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Last two lectures …

Language of probability: Variables, evens, samples space, probability law 

Probability axioms, (condi-onal) total law of probability, independence, 
Bayes’ rule 

Expected values, variance, correla-on 

Graphs 



Today:

First of the two causal frameworks:  
- Poten?al Outcomes (due to Neyman-Rubin) 
- Study our first causal ques?on 

In order to es-mate: 
- Answer to a causal ques-on 
- Uncertainty on this answer (under model assump-ons) 



Two main Frameworks for causal iden?fiablity 

• Poten-al outcomes framework (Neyman-Rubin): 

- Requires a given treatment-outcome pair (known direc-onality) 
- For causal es-ma-on  
- More familiar to biomedical researchers (this is changing …) 

• Structural causal models (Pearl): 

- Causal graphs 
- Structural equa-ons 
- Algorithmic  
- For causal es-ma-on and discovery

x = fx(✏x), t = ft(x, ✏t), y = fy(x, t, ✏y)
<latexit sha1_base64="sSYQMi6qdTtlep2qNqmQzTMjlRk="></latexit>

T Y

X

Assump?on: Independent noise terms: ✏x ?? ✏t ?? ✏y
<latexit sha1_base64="Te2+8jm5FHUaXca47eQtQGtHV4g=">AAACMXicfVDLSgMxFM34rOOr6tJNtAiuymR81V3RTZcVrAqdoWTSWw1mZkKSEUvpL7nxT8RNF4q49SfM9AEq6gmBk3Pu5eaeSAqujecNnKnpmdm5+cKCu7i0vLJaXFu/0GmmGDRYKlJ1FVENgifQMNwIuJIKaBwJuIxuT3P/8g6U5mlybroSwpheJ7zDGTVWahVrAUjNhaX3GAcSlMTBVn4mj4ltsPuf3W0VS17Z8yqk4mNLjol/sG+JT44IOcTEWjlKaIx6q/gUtFOWxZAYJqjWTeJJE/aoMpwJ6LtBpkFSdkuvoWlpQmPQYW+4cR/vWKWNO6myNzF4qH7t6NFY624c2cqYmhv908vF37xmZjqVsMcTmRlI2GhQJxPYpDiPD7e5AmZE1xLKFLd/xeyGKsqMDdm1IUw2xX+TC79M9sr+2X6pejKOo4A20TbaRQQdoSqqoTpqIIYe0DN6Qa/OozNw3pz3UemUM+7ZQN/gfHwChW2ooQ==</latexit>

Extend the language of 
probability theory: 
do-calculus
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Observa?onal data: What goes wrong?

p(x|t = 1) 6= p(x|t = 0)
<latexit sha1_base64="WBS66W4REKXQyW0MTnj/H3EUrYU=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2AR2k3J1GrHhVB047KCfUBbSiZN29BMZkwyYmm78FfcuFDErb/hzr8x01ZQ0QMXTs65l9x7vJAzpRH6sBILi0vLK8nV1Nr6xuaWvb1TVUEkCa2QgAey7mFFORO0opnmtB5Kin2P05o3uIj92i2VigXiWg9D2vJxT7AuI1gbqW3vhZm7sT5zsrAp6A2cvVC2badRDqFC8QRBQ05d1y0akj9GBYSgY6wYaTBHuW2/NzsBiXwqNOFYqYaDQt0aYakZ4XSSakaKhpgMcI82DBXYp6o1mu4/gYdG6cBuIE0JDafq94kR9pUa+p7p9LHuq99eLP7lNSLddVsjJsJIU0FmH3UjDnUA4zBgh0lKNB8agolkZldI+lhiok1kKRPC16Xwf1LN55yjXP6qkC6dz+NIgn1wADLAAUVQApegDCqAgDF4AE/g2bq3Hq0X63XWmrDmM7vgB6y3TxImlNw=</latexit>

treatment Control

Age

✓Z
y1(x)p(x|t = 1)dx �

Z
y0(x)p(x|t = 0)dx

◆
6=

Z �
y1(x)� y0(x)

