpwAAZ34AE8gWftXnvUXrTXWeuCNp/ZAz9Ke/sENZGSgw==</latexit>

T = aU

Y = bT + U



Counterfactuals: SCM

10 Pearl’s Primer book Chapter 4

In a fully specified causal model M: Know all functions F, and the value of all 
exogenous variables U. Then every assignment of U=u correspond to a single 
member (unit) in a population or a situation in nature. 


People: e.g., salary, area, education, hobbies, etc. 

i.e., so many of the defining properties that cannot all be included in the model, 
such that, when taken together, they can uniquely distinguish each individuals 


So U=u here represents a unique individual. 


Example: Simple causal model 


What Y would be had T been t in situation U = u:  

<latexit sha1_base64="uSZ/pe6LgtWfK+OQR089VEJTaDo=">AAAB/XicdZDLSsNAFIYnXmu8xcvOzWCxCEJJ2qbWhVJw47JC01baUCbTaTt0cmFmItRQfBU3LhRx63u4822ctBVU9MDAx/+fwznzexGjQprmh7awuLS8sppZ09c3Nre2jZ3dhghjjomDQxbylocEYTQgjqSSkVbECfI9Rpre6DL1m7eECxoGdTmOiOujQUD7FCOppK6xn6vDc4icTkfP3Sjy6vDE6RpZM2+adrFcgQrOCpWKraBg2aWiDS1lpZUF86p1jfdOL8SxTwKJGRKibZmRdBPEJcWMTPROLEiE8AgNSFthgHwi3GR6/QQeKaUH+yFXL5Bwqn6fSJAvxNj3VKeP5FD89lLxL68dy37FTWgQxZIEeLaoHzMoQ5hGAXuUEyzZWAHCnKpbIR4ijrBUgekqhK+fwv+hUchb5XzpupStXszjyIADcAiOgQVOQRVcgRpwAAZ34AE8gWftXnvUXrTXWeuCNp/ZAz9Ke/sENZGSgw==</latexit>

T = aU

Y = bT + U

<latexit sha1_base64="Ni8NzSTnsSM+hY2IjxD7jE/HNfc=">AAAB+HicdVDJSgNBEO1xjXFJ1KOXxiBEhDCTzXhQAl48RjCLJEPo6XSSJj0L3dVCDPkSLx4U8eqnePNv7EkiqOiDgsd7VVTV8yLBFdj2h7W0vLK6tp7YSG5ube+k0rt7DRVqSVmdhiKULY8oJnjA6sBBsFYkGfE9wZre6DL2m3dMKh4GNzCOmOuTQcD7nBIwUjeduu1CVh/jc+wBPsG6m87YOdsuFcoVbMhZvlIpGZJ3SsVCCTvGipFBC9S66fdOL6TaZwFQQZRqO3YE7oRI4FSwabKjFYsIHZEBaxsaEJ8pdzI7fIqPjNLD/VCaCgDP1O8TE+IrNfY90+kTGKrfXiz+5bU19CvuhAeRBhbQ+aK+FhhCHKeAe1wyCmJsCKGSm1sxHRJJKJiskiaEr0/x/6SRzznlXPG6mKleLOJIoAN0iLLIQaeoiq5QDdURRRo9oCf0bN1bj9aL9TpvXbIWM/voB6y3T4FfkbU=</latexit>

Yt(u) = bt+ u



Counterfactuals: SCM

11 Pearl’s Primer book Chapter 4

In a fully specified causal model M: Know all functions F, and the value of all 
exogenous variables U. Then every assignment of U=u correspond to a single 
member (unit) in a population or a situation in nature. 


People: e.g., salary, area, education, hobbies, etc. 

i.e., so many of the defining properties that cannot all be included in the model, 
such that, when taken together, they can uniquely distinguish each individuals 


So U=u here represents a unique individual. 


Notice also that the do(t)-operator capture the behaviour of a population under 
intervention, while           describes the behaviour of a specific individual U=u 
under such an intervention. 

<latexit sha1_base64="ZRmUzVXRuQoOEsvAfQNmuJNw45c=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBDiJewm2bheJODFYwTzkGQJs5PZZMjsg5lZISz5CC8eFPHq93jzb5xNIqhoQUNR1U13lxdzJpVpfhgrq2vrG5u5rfz2zu7efuHgsC2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473uQq8zv3VEgWhbdqGlM3wKOQ+YxgpaXO3UCVkjM0KBTNsmna1bqDNLmoOI6tScWya1UbWdrKUIQlmoPCe38YkSSgoSIcS9mzzFi5KRaKEU5n+X4iaYzJBI9oT9MQB1S66fzcGTrVyhD5kdAVKjRXv0+kOJByGni6M8BqLH97mfiX10uU77gpC+NE0ZAsFvkJRypC2e9oyAQlik81wUQwfSsiYywwUTqhvA7h61P0P2lXyla9XLupFRuXyzhycAwnUAILzqEB19CEFhCYwAM8wbMRG4/Gi/G6aF0xljNH8APG2yelUI8h</latexit>

Yt(u)



Counterfactuals: The Fundamental Law (seen before)

12 Pearl’s Primer book Chapter 4

If we observe                                    then

(Setting T to a value it already has should not produce a change in the world.)


Consistency rule:


If T is binary, the consistency rule can be written as:

<latexit sha1_base64="otfMAcdJcA8eFsPVWkNAm1ppvqg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkDLTduq4UApuXFboS9qxZNK0Dc1khiSjlKH/4caFIm79F3f+jZm2gooeuNzDOfeSm+OFjEplmh9Gaml5ZXUtvZ7Z2Nza3snu7jVlEAlMGjhggWh7SBJGOWkoqhhph4Ig32Ok5Y0vE791R4SkAa+rSUhcHw05HVCMlJZu6/no+Nw6gTdJN3vZnFkwTbtUcaAmZ0XHsTUpWna5ZENLWwlyYIFaL/ve7Qc48glXmCEpO5YZKjdGQlHMyDTTjSQJER6jIeloypFPpBvPrp7CI6304SAQuriCM/X7Rox8KSe+pyd9pEbyt5eIf3mdSA0cN6Y8jBTheP7QIGJQBTCJAPapIFixiSYIC6pvhXiEBMJKB5XRIXz9FP5PmsWCVSmUr8u56sUijjQ4AIcgDyxwCqrgCtRAA2AgwAN4As/GvfFovBiv89GUsdjZBz9gvH0CsdSQtQ==</latexit>

T (u) = 1, Y (u) = 0
<latexit sha1_base64="MITPhYl4/+sTyyID2XpjKYzrj1s=">AAAB9XicdVDLTsJAFJ3iC/GFunQzkZjghrRAsS4wJG5cYsLLQCXTYYAJ02kzM9WQhv9w40Jj3Pov7vwbp4CJGj3JTU7OuTf33uOFjEplmh9GamV1bX0jvZnZ2t7Z3cvuH7RkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7U0uE799R4SkAW+oaUhcH404HVKMlJZub/pxo2rN8tEprEKzn82ZBdO0SxUHanJedBxbk6Jll0s2tLSVIAeWqPez771BgCOfcIUZkrJrmaFyYyQUxYzMMr1IkhDhCRqRrqYc+US68fzqGTzRygAOA6GLKzhXv0/EyJdy6nu600dqLH97ifiX143U0HFjysNIEY4Xi4YRgyqASQRwQAXBik01QVhQfSvEYyQQVjqojA7h61P4P2kVC1alUL4u52oXyzjS4AgcgzywwBmogStQB02AgQAP4Ak8G/fGo/FivC5aU8Zy5hD8gPH2CYI/kTo=</latexit>

YT=1(u) = 0

<latexit sha1_base64="fGtQPZIROZ6iiIdNTmxMTjI1Gf8="></latexit>

if T = t then Yt = Y

<latexit sha1_base64="uItfvEW21VNNqoGKnYrd1O2UK9Q=">AAAB/HicdVDLSgMxFM3UV62v0S7dBItQEctMX9aFUnDjskKftMOQSdM2NJMZkowwlPorblwo4tYPceffmD4EFT1w4XDOvdx7jxcyKpVlfRiJldW19Y3kZmpre2d3z9w/aMogEpg0cMAC0faQJIxy0lBUMdIOBUG+x0jLG1/P/NYdEZIGvK7ikDg+GnI6oBgpLblmugMvYb3j2vAUZu2z+knHtVwzY+Usq1QoV6AmF/lKpaRJ3i4VCyVoa2uGDFii5prvvX6AI59whRmSsmtboXImSCiKGZmmepEkIcJjNCRdTTnyiXQm8+On8FgrfTgIhC6u4Fz9PjFBvpSx7+lOH6mR/O3NxL+8bqQGFWdCeRgpwvFi0SBiUAVwlgTsU0GwYrEmCAuqb4V4hATCSueV0iF8fQr/J818zi7nirfFTPVqGUcSHIIjkAU2OAdVcANqoAEwiMEDeALPxr3xaLwYr4vWhLGcSYMfMN4+AYWrkiE=</latexit>

Y = TY1 + (1� T )Y0



Counterfactual interpretation of Backdoor (Theorem)

13 Pearl’s Primer book Chapter 4

If a set Z of variables satisfies the backdoor condition relative to (T,Y), then, for all 
t, the counterfactual Yt is conditionally independent of T given Z:  

<latexit sha1_base64="xP71LdtIu3cCz6Y+5Zy1G9Om3fQ=">AAAB/3icdZDLSgMxFIYz9VbrbVRw4yZYhApSZnqzLpSCG5cV2lpthyGTZtrQTGZIMkJpu/BV3LhQxK2v4c63Mb0IKnog8OX/zyEnvxcxKpVlfRiJhcWl5ZXkamptfWNzy9zeacgwFpjUcchC0fSQJIxyUldUMdKMBEGBx8i117+Y+Nd3REga8poaRMQJUJdTn2KktOSae9XMjatGtePbI3gGZxeNrpm2spZVzJfKUMNprlwuasjZxUK+CG1tTSoN5lV1zfd2J8RxQLjCDEnZsq1IOUMkFMWMjFPtWJII4T7qkpZGjgIineF0/zE81EoH+qHQhys4Vb9PDFEg5SDwdGeAVE/+9ibiX14rVn7ZGVIexYpwPHvIjxlUIZyEATtUEKzYQAPCgupdIe4hgbDSkaV0CF8/hf9DI5e1S9nCVSFdOZ/HkQT74ABkgA1OQAVcgiqoAwxG4AE8gWfj3ng0XozXWWvCmM/sgh9lvH0CEZmUOQ==</latexit>

P (Yt|T, Z) = P (Yt|Z)



Counterfactual interpretation of Backdoor (Theorem)

14 Pearl’s Primer book Chapter 4

If a set Z of variables satisfies the backdoor condition relative to (T,Y), then, for all 
t, the counterfactual Yt is conditionally independent of T given Z:  


This implies we can estimate counterfactuals from observational studies,

in particular                    is identifiable via the adjustment formula:

<latexit sha1_base64="xP71LdtIu3cCz6Y+5Zy1G9Om3fQ=">AAAB/3icdZDLSgMxFIYz9VbrbVRw4yZYhApSZnqzLpSCG5cV2lpthyGTZtrQTGZIMkJpu/BV3LhQxK2v4c63Mb0IKnog8OX/zyEnvxcxKpVlfRiJhcWl5ZXkamptfWNzy9zeacgwFpjUcchC0fSQJIxyUldUMdKMBEGBx8i117+Y+Nd3REga8poaRMQJUJdTn2KktOSae9XMjatGtePbI3gGZxeNrpm2spZVzJfKUMNprlwuasjZxUK+CG1tTSoN5lV1zfd2J8RxQLjCDEnZsq1IOUMkFMWMjFPtWJII4T7qkpZGjgIineF0/zE81EoH+qHQhys4Vb9PDFEg5SDwdGeAVE/+9ibiX14rVn7ZGVIexYpwPHvIjxlUIZyEATtUEKzYQAPCgupdIe4hgbDSkaV0CF8/hf9DI5e1S9nCVSFdOZ/HkQT74ABkgA1OQAVcgiqoAwxG4AE8gWfj3ng0XozXWWvCmM/sgh9lvH0CEZmUOQ==</latexit>

P (Yt|T, Z) = P (Yt|Z)

<latexit sha1_base64="xG8PAexTjyTYDDpwVR4Y49VEl5Q=">AAAB73icdVDLSsNAFJ34rPVVdelmsAh1U5K2qXGhFNy4rGAf0oYymU7aoZNJnJkIIfQn3LhQxK2/486/cdJWUNEDFw7n3Mu993gRo1KZ5oextLyyurae28hvbm3v7Bb29tsyjAUmLRyyUHQ9JAmjnLQUVYx0I0FQ4DHS8SaXmd+5J0LSkN+oJCJugEac+hQjpaVus3Q7UOfJyaBQNMumaVfrDtTkrOI4tiYVy65VbWhpK0MRLNAcFN77wxDHAeEKMyRlzzIj5aZIKIoZmeb7sSQRwhM0Ij1NOQqIdNPZvVN4rJUh9EOhiys4U79PpCiQMgk83RkgNZa/vUz8y+vFynfclPIoVoTj+SI/ZlCFMHseDqkgWLFEE4QF1bdCPEYCYaUjyusQvj6F/5N2pWzVy7XrWrFxsYgjBw7BESgBC5yCBrgCTdACGDDwAJ7As3FnPBovxuu8dclYzByAHzDePgF274+c</latexit>

P (Yt = y)

<latexit sha1_base64="fjgM8h7vFNVFiThAZU7N06bDQic="></latexit>

P (Yt = y) =
X

z

p(Yt = y|Z = z)P (z)

=
X

z

p(Yt = y|T = t, Z = z)P (z)

=
X

z

p(Y = y|T = t, Z = z)P (z) Consistency

Marginalise

Above theorem



Counterfactuals: Example

15 Pearl’s Primer book Chapter 4, page 107



Counterfactuals: Example

16 Pearl’s Primer book Chapter 4, page 107

Critics: This programme is a waste of tax payer’s money and should be 
terminated. Reasoning: The one’s who self-enrol are more intelligent, resourceful, 
socially connected, so they were more likely to find a job anyway, regardless of 
the training programme. (i.e., reality is different from the randomised experiment 
perform prior to the full launch).


Hence, we need to estimate the differential benefit of the programme to know if 
it’s useful. 


What is the extent to which hiring rate has increased among the enrolled, 
compared to what would have been had they not been trained. 



Counterfactuals: Example

17 Pearl’s Primer book Chapter 4, page 107

Training: T = 1 

Hiring: Y = 1


Effect of treatment on the treated (ETT)


The difference in the causal effect of training, conditional on those who actually 
chose the training programme on their own initiative.


Recall out Cowgate/Teviot example, with      being the issue here. Not serious 
consequences there, in this new example we are talking about important socio-
economical/political implications.


Shall we stop the programme or redesign or keep going? 

<latexit sha1_base64="mva5IybAo4MZYEcSjfnZh5+Pevw=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKewm2bheJODFY0TzkGQJs5PZZMjsg5lZISz5BC8eFPHqF3nzb5xNIqhoQUNR1U13lxdzJpVpfhi5ldW19Y38ZmFre2d3r7h/0JZRIghtkYhHouthSTkLaUsxxWk3FhQHHqcdb3KZ+Z17KiSLwls1jakb4FHIfEaw0tLN3cAcFEtm2TTtat1BmpxXHMfWpGLZtaqNLG1lKMESzUHxvT+MSBLQUBGOpexZZqzcFAvFCKezQj+RNMZkgke0p2mIAyrddH7qDJ1oZYj8SOgKFZqr3ydSHEg5DTzdGWA1lr+9TPzL6yXKd9yUhXGiaEgWi/yEIxWh7G80ZIISxaeaYCKYvhWRMRaYKJ1OQYfw9Sn6n7QrZaterl3XSo2LZRx5OIJjOAULzqABV9CEFhAYwQM8wbPBjUfjxXhdtOaM5cwh/IDx9glHo43P</latexit>