�
p(x)dx

<latexit sha1_base64="THysm4IscHt9No/tkD9LNMzeowE=">AAACTXicdVFNTxsxEPWmtND0K7THXiyiSpsDkTekTXqohODCESQCSNko8npnEwuvd2vPokQpf7CXSr31X3DhAEIILxtQW7UjWXp67814/BzlSlpk7JdXe7Ly9Nnq2vP6i5evXr9prL89sllhBAxEpjJzEnELSmoYoEQFJ7kBnkYK jqPT3VI/PgNjZaYPcZ7DKOUTLRMpODpq3IhDBQn6odRI5+PAn7Vyf/YNvwSteEZDukmXCntUmFNCIydTbNFQw9fKEUZy4lcDNit3yZQtzj5uNFmbsW7vE6MOfO73+z0HOh9ZlzEaOKmsJlnW/rjxM4wzUaSgUShu7TBgOY4W3KAUCs7rYWEh5+KUT2DooOYp2NHiPo1z+sExMU0y447b7J79vWPBU2vnaeScKcep/VsryX9pwwKT/mghdV4gaFFdlBSKYkbLaGksDQhUcwe4MNLtSsWUGy7QfUDdhfDwUvp/cNRpB1vtzkG3ub2zjGONvCcbxCcB6ZFtskf2yYAI8p1ckCty7f3wLr0b77ay1rxlzzvyR9VW7wCVIbCm</latexit>



Observa?onal data: Stra?fica?on

• Measure outcome (success/failure), within each of the young/old 
groups separately 

• Take weighted average by the probability of being young/old: 

vs 
E(Healed|t = 1) = E(Healed|t = 1, young)p(young) + E(Healed|t = 1, old)p(old)

<latexit sha1_base64="oRD3Y8GlNg4EOpXSY/gw2BOLH+Y="></latexit>

<latexit sha1_base64="bdoFHcDtI5Hoeg3cRAPv05bzOk8="></latexit>

E(Healed|t = 0) = E(Healed|t = 0, young)p(young) + E(Healed|t = 0, old)p(old)
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Observa?onal data: Stra?fica?on

• Measure outcome (success/failure), within each of the young/old 
groups separately 

• Take weighted average by the probability of being young/old: 

vs 

Issues: (i) All possible confounders need to be observed  
(ii) Assume overlap between the two distribu-ons (if there is no overlap, sample is 
not representa-ve, e.g. performing the experiment only for old people),  
(iii) Poor es-mates as confounder dimensionality increases

E(Healed|t = 1) = E(Healed|t = 1, young)p(young) + E(Healed|t = 1, old)p(old)
<latexit sha1_base64="oRD3Y8GlNg4EOpXSY/gw2BOLH+Y="></latexit>

<latexit sha1_base64="bdoFHcDtI5Hoeg3cRAPv05bzOk8="></latexit>

E(Healed|t = 0) = E(Healed|t = 0, young)p(young) + E(Healed|t = 0, old)p(old)

Age1 Age2 Age3 Age4

Female

Male
)

<latexit sha1_base64="GSdVYOWtj5cASPNwlMgClJrjOLI=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GnpizHILevEYxSyQhNDT6Uma9EwP3TVKCPkMLx4U8erXePNv7CyCij4oeLxXRVU9P5bCACEfTmpldW19I72Z2dre2d3L7h80jEo043WmpNItnxouRcTrIEDyVqw5DX3Jm/7ocuY377g2QkW3MI55N6SDSASCUbBSu3MjBkOgWqv7XjZHXOIV8qSCLamQUnlG8nlSLJaw55I5cmiJWi/73ukrloQ8AiapMW2PxNCdUA2CST7NdBLDY8pGdMDblkY05KY7mZ88xSdW6eNAaVsR4Ln6fWJCQ2PGoW87QwpD89ubiX957QSCcnciojgBHrHFoiCRGBSe/Y/7QnMGcmwJZVrYWzEbUk0Z2JQyNoSvT/H/pJF3vTP3/LqQq14s40ijI3SMTpGHSqiKrlAN1RFDCj2gJ/TsgPPovDivi9aUs5w5RD/gvH0C+xKRvA==</latexit>

Need specific causal effect 
es-ma-on techniques
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Poten?al Outcomes Framework (Rubin-Neyman)

Defini?on: Given treatment, t, and outcome, y, the poten-al outcome of 
instance/individual i is denoted by yt(i) is the value y would have taken if 
individual i had been under treatment t. 