Y0

<latexit sha1_base64="gVrRho0rD9pR5UOAdi526e1Vl90=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAR3FiSvowLpSCCywp9koYwmU7boZMHMxOhxG78FTcuFHHrZ7jzb5y0FVT0wIXDOfdy7z1exKiQhvGhLSwuLa+sZtay6xubW9v6zm5ThDHHpIFDFvK2hwRhNCANSSUj7YgT5HuMtLzRZeq3bgkXNAzqchwRx0eDgPYpRlJJrr7f9ZEcel5yNbE7rnnScY27+rnpuHrOyBtGuVixoCJnBcsqK1Iwy6ViGZrKSpEDc9Rc/b3bC3Hsk0BihoSwTSOSToK4pJiRSbYbCxIhPEIDYisaIJ8IJ5k+MIFHSunBfshVBRJO1e8TCfKFGPue6kzPFb+9VPzLs2PZt5yEBlEsSYBni/oxgzKEaRqwRznBko0VQZhTdSvEQ8QRliqzrArh61P4P2kW8mYlX7op5aoX8zgy4AAcgmNgglNQBdegBhoAgwl4AE/gWbvXHrUX7XXWuqDNZ/bAD2hvn7rmlds=</latexit>

E[Y1 � Y0|T = 1]



Counterfactuals: Example

18 Pearl’s Primer book Chapter 4, page 107

To compute                                 we need, 
<latexit sha1_base64="gVrRho0rD9pR5UOAdi526e1Vl90=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAR3FiSvowLpSCCywp9koYwmU7boZMHMxOhxG78FTcuFHHrZ7jzb5y0FVT0wIXDOfdy7z1exKiQhvGhLSwuLa+sZtay6xubW9v6zm5ThDHHpIFDFvK2hwRhNCANSSUj7YgT5HuMtLzRZeq3bgkXNAzqchwRx0eDgPYpRlJJrr7f9ZEcel5yNbE7rnnScY27+rnpuHrOyBtGuVixoCJnBcsqK1Iwy6ViGZrKSpEDc9Rc/b3bC3Hsk0BihoSwTSOSToK4pJiRSbYbCxIhPEIDYisaIJ8IJ5k+MIFHSunBfshVBRJO1e8TCfKFGPue6kzPFb+9VPzLs2PZt5yEBlEsSYBni/oxgzKEaRqwRznBko0VQZhTdSvEQ8QRliqzrArh61P4P2kW8mYlX7op5aoX8zgy4AAcgmNgglNQBdegBhoAgwl4AE/gWbvXHrUX7XXWuqDNZ/bAD2hvn7rmlds=</latexit>

E[Y1 � Y0|T = 1]

Consistency

Marginalise

Prev theorem

<latexit sha1_base64="iNs/NhOv/XMv7+EpKFqI8P3sJH4="></latexit>

p(Yt = y|T = t0) =
X

z

p(Yt = y|z, T = t0)p(z|t0)

=
X

z

p(Yt = y|z, T = t)p(z|t0)

=
X

z

p(Y = y|z, T = t)p(z|t0)



Counterfactuals: Example

19 Pearl’s Primer book Chapter 4, page 107

To compute                                 we need, 


Contrast with do-operator (different weights):

<latexit sha1_base64="gVrRho0rD9pR5UOAdi526e1Vl90=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAR3FiSvowLpSCCywp9koYwmU7boZMHMxOhxG78FTcuFHHrZ7jzb5y0FVT0wIXDOfdy7z1exKiQhvGhLSwuLa+sZtay6xubW9v6zm5ThDHHpIFDFvK2hwRhNCANSSUj7YgT5HuMtLzRZeq3bgkXNAzqchwRx0eDgPYpRlJJrr7f9ZEcel5yNbE7rnnScY27+rnpuHrOyBtGuVixoCJnBcsqK1Iwy6ViGZrKSpEDc9Rc/b3bC3Hsk0BihoSwTSOSToK4pJiRSbYbCxIhPEIDYisaIJ8IJ5k+MIFHSunBfshVBRJO1e8TCfKFGPue6kzPFb+9VPzLs2PZt5yEBlEsSYBni/oxgzKEaRqwRznBko0VQZhTdSvEQ8QRliqzrArh61P4P2kW8mYlX7op5aoX8zgy4AAcgmNgglNQBdegBhoAgwl4AE/gWbvXHrUX7XXWuqDNZ/bAD2hvn7rmlds=</latexit>

E[Y1 � Y0|T = 1]

Consistency

Marginalise

Prev theorem

<latexit sha1_base64="iNs/NhOv/XMv7+EpKFqI8P3sJH4="></latexit>

p(Yt = y|T = t0) =
X

z

p(Yt = y|z, T = t0)p(z|t0)

=
X

z

p(Yt = y|z, T = t)p(z|t0)

=
X

z

p(Y = y|z, T = t)p(z|t0)

<latexit sha1_base64="8ZCWO9QbRNNgZ7CL+bfQNiUTSqw="></latexit>

p(Y = y|do(T = t)) =
X

z

p(Y = y|T = t, Z = z)P (z)



Counterfactuals: Example

20 Pearl’s Primer book Chapter 4, page 107

To compute                                 we need, 


Continuing: 

<latexit sha1_base64="gVrRho0rD9pR5UOAdi526e1Vl90=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAR3FiSvowLpSCCywp9koYwmU7boZMHMxOhxG78FTcuFHHrZ7jzb5y0FVT0wIXDOfdy7z1exKiQhvGhLSwuLa+sZtay6xubW9v6zm5ThDHHpIFDFvK2hwRhNCANSSUj7YgT5HuMtLzRZeq3bgkXNAzqchwRx0eDgPYpRlJJrr7f9ZEcel5yNbE7rnnScY27+rnpuHrOyBtGuVixoCJnBcsqK1Iwy6ViGZrKSpEDc9Rc/b3bC3Hsk0BihoSwTSOSToK4pJiRSbYbCxIhPEIDYisaIJ8IJ5k+MIFHSunBfshVBRJO1e8TCfKFGPue6kzPFb+9VPzLs2PZt5yEBlEsSYBni/oxgzKEaRqwRznBko0VQZhTdSvEQ8QRliqzrArh61P4P2kW8mYlX7op5aoX8zgy4AAcgmNgglNQBdegBhoAgwl4AE/gWbvXHrUX7XXWuqDNZ/bAD2hvn7rmlds=</latexit>

E[Y1 � Y0|T = 1]

Consistency

Marginalise

Prev theorem

<latexit sha1_base64="iNs/NhOv/XMv7+EpKFqI8P3sJH4="></latexit>

p(Yt = y|T = t0) =
X

z

p(Yt = y|z, T = t0)p(z|t0)

=
X

z

p(Yt = y|z, T = t)p(z|t0)

=
X

z

p(Y = y|z, T = t)p(z|t0)

<latexit sha1_base64="2NnrahjnYpoxcZWpQsC8L+gW1lI="></latexit>

E[Y1 � Y0|T = 1] = E[Y |T = 1]�
X

z

E[Y |T = 0, Z = z]p(Z = z|T = 1)



Counterfactuals: Example
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To compute                                 we need, 


Continuing: 

<latexit sha1_base64="gVrRho0rD9pR5UOAdi526e1Vl90=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAR3FiSvowLpSCCywp9koYwmU7boZMHMxOhxG78FTcuFHHrZ7jzb5y0FVT0wIXDOfdy7z1exKiQhvGhLSwuLa+sZtay6xubW9v6zm5ThDHHpIFDFvK2hwRhNCANSSUj7YgT5HuMtLzRZeq3bgkXNAzqchwRx0eDgPYpRlJJrr7f9ZEcel5yNbE7rnnScY27+rnpuHrOyBtGuVixoCJnBcsqK1Iwy6ViGZrKSpEDc9Rc/b3bC3Hsk0BihoSwTSOSToK4pJiRSbYbCxIhPEIDYisaIJ8IJ5k+MIFHSunBfshVBRJO1e8TCfKFGPue6kzPFb+9VPzLs2PZt5yEBlEsSYBni/oxgzKEaRqwRznBko0VQZhTdSvEQ8QRliqzrArh61P4P2kW8mYlX7op5aoX8zgy4AAcgmNgglNQBdegBhoAgwl4AE/gWbvXHrUX7XXWuqDNZ/bAD2hvn7rmlds=</latexit>

E[Y1 � Y0|T = 1]

Consistency

Marginalise

Prev theorem

<latexit sha1_base64="iNs/NhOv/XMv7+EpKFqI8P3sJH4="></latexit>

p(Yt = y|T = t0) =
X

z

p(Yt = y|z, T = t0)p(z|t0)

=
X

z

p(Yt = y|z, T = t)p(z|t0)

=
X

z

p(Y = y|z, T = t)p(z|t0)

<latexit sha1_base64="2NnrahjnYpoxcZWpQsC8L+gW1lI="></latexit>

E[Y1 � Y0|T = 1] = E[Y |T = 1]�
X

z

E[Y |T = 0, Z = z]p(Z = z|T = 1)

Error in lecture Lecture 8, slides 21-25 (ATT). It has now been fixed and updated.



Additive interventions: Idea
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The operator                      sets the variable T to some amount by disabling all 
pre-existing causes of T (i.e., removing any incoming arrows to T)


This might not be what we want! (Want to keep effect of incoming arrows to T)


<latexit sha1_base64="iIrzUAIHPeO0F/qsVYnwwN9z8z8=">AAAB9XicdVDJSgNBEO1xjXGLevTSGIR4GWYmIZOLEvDiMUI2SMbQ0+kkTXoWumvUMOQ/vHhQxKv/4s2/sbMIKvqg4PFeFVX1/FhwBZb1Yaysrq1vbGa2sts7u3v7uYPDpooSSVmDRiKSbZ8oJnjIGsBBsHYsGQl8wVr++HLmt26ZVDwK6zCJmReQYcgHnBLQ0k0X2D2k/WhaqJ/DWS+Xt0zLdkoVG1um7RYtp6KJUy4VXRfbpjVHHi1R6+Xeu/2IJgELgQqiVMe2YvBSIoFTwabZbqJYTOiYDFlH05AETHnp/OopPtVKHw8iqSsEPFe/T6QkUGoS+LozIDBSv72Z+JfXSWBQ8VIexgmwkC4WDRKBIcKzCHCfS0ZBTDQhVHJ9K6YjIgkFHVRWh/D1Kf6fNB3TLpvOdSlfvVjGkUHH6AQVkI1cVEVXqIYaiCKJHtATejbujEfjxXhdtK4Yy5kj9APG2yeOiZKN</latexit>

do(T = t)



Additive interventions: Idea
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The operator                      sets the variable T to some amount by disabling all 
pre-existing causes of T (i.e., removing any incoming arrows to T)


This might not be what we want! (Want to keep effect of incoming arrows to T)


Example

A doctor might prescribe an extra 5mg/L of insulin to diabetes patients

These patients already have varying levels of insulin in their blood, e.g., affected 
by what they ate that morning.


Specifying the total level of insulin (i.e., applying do-operator) is not desired.

Instead the doctor simply wishes to add some insulin

From experience, they expect/know the causal effect on health to be positive


Goal: Quantify the effect of additive interventions from exp/observational data

<latexit sha1_base64="iIrzUAIHPeO0F/qsVYnwwN9z8z8=">AAAB9XicdVDJSgNBEO1xjXGLevTSGIR4GWYmIZOLEvDiMUI2SMbQ0+kkTXoWumvUMOQ/vHhQxKv/4s2/sbMIKvqg4PFeFVX1/FhwBZb1Yaysrq1vbGa2sts7u3v7uYPDpooSSVmDRiKSbZ8oJnjIGsBBsHYsGQl8wVr++HLmt26ZVDwK6zCJmReQYcgHnBLQ0k0X2D2k/WhaqJ/DWS+Xt0zLdkoVG1um7RYtp6KJUy4VXRfbpjVHHi1R6+Xeu/2IJgELgQqiVMe2YvBSIoFTwabZbqJYTOiYDFlH05AETHnp/OopPtVKHw8iqSsEPFe/T6QkUGoS+LozIDBSv72Z+JfXSWBQ8VIexgmwkC4WDRKBIcKzCHCfS0ZBTDQhVHJ9K6YjIgkFHVRWh/D1Kf6fNB3TLpvOdSlfvVjGkUHH6AQVkI1cVEVXqIYaiCKJHtATejbujEfjxXhdtK4Yy5kj9APG2yeOiZKN</latexit>

do(T = t)



Additive interventions: Identifiability
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Goal: Understand if additive interventions can be identified from observational 
studies, or from experimental studies in which T is uniformly set to some T = t?


Approach: Write out the required quantity using counterfactuals

1. Suppose we add a quantity q to the treatment variable T currently at T = t’ 

for an individual. The resulting outcome is the counterfactual

2. We average this counterfactual over all units at level T = t’


<latexit sha1_base64="prbj+zQfte+n+npptaSs1xqXqdc=">AAAB73icdVDLSgMxFM34rPVVdekmWERBGDLT0ulKCm5cVrAPaYeSSTNtaCYzTTJCGfoTblwo4tbfceffmD4EFT1w4XDOvdx7T5BwpjRCH9bK6tr6xmZuK7+9s7u3Xzg4bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF3N/NY9lYrF4lZPEupHeCBYyAjWRmrf9TJ9djGe9gpFZCPHLVcdiGzHKyG3aohbKZc8Dzo2mqMIlqj3Cu/dfkzSiApNOFaq46BE+xmWmhFOp/luqmiCyQgPaMdQgSOq/Gx+7xSeGqUPw1iaEhrO1e8TGY6UmkSB6YywHqrf3kz8y+ukOqz6GRNJqqkgi0VhyqGO4ex52GeSEs0nhmAimbkVkiGWmGgTUd6E8PUp/J80Xdup2O5NuVi7XMaRA8fgBJwDB3igBq5BHTQAARw8gCfwbI2tR+vFel20rljLmSPwA9bbJwNTj/Y=</latexit>

Yt0+q



Additive interventions: Identifiability
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Goal: Understand if additive interventions can be identified from observational 
studies, or from experimental studies in which T is uniformly set to some T = t?


Approach: Write out the required quantity using counterfactuals

1. Suppose we add a quantity q to the treatment variable T currently at T = t’ 

for an individual. The resulting outcome is the counterfactual

2. We average this counterfactual over all units at level T = t’

Use what we just derived for ATT, with                                                              , 

Multiply both sides by y and sum over y, and by p(T=t’) sum over t’:  
 
 

<latexit sha1_base64="prbj+zQfte+n+npptaSs1xqXqdc=">AAAB73icdVDLSgMxFM34rPVVdekmWERBGDLT0ulKCm5cVrAPaYeSSTNtaCYzTTJCGfoTblwo4tbfceffmD4EFT1w4XDOvdx7T5BwpjRCH9bK6tr6xmZuK7+9s7u3Xzg4bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF3N/NY9lYrF4lZPEupHeCBYyAjWRmrf9TJ9djGe9gpFZCPHLVcdiGzHKyG3aohbKZc8Dzo2mqMIlqj3Cu/dfkzSiApNOFaq46BE+xmWmhFOp/luqmiCyQgPaMdQgSOq/Gx+7xSeGqUPw1iaEhrO1e8TGY6UmkSB6YywHqrf3kz8y+ukOqz6GRNJqqkgi0VhyqGO4ex52GeSEs0nhmAimbkVkiGWmGgTUd6E8PUp/J80Xdup2O5NuVi7XMaRA8fgBJwDB3igBq5BHTQAARw8gCfwbI2tR+vFel20rljLmSPwA9bbJwNTj/Y=</latexit>

Yt0+q

<latexit sha1_base64="3rX6GAFNbXkEf9bZgxQHCpDDclc="></latexit>

E[Yt | T = t0] where t = t0 + q

<latexit sha1_base64="bNXw/pJ7Dk5gDJT6JPcZTwZWfdU="></latexit> X

t0,y

y p(Yt0+q = y|T = t0)p(t0) =
X

t0,y,z

y p(Y = y|Z = z, T = t0 + q)p(z|t0)p(T = t0)

)
X

t0

E[Yt0+q|T = t0]p(T = t0)

| {z }
⌘E[Y |add(q)]

=
X

t0,z

E[Y |Z = z, T = t0 + q]p(Z = z|T = t0)p(T = t0)
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Goal: Understand if additive interventions can be identified from observational 
studies, or from experimental studies in which T is uniformly set to some T = t?