8



Poten?al Outcomes Framework (Rubin-Neyman)

Defini?on: Given treatment, t, and outcome, y, the poten-al outcome of 
instance/individual i is denoted by yt(i) is the value y would have taken if 
individual i had been under treatment t. 
 
y0(i) and y1(i) are not observed, but poten?al outcomes 
t(i) is the observed treatment applied to individual (i), 0 or 1 
Observed outcomes: y0(i) OR y1(i) depend on treatment (fundamental problem of 
causal inference): 

<latexit sha1_base64="lt6FXee/h1vgeWqloXrseb/v6v4="></latexit>

y(i)obs = t(i)y(i)1 + (1� t(i))y(i)0 =

(
y(i)0 if t(i) = 0

y(i)1 if t(i) = 1
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Poten?al Outcomes Framework (Rubin-Neyman)

Defini?on: Given treatment, t, and outcome, y, the poten-al outcome of 
instance/individual i is denoted by yt(i) is the value y would have taken if 
individual i had been under treatment t. 
 
y0(i) and y1(i) are not observed, but poten?al outcomes 
t(i) is the observed treatment applied to individual (i), 0 or 1 
Observed outcomes: y0(i) OR y1(i) depend on treatment (fundamental problem of 
causal inference): 

Counterfactual (missing) outcome “what would have happened if …”

<latexit sha1_base64="lt6FXee/h1vgeWqloXrseb/v6v4="></latexit>

y(i)obs = t(i)y(i)1 + (1� t(i))y(i)0 =

(
y(i)0 if t(i) = 0

y(i)1 if t(i) = 1

<latexit sha1_base64="g3VhmGuAymtHgKOw99L17CwFGUI="></latexit>

y(i)CF = (1� t(i))y(i)1 + t(i)y(i)0 =

(
y(i)1 if t(i) = 0

y(i)0 if t(i) = 1



Poten?al Outcomes Framework (Rubin-Neyman)

Inver-ng previous rela-ons, equivalently:  

Knowing the poten-al outcomes is equivalent to knowing the observed and 
counterfactual outcomes  

<latexit sha1_base64="3nNcZcEE8fRXBFcY/GWkZL4N6kY="></latexit>

y(i)0 =

(
y(i)CF if t(i) = 1

y(i)obs if t(i) = 0

<latexit sha1_base64="rUU9hxw5qxrTt2jEdtwzSbCI8h0="></latexit>

y(i)1 =

(
y(i)CF if t(i) = 0

y(i)obs if t(i) = 1
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Poten?al Outcomes Framework (Rubin-Neyman)

Defini?on: Given treatment, t, and outcome, y, the poten-al outcome of 
instance/individual i is denoted by yt(i) is the value y would have taken if 
individual i had been under treatment t. 
 
y0(i) and y1(i) are not observed, but poten?al outcomes 
t(i) is the observed treatment applied to individual (i), 0 or 1 
Observed outcomes: y0(i) OR y1(i) depend on treatment (fundamental problem of 
causal inference): 

Individual treatment effect (causal): 

Average treatment effect (causal):

y(i)obs = t(i)y(i)1 + (1� t(i))y(i)0
<latexit sha1_base64="BYY4a5PWSfWnnIv7C0LIMaio6do="></latexit>

⌧ (i) = y(i)1 � y(i)0
<latexit sha1_base64="lz+sp9/UPPlLdcdMj5r7pL2VE3I=">AAACB3icdZDLSgMxFIYz9VbrbdSlIMEi1IUlU6utC6HoxmUFe4F2HDJp2oZmLiQZYRi6c+OruHGhiFtfwZ1vY9qpoKIHAh//fw4n53dDzqRC6MPIzM0vLC5ll3Mrq2vrG+bmVlMGkSC0QQIeiLaLJeXMpw3FFKftUFDsuZy23NHFxG/dUiFZ4F+rOKS2hwc+6zOClZYcc7ercHSTFNjB+Cx2rJQOYwel5Jh5VESoXDlBUMNptVqtaCgdozJC0NLWpPJgVnXHfO/2AhJ51FeEYyk7FgqVnWChGOF0nOtGkoaYjPCAdjT62KPSTqZ3jOG+VnqwHwj9fAWn6veJBHtSxp6rOz2shvK3NxH/8jqR6lfthPlhpKhP0kX9iEMVwEkosMcEJYrHGjARTP8VkiEWmCgdXU6H8HUp/B+apaJ1VCxdlfO181kcWbAD9kABWKACauAS1EEDEHAHHsATeDbujUfjxXhNWzPGbGYb/Cjj7RN88phw</latexit>

⌧ = Ê[⌧ (i)] = Ê[y(i)1 � y(i)0 ] =
1

N

NX

i=0

⇣
y(i)1 � y(i)0

⌘

<latexit sha1_base64="WbTWK3I0Vx5XeT+HXSWxJjiZj3c="></latexit>
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Example (Missing data interpreta?on)
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Example (Missing data interpreta?on)

What about the naive 
observa-onal es-mator? 