Approach: Write out the required quantity using counterfactuals

1. Suppose we add a quantity q to the treatment variable T currently at T = t’ 

for an individual. The resulting outcome is the counterfactual

2. We average this counterfactual over all units at level T = t’

Use what we just derived for ATT, with                                                              , 


Therefore, with Z a set of variables satisfying the backdoor for (T,Y):

 
 

<latexit sha1_base64="prbj+zQfte+n+npptaSs1xqXqdc=">AAAB73icdVDLSgMxFM34rPVVdekmWERBGDLT0ulKCm5cVrAPaYeSSTNtaCYzTTJCGfoTblwo4tbfceffmD4EFT1w4XDOvdx7T5BwpjRCH9bK6tr6xmZuK7+9s7u3Xzg4bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF3N/NY9lYrF4lZPEupHeCBYyAjWRmrf9TJ9djGe9gpFZCPHLVcdiGzHKyG3aohbKZc8Dzo2mqMIlqj3Cu/dfkzSiApNOFaq46BE+xmWmhFOp/luqmiCyQgPaMdQgSOq/Gx+7xSeGqUPw1iaEhrO1e8TGY6UmkSB6YywHqrf3kz8y+ukOqz6GRNJqqkgi0VhyqGO4ex52GeSEs0nhmAimbkVkiGWmGgTUd6E8PUp/J80Xdup2O5NuVi7XMaRA8fgBJwDB3igBq5BHTQAARw8gCfwbI2tR+vFel20rljLmSPwA9bbJwNTj/Y=</latexit>

Yt0+q

<latexit sha1_base64="3rX6GAFNbXkEf9bZgxQHCpDDclc="></latexit>

E[Yt | T = t0] where t = t0 + q

<latexit sha1_base64="WEIr8tIm7B0EVDPs0X2TfnXSIMU="></latexit>

E[Y |add(q)]� E[Y ] =
X

t0,z

E[Y |Z = z, T = t0 + q]p(Z = z|T = t0)p(T = t0)� E[Y ]



Additive interventions: Why are they necessary?
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Shows the use of counterfactuals to estimate effect of practical interventions, 
which cannot always be (easily) described as do-expressions.


So why are counterfactuals needed, and what would a simple do-operator do 
instead? This intervention resembles a typical “scientific” intervention, asking 
the causal effect of increasing insulin from T = t to another level T = t+q:


<latexit sha1_base64="aJyovjhzjwgMIWFzDei9h3rdpGA="></latexit>

E[Y |do(T = t+ q)]� E[Y |do(T = t)]



Additive interventions: Why are they necessary?
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Shows the use of counterfactuals to estimate effect of practical interventions, 
which cannot always be (easily) described as do-expressions.


So why are counterfactuals needed, and what would a simple do-operator do 
instead? This intervention resembles a typical “scientific” intervention, asking the 
causal effect of increasing insulin from T = t to another level T = t+q:


Scientific: Population-independent (we work with a random sample), thus 
revealing biologically meaningful effect of insulin on health outcome


Policy question (our intervention): Effect of adding q to each individual’s insulin, 
regardless of their current level, so population-dependent


Note: Crucial distinction between scientific query and policy question
Pearl’s Primer book Chapter 4, page 110

<latexit sha1_base64="aJyovjhzjwgMIWFzDei9h3rdpGA="></latexit>

E[Y |do(T = t+ q)]� E[Y |do(T = t)]
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Another guess for the policy question                       would be to try and take the 
population-specificity into account, would be the average causal effect


 

However, this represents an experiment in which subjects are chosen at 
random from a population, a fraction                   are given an additional dose q, 
and the rest are left alone … that is not the policy question!


<latexit sha1_base64="SC0l19317D9iFrMVmKV+6mv1J6A="></latexit>

E[Y |add(q)]

<latexit sha1_base64="S/jBmJSrSq+fg0TTDl9dtuFEagU="></latexit>X

t

⇣
E[Y |do(T = t+ q)]� E[Y |do(T = t)]

⌘
P (T = t)

<latexit sha1_base64="WLkR3784nmujGBupd+3T29khBmg=">AAAB7nicdVDLSgMxFM3UV62vqks3wSLUzZCZlk43SsGNywp9QTuUTJppQzOZIckIZehHuHGhiFu/x51/Y/oQVPTAhcM593LvPUHCmdIIfVi5jc2t7Z38bmFv/+DwqHh80lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuML1Z+N17KhWLRUvPEupHeCxYyAjWRurCZrl1pS+HxRKykeNW6w5EtuNVkFs3xK1VK54HHRstUQJrNIfF98EoJmlEhSYcK9V3UKL9DEvNCKfzwiBVNMFkise0b6jAEVV+tjx3Di+MMoJhLE0JDZfq94kMR0rNosB0RlhP1G9vIf7l9VMd1v2MiSTVVJDVojDlUMdw8TscMUmJ5jNDMJHM3ArJBEtMtEmoYEL4+hT+Tzqu7dRs965aalyv48iDM3AOysABHmiAW9AEbUDAFDyAJ/BsJdaj9WK9rlpz1nrmFPyA9fYJIv+Oyw==</latexit>

P (T = t)



Additive interventions: Why are they necessary?

30

Another guess for the policy question                       would be to try and take the 
population-specificity into account, would be the average causal effect


 

However, this represents an experiment in which subjects are chosen at 
random from a population, a fraction                   are given an additional dose q, 
and the rest are left alone … that is not the policy question!


In the policy question,                   is the proportion taking T = t by free choice. 
Those that attain T = t by free choice might respond to               differently than 
those who are to receive T = t by experimental design. Similar to ATE vs ATT: 


Equality holds when there are no confounders: 

<latexit sha1_base64="S/jBmJSrSq+fg0TTDl9dtuFEagU="></latexit>X

t

⇣
E[Y |do(T = t+ q)]� E[Y |do(T = t)]

⌘
P (T = t)

<latexit sha1_base64="WLkR3784nmujGBupd+3T29khBmg=">AAAB7nicdVDLSgMxFM3UV62vqks3wSLUzZCZlk43SsGNywp9QTuUTJppQzOZIckIZehHuHGhiFu/x51/Y/oQVPTAhcM593LvPUHCmdIIfVi5jc2t7Z38bmFv/+DwqHh80lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuML1Z+N17KhWLRUvPEupHeCxYyAjWRurCZrl1pS+HxRKykeNW6w5EtuNVkFs3xK1VK54HHRstUQJrNIfF98EoJmlEhSYcK9V3UKL9DEvNCKfzwiBVNMFkise0b6jAEVV+tjx3Di+MMoJhLE0JDZfq94kMR0rNosB0RlhP1G9vIf7l9VMd1v2MiSTVVJDVojDlUMdw8TscMUmJ5jNDMJHM3ArJBEtMtEmoYEL4+hT+Tzqu7dRs965aalyv48iDM3AOysABHmiAW9AEbUDAFDyAJ/BsJdaj9WK9rlpz1nrmFPyA9fYJIv+Oyw==</latexit>

P (T = t)

<latexit sha1_base64="WLkR3784nmujGBupd+3T29khBmg=">AAAB7nicdVDLSgMxFM3UV62vqks3wSLUzZCZlk43SsGNywp9QTuUTJppQzOZIckIZehHuHGhiFu/x51/Y/oQVPTAhcM593LvPUHCmdIIfVi5jc2t7Z38bmFv/+DwqHh80lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuML1Z+N17KhWLRUvPEupHeCxYyAjWRurCZrl1pS+HxRKykeNW6w5EtuNVkFs3xK1VK54HHRstUQJrNIfF98EoJmlEhSYcK9V3UKL9DEvNCKfzwiBVNMFkise0b6jAEVV+tjx3Di+MMoJhLE0JDZfq94kMR0rNosB0RlhP1G9vIf7l9VMd1v2MiSTVVJDVojDlUMdw8TscMUmJ5jNDMJHM3ArJBEtMtEmoYEL4+hT+Tzqu7dRs965aalyv48iDM3AOysABHmiAW9AEbUDAFDyAJ/BsJdaj9WK9rlpz1nrmFPyA9fYJIv+Oyw==</latexit>