<latexit sha1_base64="mXGPHrckLkQm/bpjMeYzy5xU174=">AAACDHicdVDLSgMxFM34rPVVdekmWAQ3lkwZ23EhFEVwWaEvmQ4lk6ZtaOZBkhHK2A9w46+4caGIWz/AnX9jpq2gRQ8EDuecS+49XsSZVAh9GguLS8srq5m17PrG5tZ2bme3IcNYEFonIQ9Fy8OSchbQumKK01YkKPY9Tpve8CL1m7dUSBYGNTWKqOvjfsB6jGClpU4u3/axGnhecjl2bu5qZ6Z7PKcgV6dQASGrXEJQk1PbtsuaFE+QhRA0tZUiD2aodnIf7W5IYp8GinAspWOiSLkJFooRTsfZdixphMkQ96mjaYB9Kt1kcswYHmqlC3uh0C9QcKL+nEiwL+XI93QyXVTOe6n4l+fEqme7CQuiWNGATD/qxRyqEKbNwC4TlCg+0gQTwfSukAywwETp/rK6hO9L4f+kUSyYpYJ1beUr57M6MmAfHIAjYIIyqIArUAV1QMA9eATP4MV4MJ6MV+NtGl0wZjN74BeM9y9Txpsu</latexit>

E[Y |T = 1]� E[Y |T = 0]

-9.70
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Example (Missing data interpreta?on)

What about the naive 
observa-onal es-mator? 

<latexit sha1_base64="mXGPHrckLkQm/bpjMeYzy5xU174=">AAACDHicdVDLSgMxFM34rPVVdekmWAQ3lkwZ23EhFEVwWaEvmQ4lk6ZtaOZBkhHK2A9w46+4caGIWz/AnX9jpq2gRQ8EDuecS+49XsSZVAh9GguLS8srq5m17PrG5tZ2bme3IcNYEFonIQ9Fy8OSchbQumKK01YkKPY9Tpve8CL1m7dUSBYGNTWKqOvjfsB6jGClpU4u3/axGnhecjl2bu5qZ6Z7PKcgV6dQASGrXEJQk1PbtsuaFE+QhRA0tZUiD2aodnIf7W5IYp8GinAspWOiSLkJFooRTsfZdixphMkQ96mjaYB9Kt1kcswYHmqlC3uh0C9QcKL+nEiwL+XI93QyXVTOe6n4l+fEqme7CQuiWNGATD/qxRyqEKbNwC4TlCg+0gQTwfSukAywwETp/rK6hO9L4f+kUSyYpYJ1beUr57M6MmAfHIAjYIIyqIArUAV1QMA9eATP4MV4MJ6MV+NtGl0wZjN74BeM9y9Txpsu</latexit>

E[Y |T = 1]� E[Y |T = 0]

-8.55-9.70

= -1.14

15



Example (Missing data interpreta?on)
Individual treatment effect:

<latexit sha1_base64="pMdeyN9eVOb44h93w7TRQEYxTi8=">AAAB/HicdVDLSgMxFM3UV62vapdugkVwY8mUsa27ogguK9gX02HIpGkbmnmQZIRhqL/ixoUibv0Qd/6NmbaCih4IHM65l3tyvIgzqRD6MHIrq2vrG/nNwtb2zu5ecf+gI8NYENomIQ9Fz8OSchbQtmKK014kKPY9Trve9DLzu3dUSBYGtyqJqOPjccBGjGClJbdYGvhYTTwvvZrZfdc87bvIcYtlVEHIqtcQ1OS80WjUNameIQshaGorQxks0XKL74NhSGKfBopwLKVtokg5KRaKEU5nhUEsaYTJFI+prWmAfSqddB5+Bo+1MoSjUOgXKDhXv2+k2Jcy8T09mUWVv71M/MuzYzVqOCkLoljRgCwOjWIOVQizJuCQCUoUTzTBRDCdFZIJFpgo3VdBl/D1U/g/6VQrZq1i3Vjl5sWyjjw4BEfgBJigDprgGrRAGxCQgAfwBJ6Ne+PReDFeF6M5Y7lTAj9gvH0CH96Ucw==</latexit>

E[Y1 � Y0]

16



Example (Missing data interpreta?on)
Individual treatment effect:

<latexit sha1_base64="pMdeyN9eVOb44h93w7TRQEYxTi8=">AAAB/HicdVDLSgMxFM3UV62vapdugkVwY8mUsa27ogguK9gX02HIpGkbmnmQZIRhqL/ixoUibv0Qd/6NmbaCih4IHM65l3tyvIgzqRD6MHIrq2vrG/nNwtb2zu5ecf+gI8NYENomIQ9Fz8OSchbQtmKK014kKPY9Trve9DLzu3dUSBYGtyqJqOPjccBGjGClJbdYGvhYTTwvvZrZfdc87bvIcYtlVEHIqtcQ1OS80WjUNameIQshaGorQxks0XKL74NhSGKfBopwLKVtokg5KRaKEU5nhUEsaYTJFI+prWmAfSqddB5+Bo+1MoSjUOgXKDhXv2+k2Jcy8T09mUWVv71M/MuzYzVqOCkLoljRgCwOjWIOVQizJuCQCUoUTzTBRDCdFZIJFpgo3VdBl/D1U/g/6VQrZq1i3Vjl5sWyjjw4BEfgBJigDprgGrRAGxCQgAfwBJ6Ne+PReDFeF6M5Y7lTAj9gvH0CH96Ucw==</latexit>

E[Y1 � Y0]

Es-mated as:
<latexit sha1_base64="JtkF9lZk5hYHe+ksp3Z2lEC0qLk="></latexit>

1

N

NX

i=0

⇣
y(i)1 � y(i)0

⌘
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Example (Missing data interpreta?on)

1.00 -1.14 !
<latexit sha1_base64="h85T8iBQ0jscUE6aOeYXWmohD9U=">AAAB63icdVDLSgMxFM34rPVVdekmWARXJVPGdtwV3bisYB/QDiWTZtrQJDMmGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucr9zj1VmsXy1kwTGgg8kixiBJtc6kt6NyiVUQUhr15D0JIL3/frllTPkYcQdK2VowyWaA5K7/1hTFJBpSEca91zUWKCDCvDCKezYj/VNMFkgke0Z6nEguogm986g6dWGcIoVrakgXP1+0SGhdZTEdpOgc1Y//Zy8S+vl5rIDzImk9RQSRaLopRDE8P8cThkihLDp5Zgopi9FZIxVpgYG0/RhvD1KfyftKsVt1bxbrxy43IZRwEcgxNwBlxQBw1wDZqgBQgYgwfwBJ4d4Tw6L87ronXFWc4cgR9w3j4BfYuOjw==</latexit>

6=
18



Example (Missing data interpreta?on)

T Y

X

19



Poten?al Outcomes: Assump?ons

• SUTVA: Stable Unit Treatment Value Assump-on 
• Consistency: Well-defined treatment (no different versions) 

poten-al outcome is independent of how  
the treatment is assigned 

• No interference: Different individuals (units) within a popula-on 
do not influence each other (e.g. does not work in social 
behavioural studies, care must be taken for -me series data when 
defining the units)

20



Poten?al Outcomes: Assump?ons

• SUTVA: Stable Unit Treatment Value Assump-on 
• Consistency: Well-defined treatment (no different versions) 

poten-al outcome is independent of how  
the treatment is assigned 

• No interference: Different individuals (units) within a popula-on 
do not influence each other (e.g. does not work in social 
behavioural studies, care must be taken for -me series data when 
defining the units) 

• Posi?vity: Every individual has a non-zero chance of receiving the 
treatment/control: 

• Unconfoundedness (ignorability/exchangeability): Treatment assignment 
is random, given confounding features X

p(t = 1|x) 2 (0, 1) if P (x) > 0
<latexit sha1_base64="fG9hr1wwb+mxWBc3sl+X7Dh9wJ0="></latexit>
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Unconfoundedness