P (T = t)
<latexit sha1_base64="mvlvbxshLCT5KfgCRdIMLs2lh7Q=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiDEyzAzCUlOEvDiMYJZIBlCT08nadKzpLsmGIZ8hxcPinj1Y7z5N3YWQUUfFDzeq6KqnhcLrsCyPozMxubW9k52N7e3f3B4lD8+aakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztja8XfnvKpOJReAezmLkBGYZ8wCkBLbk9YPeQEt+fFyeX/XzBMi3bKddsbJl2tWQ5NU2cSrlUrWLbtJYooDUa/fx7z49oErAQqCBKdW0rBjclEjgVbJ7rJYrFhI7JkHU1DUnAlJsuj57jC634eBBJXSHgpfp9IiWBUrPA050BgZH67S3Ev7xuAoOam/IwToCFdLVokAgMEV4kgH0uGQUx04RQyfWtmI6IJBR0Tjkdwten+H/Scky7Yjq35UL9ah1HFp2hc1RENqqiOrpBDdREFE3QA3pCz8bUeDRejNdVa8ZYz5yiHzDePgEGqpJF</latexit>

add(q)

<latexit sha1_base64="fs/WCWY/QNGNlN3xv4ja+nJn8E0="></latexit>

E[Y |add(q)] =
X

t

E[Yt+q|T = t]P (T = t) 6=
X

t

E[Yt+q]P (T = t)

<latexit sha1_base64="fVzCeYpdIW5th2xEFrYatoKCZkQ=">AAACAXicdVDLSsNAFJ34rPUVdSO4mVoEVyFJS9OVFNy4rNCXNCFMppN26OTBzEQooW78FTcuFHHrX7jzb5w+BBU9cOFwzr3ce0+QMiqkaX5oK6tr6xubha3i9s7u3r5+cNgRScYxaeOEJbwXIEEYjUlbUslIL+UERQEj3WB8OfO7t4QLmsQtOUmJF6FhTEOKkVSSrx/f+LmcQjclPIVuyS0tacvXy6ZhWna1bkHTsJyKadcVsWvViuNAyzDnKIMlmr7+7g4SnEUklpghIfqWmUovR1xSzMi06GaCpAiP0ZD0FY1RRISXzz+YwjOlDGCYcFWxhHP1+0SOIiEmUaA6IyRH4rc3E//y+pkM615O4zSTJMaLRWHGoEzgLA44oJxgySaKIMypuhXiEeIISxVaUYXw9Sn8n3Rsw6oZ9nW13LhYxlEAJ+AUnAMLOKABrkATtAEGd+ABPIFn7V571F6010XriracOQI/oL19AgLqlfg=</latexit>

Yt ?? T

<latexit sha1_base64="SC0l19317D9iFrMVmKV+6mv1J6A="></latexit>

E[Y |add(q)]
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Counterfactuals allow us to extract subtle information on individual risks (i.e., 
probabilities) from population data, under appropriate assumptions


Example

Cancer patients face a tough decision between two treatments: (i) surgery, or (ii) 
surgery + chemotherapy. We consider the situation of three patients:
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Counterfactuals allow us to extract subtle information on individual risks (i.e., 
probabilities) from population data, under appropriate assumptions


Example

Cancer patients face a tough decision between two treatments: (i) surgery, or (ii) 
surgery + chemotherapy. We consider the situation of three patients:


A. Patient A takes option (ii). Ten years later, she is alive and the tumour has not 
come back. Q: Was (ii) necessary for this outcome, or was (i) enough?
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Counterfactuals allow us to extract subtle information on individual risks (i.e., 
probabilities) from population data, under appropriate assumptions


Example

Cancer patients face a tough decision between two treatments: (i) surgery, or (ii) 
surgery + chemotherapy. We consider the situation of three patients:


A. Patient A takes option (ii). Ten years later, she is alive and the tumour has not 
come back. Q: Was (ii) necessary for this outcome, or was (i) enough?


B. Patient B takes option (i). One year later, unfortunately, the tumour has come 
back. Q: Would (ii) have been sufficient to prevent recurrence?
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Counterfactuals allow us to extract subtle information on individual risks (i.e., 
probabilities) from population data, under appropriate assumptions


Example

Cancer patients face a tough decision between two treatments: (i) surgery, or (ii) 
surgery + chemotherapy. We consider the situation of three patients:


A. Patient A takes option (ii). Ten years later, she is alive and the tumour has not 
come back. Q: Was (ii) necessary for this outcome, or was (i) enough?


B. Patient B takes option (i). One year later, unfortunately, the tumour has come 
back. Q: Would (ii) have been sufficient to prevent recurrence?


C. Patient C is faced with the same choice: If (ii) is necessary to remove the 
tumour, she wants to go for (ii). However, if neither (i) nor (ii) is sufficient to 
eliminate the tumour, she would rather avoid the chemotherapy. Q: Is surgery 
+ chemo both necessary and sufficient for eliminating the tumour?
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Cancer patients face a tough decision between two treatments: (i) surgery, or (ii) 
surgery + chemotherapy. We consider the situation of three patients:


A. Patient A takes option (ii). Ten years later, she is alive and the tumour has not 
come back. Q: Was (ii) necessary for this outcome, or was (i) enough?


Write Y = 1 for no tumour, and T = 1 for option (ii). Patient A wants to know the 
probability of necessity in attributing Y = 1 to T = 1:


In words: the probability that the tumour would have come back (Y = 0) had 
Patient A not chosen chemotherapy, given that Patient A in fact chose option (ii) 
(i.e. T = 1) and the tumour did not come back (Y = 1).


—> Was T = 1 necessary for the positive outcome Y = 1?

<latexit sha1_base64="/h/REWjERApx2Y9vwAkiOpWZhbE="></latexit>

PN = P (Y0 = 0 | T = 1, Y = 1)
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Cancer patients face a tough decision between two treatments: (i) surgery, or (ii) 
surgery + chemotherapy. We consider the situation of three patients:


B. Patient B takes option (i). One year later, unfortunately, the tumour has come 
back. Q: Would (ii) have been sufficient to prevent recurrence?


Write Y = 1 for no tumour, and T = 1 for option (ii). Patient B wants to know the 
probability of sufficiency if the action not taken, T = 1, would have sufficed:


In words: the probability that the tumour would not have come back had Patient 
B gone through option (ii) (             ), given that Patient B in fact did not choose 
option (ii) (i.e. T = 0) and the tumour came back (Y = 0).


—> Would T = 1 have been sufficient to guarantee a positive outcome Y = 1?

<latexit sha1_base64="XcPyNHxA2/3g4LKt+f0wx7YERJo="></latexit>

PS = P (Y1 = 1 | T = 0, Y = 0)

<latexit sha1_base64="e6Xp3fLWj0OIMdvJX0ONnaEOCQI=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GpJp6XSjFNy4rGAf0g4lk6ZtaCYzJBmhDP0INy4Ucev3uPNvTB+Cih64cDjnXu69J0wE1wahDye3tr6xuZXfLuzs7u0fFA+PWjpOFWVNGotYdUKimeCSNQ03gnUSxUgUCtYOJ1dzv33PlOaxvDXThAURGUk+5JQYK7Xv+hheQNwvlpCLsFepYYhc7JeRV7PEq1bKvg+xixYogRUa/eJ7bxDTNGLSUEG07mKUmCAjynAq2KzQSzVLCJ2QEetaKknEdJAtzp3BM6sM4DBWtqSBC/X7REYiradRaDsjYsb6tzcX//K6qRnWgozLJDVM0uWiYSqgieH8dzjgilEjppYQqri9FdIxUYQam1DBhvD1KfyftDwXV13vplKqX67iyIMTcArOAQY+qINr0ABNQMEEPIAn8OwkzqPz4rwuW3POauYY/IDz9gnciY6c</latexit>

Y1 = 1
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An intermediate philosophical question: What is gained by assessing these 
retrospective counterfactual parameters? After all, decisions have been taken.


If shown successful or not, it informs future decision-making strategies (on any 
kind of problem) if the patients know they made the better call or not.


“It is through counterfactual reinforcement that we learn to improve our own 
decision-making processes and achieve higher performance”
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Cancer patients face a tough decision between two treatments: (i) surgery, or (ii) 
surgery + chemotherapy. We consider the situation of three patients:


C. Patient C is faced with the same choice: If (ii) is necessary to remove the 
tumour, she wants to for (ii). However, if neither (i) nor (ii) is sufficient to remove 
the tumour, she would rather avoid the chemotherapy. Q: Is surgery + chemo 
both necessary and sufficient for eliminating the tumour?


Patient C wants to know the probability that additional chemotherapy (i.e. 
option (ii)) is both necessary and sufficient for eliminating her tumour:


Variables mean eliminating the tumour with chemo (     ) and without (     )


—> Seems fundamentally inestimable from experimental studies!

<latexit sha1_base64="TxK3pDC1vQK7u6uzqnaAUo0fHFk="></latexit>

PNS = P (Y1 = 1, Y0 = 0)

<latexit sha1_base64="KBUPnnFWitKgAArkco8Q4UDBgt4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJp6XQlBTcuK9qHtEPJpGkbmskMSUYoQz/BjQtF3PpF7vwb04egogcuHM65l3vvCRPBtUHow8mtrW9sbuW3Czu7e/sHxcOjlo5TRVmTxiJWnZBoJrhkTcONYJ1EMRKFgrXDyeXcb98zpXksb800YUFERpIPOSXGSjd3fdwvlpCLsFepYYhc7JeRV7PEq1bKvg+xixYogRUa/eJ7bxDTNGLSUEG07mKUmCAjynAq2KzQSzVLCJ2QEetaKknEdJAtTp3BM6sM4DBWtqSBC/X7REYiradRaDsjYsb6tzcX//K6qRnWgozLJDVM0uWiYSqgieH8bzjgilEjppYQqri9FdIxUYQam07BhvD1KfyftDwXV13vulKqX6ziyIMTcArOAQY+qIMr0ABNQMEIPIAn8OwI59F5cV6XrTlnNXMMfsB5+wQ8eI3G</latexit>

Y1
<latexit sha1_base64="eLYZGILt75n3LgBVKoQrNWyJEEk=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomIZOTBLx4jGgWSYbQ0+kkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1gkRwpTH+sHJr6xubW/ntws7u3v5B8fCopeJUUtaksYhlJyCKCR6xpuZasE4iGQkDwdrB5HLut++ZVDyObvU0YX5IRhEfckq0kW7u+rhfLGEbO26l5iBsO14ZuzVD3Gql7HnIsfECJVih0S++9wYxTUMWaSqIUl0HJ9rPiNScCjYr9FLFEkInZMS6hkYkZMrPFqfO0JlRBmgYS1ORRgv1+0RGQqWmYWA6Q6LH6rc3F//yuqke1vyMR0mqWUSXi4apQDpG87/RgEtGtZgaQqjk5lZEx0QSqk06BRPC16fof9Jybadqu9eVUv1iFUceTuAUzsEBD+pwBQ1oAoURPMATPFvCerRerNdla85azRzDD1hvnzr0jcU=</latexit>

Y0
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Patient C wants to know the probability that additional chemotherapy (i.e. option (ii)) 
is both necessary and sufficient for eliminating her tumour:


Variables mean eliminating the tumour with chemo (     ) and without (     )


However, mathematical framework allows us to investigate algebraically if and under 
what assumptions we can estimate PNS from what type of data.


Under monotonicity (i.e., chemo cannot cause the tumour to recur if it was about to 
go away), experimental data are sufficient to conclude (Pearl 2000, Chapter 9 and 
Tian and Pearl 2000, not proven in this course):


Thus, remarkably, experimental data from Fisher et al. (2002) allow us to estimate 
this quantity at

<latexit sha1_base64="TxK3pDC1vQK7u6uzqnaAUo0fHFk="></latexit>

PNS = P (Y1 = 1, Y0 = 0)

<latexit sha1_base64="wX4/Azl8CGxup+1tgs58Qd2q//Y="></latexit>

PNS = P (Y = 1|do(T = 1))� P (Y = 1|do(T = 0))

<latexit sha1_base64="W6e8yg9dM1G3yDOAWSy2cEG9gec=">AAACCHicdVDLSsNAFJ34rPVVdenCwSK4Ckla27pQCm5cSUWrQhvKZDrRwcmDmRuxhC7d+CtuXCji1k9w5984SSuo6IHhHs65lzv3eLHgCizrw5iYnJqemS3MFecXFpeWSyurZypKJGVtGolIXnhEMcFD1gYOgl3EkpHAE+zcuz7I/PMbJhWPwlMYxMwNyGXIfU4JaKlX2ugCu4W0dXQyxHvYMiu7ebGreXF2eqWyZVq2U23YmVyvWE4jM2rVSr2ObdPKUUZjtHql924/oknAQqCCKNWxrRjclEjgVLBhsZsoFhN6TS5ZR9OQBEy5aX7IEG9ppY/9SOoXAs7V7xMpCZQaBJ7uDAhcqd9eJv7ldRLwG27KwzgBFtLRIj8RGCKcpYL7XDIKYqAJoZLrv2J6RSShoLMr6hC+LsX/kzPHtGumc1wtN/fHcRTQOtpE28hGddREh6iF2oiiO/SAntCzcW88Gi/G66h1whjPrKEfMN4+AcmIlfk=</latexit>

PNS = 0.39 = 0.14 = 0.25 Pearl’s Primer book 
Chapter 4, page 113 & 120

<latexit sha1_base64="KBUPnnFWitKgAArkco8Q4UDBgt4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJp6XQlBTcuK9qHtEPJpGkbmskMSUYoQz/BjQtF3PpF7vwb04egogcuHM65l3vvCRPBtUHow8mtrW9sbuW3Czu7e/sHxcOjlo5TRVmTxiJWnZBoJrhkTcONYJ1EMRKFgrXDyeXcb98zpXksb800YUFERpIPOSXGSjd3fdwvlpCLsFepYYhc7JeRV7PEq1bKvg+xixYogRUa/eJ7bxDTNGLSUEG07mKUmCAjynAq2KzQSzVLCJ2QEetaKknEdJAtTp3BM6sM4DBWtqSBC/X7REYiradRaDsjYsb6tzcX//K6qRnWgozLJDVM0uWiYSqgieH8bzjgilEjppYQqri9FdIxUYQam07BhvD1KfyftDwXV13vulKqX6ziyIMTcArOAQY+qIMr0ABNQMEIPIAn8OwI59F5cV6XrTlnNXMMfsB5+wQ8eI3G</latexit>

Y1
<latexit sha1_base64="eLYZGILt75n3LgBVKoQrNWyJEEk=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomIZOTBLx4jGgWSYbQ0+kkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1gkRwpTH+sHJr6xubW/ntws7u3v5B8fCopeJUUtaksYhlJyCKCR6xpuZasE4iGQkDwdrB5HLut++ZVDyObvU0YX5IRhEfckq0kW7u+rhfLGEbO26l5iBsO14ZuzVD3Gql7HnIsfECJVih0S++9wYxTUMWaSqIUl0HJ9rPiNScCjYr9FLFEkInZMS6hkYkZMrPFqfO0JlRBmgYS1ORRgv1+0RGQqWmYWA6Q6LH6rc3F//yuqke1vyMR0mqWUSXi4apQDpG87/RgEtGtZgaQqjk5lZEx0QSqk06BRPC16fof9Jybadqu9eVUv1iFUceTuAUzsEBD+pwBQ1oAoURPMATPFvCerRerNdla85azRzDD1hvnzr0jcU=</latexit>

Y0
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Aim: Which of the two causal effects is greater (i) the direct effect (gender on 
hiring), or (ii) the indirect effect (education on job qualification on hiring)?

—> Could inform policy where to invest resources to address disparity
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Aim: Which of the two causal effects is greater (i) the direct effect (gender on 
hiring), or (ii) the indirect effect (education on job qualification on hiring)?

—> Could inform policy where to invest resources to address disparity


This concerns enabling/disabling processes (e.g., educational reforms) rather 
than lowering/raising values of specific variables. Thus, the do-operator and the 
controlled direct effect (CDE) seen earlier do not suffice … 


… as before, we phrase the problem mathematically via counterfactuals!
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How do we phrase this in a counterfactual manner?


For example, we want to know how the gender disparity changes after 
successfully implementing gender-blind hiring procedures.


In words: We estimate gender disparity under the counterfactual condition that 
all female applicants be treated as males
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How do we phrase this in a counterfactual manner?