• Unconfoundedness: Treatment assignment is random, given X: 

• Given X, there is no preference for individual (i) to get assigned the 
treatment as compared to individual (j) (i.e. randomised)

y(i)1 , y(i)0 ?? t(i) | x
<latexit sha1_base64="5uTkyCocmZmwZwACsfnKF0nVLcE="></latexit>
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Unconfoundedness

• Unconfoundedness: Treatment assignment is random, given X: 

• Given X, there is no preference for individual (i) to get assigned the 
treatment as compared to individual (j) (i.e. randomised) 

• e.g., restric-ng to the old group, person A has the same probability of 
receiving the treatment as person  

y(i)1 , y(i)0 ?? t(i) | x
<latexit sha1_base64="5uTkyCocmZmwZwACsfnKF0nVLcE="></latexit>
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Unconfoundedness

• Unconfoundedness: Treatment assignment is random, given X: 

• Given X, there is no preference for individual (i) to get assigned the 
treatment as compared to individual (j) (i.e. randomised) 

• e.g., restric-ng to the old group, person A has the same probability of 
receiving the treatment as person  

• There may be difference in sample size between case and control: 
                    not necessarily = 

y(i)1 , y(i)0 ?? t(i) | x
<latexit sha1_base64="5uTkyCocmZmwZwACsfnKF0nVLcE="></latexit>

<latexit sha1_base64="8/aJPxCL7goFu8je1KZP/2HVI+E=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BItQLyVbVrsehKIXjxWsLbRLyabZNjSbXZOsWNb+CS8eFMSrP8eb/8ZsW0FFHww83pthZp4fc6Y0Qh9WbmFxaXklv1pYW9/Y3Cpu71yrKJGENknEI9n2saKcCdrUTHPajiXFoc9pyx+dZ37rlkrFInGlxzH1QjwQLGAEayO147I+Rfd3h71iCVUQcmrHCBpy4rpuzZDqEXIQgraxMpTAHI1e8b3bj0gSUqEJx0p1bBRrL8VSM8LppNBNFI0xGeEB7RgqcEiVl07vncADo/RhEElTQsOp+n0ixaFS49A3nSHWQ/Xby8S/vE6iA9dLmYgTTQWZLQoSDnUEs+dhn0lKNB8bgolk5lZIhlhiok1EBRPC16fwf9KqVmynYtuXTql+Ns8jD/bAPigDG9RAHVyABmgCAjh4AE/g2bqxHq0X63XWmrPmM7vgB6y3TyKzj90=</latexit>

p(t = 0|x)
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Unconfoundedness

• Unconfoundedness: Treatment assignment is random, given X: 

• Given X, there is no preference for individual (i) to get assigned the 
treatment as compared to individual (j) (i.e. randomised) 

• e.g., restric-ng to the old group, person A has the same probability of 
receiving the treatment as person  

• There may be difference in sample size between case and control: 
                    not necessarily = 

• However, if we do not restrict to the old group, there is a clear preference: 
older individuals are more likely to receive the drug 

• No unobserved confounders  
(see later: unverifiable in observa-onal data) 

y(i)1 , y(i)0 ?? t(i) | x
<latexit sha1_base64="5uTkyCocmZmwZwACsfnKF0nVLcE="></latexit>

<latexit sha1_base64="8/aJPxCL7goFu8je1KZP/2HVI+E=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BItQLyVbVrsehKIXjxWsLbRLyabZNjSbXZOsWNb+CS8eFMSrP8eb/8ZsW0FFHww83pthZp4fc6Y0Qh9WbmFxaXklv1pYW9/Y3Cpu71yrKJGENknEI9n2saKcCdrUTHPajiXFoc9pyx+dZ37rlkrFInGlxzH1QjwQLGAEayO147I+Rfd3h71iCVUQcmrHCBpy4rpuzZDqEXIQgraxMpTAHI1e8b3bj0gSUqEJx0p1bBRrL8VSM8LppNBNFI0xGeEB7RgqcEiVl07vncADo/RhEElTQsOp+n0ixaFS49A3nSHWQ/Xby8S/vE6iA9dLmYgTTQWZLQoSDnUEs+dhn0lKNB8bgolk5lZIhlhiok1EBRPC16fwf9KqVmynYtuXTql+Ns8jD/bAPigDG9RAHVyABmgCAjh4AE/g2bqxHq0X63XWmrPmM7vgB6y3TyKzj90=</latexit>

p(t = 0|x)