For example, we want to know how the gender disparity changes after 
successfully implementing gender-blind hiring procedures.


In words: We estimate gender disparity under the counterfactual condition that 
all female applicants be treated as males


Hiring status (Y) of a female applicant with qualification Q = q, given that the 
employer treats her as though she is a male (X=1) is captured by the 
counterfactual 


Since Q varies over the population, we average this quantity according to the 
distribution of the qualification of female applicants, 

<latexit sha1_base64="m+CAXOLgWAd2oibwQAfi9X/5scY=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4kGEyLZ1uKgU3LluwD2mHkknTNjSTGZOMUIb+hhsXirj1Z9z5N6YPQUUPXDiccy/33hPEnCntOB9WZm19Y3Mru53b2d3bP8gfHrVUlEhCmyTikewEWFHOBG1qpjntxJLiMOC0HUyu5n77nkrFInGjpzH1QzwSbMgI1kbq3fbTThVdwEb1btbPFxzbQW6pgqBjI6/ouBVD3HKp6HkQ2c4CBbBCvZ9/7w0ikoRUaMKxUl3kxNpPsdSMcDrL9RJFY0wmeES7hgocUuWni5tn8MwoAziMpCmh4UL9PpHiUKlpGJjOEOux+u3Nxb+8bqKHFT9lIk40FWS5aJhwqCM4DwAOmKRE86khmEhmboVkjCUm2sSUMyF8fQr/Jy3XRmXbbZQKtctVHFlwAk7BOUDAAzVwDeqgCQiIwQN4As9WYj1aL9brsjVjrWaOwQ9Yb5/sKZD4</latexit>

YX=1,Q=q

<latexit sha1_base64="bnW4SP1UqiFWSOnEDX5VAqERIDQ=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GTLT0ummUnDjsgX7gHYomTRtQzMzMckIZexvuHGhiFt/xp1/Y/oQVPTAhcM593LvPYHgTGmEPqy19Y3Nre3MTnZ3b//gMHd03FJxIgltkpjHshNgRTmLaFMzzWlHSIrDgNN2MLma++07KhWLoxs9FdQP8ShiQ0awNlJPFBrVW3gPO1V00c/lkY0ct1RxILIdr4jciiFuuVT0POjYaIE8WKHez733BjFJQhppwrFSXQcJ7adYakY4nWV7iaICkwke0a6hEQ6p8tPFzTN4bpQBHMbSVKThQv0+keJQqWkYmM4Q67H67c3Fv7xuoocVP2WRSDSNyHLRMOFQx3AeABwwSYnmU0MwkczcCskYS0y0iSlrQvj6FP5PWq7tlG23UcrXLldxZMApOAMF4AAP1MA1qIMmIECAB/AEnq3EerRerNdl65q1mjkBP2C9fQIpGJB4</latexit>

p(Q = q|X = 0)
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Since Q varies over the population, we average this quantity according to the 
distribution of the qualification of female applicants, 


The result is 


Male applicants have similar chances, but averaging over  


<latexit sha1_base64="bnW4SP1UqiFWSOnEDX5VAqERIDQ=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GTLT0ummUnDjsgX7gHYomTRtQzMzMckIZexvuHGhiFt/xp1/Y/oQVPTAhcM593LvPYHgTGmEPqy19Y3Nre3MTnZ3b//gMHd03FJxIgltkpjHshNgRTmLaFMzzWlHSIrDgNN2MLma++07KhWLoxs9FdQP8ShiQ0awNlJPFBrVW3gPO1V00c/lkY0ct1RxILIdr4jciiFuuVT0POjYaIE8WKHez733BjFJQhppwrFSXQcJ7adYakY4nWV7iaICkwke0a6hEQ6p8tPFzTN4bpQBHMbSVKThQv0+keJQqWkYmM4Q67H67c3Fv7xuoocVP2WRSDSNyHLRMOFQx3AeABwwSYnmU0MwkczcCskYS0y0iSlrQvj6FP5PWq7tlG23UcrXLldxZMApOAMF4AAP1MA1qIMmIECAB/AEnq3EerRerNdl65q1mjkBP2C9fQIpGJB4</latexit>

p(Q = q|X = 0)

<latexit sha1_base64="nEDp22yK8JO0CSVir7TTDFyBcTU="></latexit>X

q

E
⇥
YX=1,Q=q

⇤
p(Q = q|X = 0)

<latexit sha1_base64="pcuYrXFP/eLrdc9KM26fNExI9/0=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GZJp6XRTKbhx2YJ9QDuUTJq2oZmHSUYoY3/DjQtF3Poz7vwb04egogcuHM65l3vv8WPBlUbow1pb39jc2s7sZHf39g8Oc0fHLRUlkrImjUQkOz5RTPCQNTXXgnViyUjgC9b2J1dzv33HpOJReKOnMfMCMgr5kFOijdSLC43qLbyHnSq+6OfyyEbYKVUwRDZ2i8ipGOKUS0XXhdhGC+TBCvV+7r03iGgSsFBTQZTqYhRrLyVScyrYLNtLFIsJnZAR6xoakoApL13cPIPnRhnAYSRNhRou1O8TKQmUmga+6QyIHqvf3lz8y+smeljxUh7GiWYhXS4aJgLqCM4DgAMuGdViagihkptbIR0TSag2MWVNCF+fwv9Jy7Fx2XYapXztchVHBpyCM1AAGLigBq5BHTQBBTF4AE/g2UqsR+vFel22rlmrmRPwA9bbJyqdkHk=</latexit>

p(Q = q|X = 1)



Mediation and Path-disabling Interventions

46 Pearl’s Primer book Chapter 4, page 115

Since Q varies over the population, we average this quantity according to the 
distribution of the qualification of female applicants, 


The result is 


Male applicants have similar chances, but averaging over  


Subtracting the two quantities yields the Natural Indirect Effect (NIE) of gender 
on hiring, mediated by the level of qualification Q:


Allow Q to vary naturally between applicants, as opposed to the CDE. Here we 
disable the capacity of Y to respond to X but leave its response to Q unaltered.

<latexit sha1_base64="bnW4SP1UqiFWSOnEDX5VAqERIDQ=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GTLT0ummUnDjsgX7gHYomTRtQzMzMckIZexvuHGhiFt/xp1/Y/oQVPTAhcM593LvPYHgTGmEPqy19Y3Nre3MTnZ3b//gMHd03FJxIgltkpjHshNgRTmLaFMzzWlHSIrDgNN2MLma++07KhWLoxs9FdQP8ShiQ0awNlJPFBrVW3gPO1V00c/lkY0ct1RxILIdr4jciiFuuVT0POjYaIE8WKHez733BjFJQhppwrFSXQcJ7adYakY4nWV7iaICkwke0a6hEQ6p8tPFzTN4bpQBHMbSVKThQv0+keJQqWkYmM4Q67H67c3Fv7xuoocVP2WRSDSNyHLRMOFQx3AeABwwSYnmU0MwkczcCskYS0y0iSlrQvj6FP5PWq7tlG23UcrXLldxZMApOAMF4AAP1MA1qIMmIECAB/AEnq3EerRerNdl65q1mjkBP2C9fQIpGJB4</latexit>

p(Q = q|X = 0)

<latexit sha1_base64="nEDp22yK8JO0CSVir7TTDFyBcTU="></latexit>X
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Mediation and Path-disabling Interventions

47 Pearl’s Primer book Chapter 4, page 115

It remains to identify the Natural Indirect Effect (NIE) of gender on hiring, 
mediated by the level of qualification Q, in order to allow estimation:


The following result is known as Pearl’s Mediation formula
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Mediation and Path-disabling Interventions

48 Pearl’s Primer book Chapter 4, page 115

It remains to identify the Natural Indirect Effect (NIE) of gender on hiring, 
mediated by the level of qualification Q, in order to allow estimation:


The following result is known as Pearl’s Mediation formula


Theorem (Pearl, 2001)

In the absence of confounding, the NIE can be identified as follows


In words: It measures the extent to which the effect of X on Y is explained by its 
effect on the mediator Q. In the NIE we “freeze” the direct effect of X on Y, yet 
allow the mediator Q of each unit to react to X in a natural “unfrozen” way.
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