25



Unconfoundedness: A graphical representa?on

• Unconfoundedness: Treatment assignment is random, given X: 

y(i)1 , y(i)0 ?? t(i) | x
<latexit sha1_base64="5uTkyCocmZmwZwACsfnKF0nVLcE="></latexit>

T Y

X

T Y1

X
Real worldHypothe-cal

Y0

If everyone receive the treatment: Y1  
If everyone is prevented from receiving the treatment: Y0 

Then the hypothe-cal outcomes are en-rely determined by 
the set of features X of the individuals.

26



Unconfoundedness: A graphical representa?on

• Unconfoundedness: Treatment assignment is random, given X: 

y(i)1 , y(i)0 ?? t(i) | x
<latexit sha1_base64="5uTkyCocmZmwZwACsfnKF0nVLcE="></latexit>

T Y

X

T Y1

X
Real worldHypothe-cal

Y0

If everyone receive the treatment: Y1  
If everyone is prevented from receiving the treatment: Y0 

Then the hypothe-cal outcomes are en-rely determined by 
the set of features X of the individuals.

X’
<latexit sha1_base64="Qlx8fJ/5Y+BGPwxT/nxtREUz5uo="></latexit>

y(i)1 , y(i)0 6?? t(i) | x

Another disease 
background
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Posi?vity

For exis-ng values of covariates in the popula-on, i.e., 
(binary T) 

Intui?vely: If everyone was given the treatment, i.e., there is not control 
group, we have no idea if/how the outcomes observed are due to the 
treatment itself (because we have no background to compare it to!) 

Similarly, when everyone is in the control group: Then we will not have 
tested the treatment.  

Tutorial ques-on: See why this condi-on is essen-al (mathema?cally)

<latexit sha1_base64="KwPkwhZFVt82H+MShtmd7QKvUzg=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBahXkrSNjUelKIXjxVsLaShbLabdukmG3Y3Ygn9GV48KOLVX+PNf+OmraCiDwYe780wM8+PGZXKND+M3NLyyupafr2wsbm1vVPc3etInghM2pgzLro+koTRiLQVVYx0Y0FQ6DNy648vM//2jghJeXSjJjHxQjSMaEAxUlpyW+Xu2f0xPIcm7BdLZsU07VrDgZqcVh3H1qRq2fWaDS1tZSiBBVr94ntvwHESkkhhhqR0LTNWXoqEopiRaaGXSBIjPEZD4moaoZBIL52dPIVHWhnAgAtdkYIz9ftEikIpJ6GvO0OkRvK3l4l/eW6iAsdLaRQnikR4vihIGFQcZv/DARUEKzbRBGFB9a0Qj5BAWOmUCjqEr0/h/6RTrViNSv26XmpeLOLIgwNwCMrAAiegCa5AC7QBBhw8gCfwbCjj0XgxXuetOWMxsw9+wHj7BOH1j7c=</latexit>

P (X = x) > 0

<latexit sha1_base64="8akzZVDZPc0hXchdXP1qCWE+2HA=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAh1U5K2qRFaKLpxWaEvaGOZTCft0MmDmYlaYv/DjQtF3Pov7vwbJ20FFT1w4XDOvdx7jxMyKqSuf2hLyyura+upjfTm1vbObmZvvyWCiGPSxAELeMdBgjDqk6akkpFOyAnyHEbazvgi8ds3hAsa+A05CYntoaFPXYqRVNK1XqnnGlXjvlO9O6kY/UxWz+u6WSxbUJGzgmWZihQMs1Q0oaGsBFmwQL2fee8NAhx5xJeYISG6hh5KO0ZcUszINN2LBAkRHqMh6SrqI48IO55dPYXHShlAN+CqfAln6veJGHlCTDxHdXpIjsRvLxH/8rqRdC07pn4YSeLj+SI3YlAGMIkADignWLKJIghzqm6FeIQ4wlIFlVYhfH0K/yetQt4o50tXpWztfBFHChyCI5ADBjgFNXAJ6qAJMODgATyBZ+1We9RetNd565K2mDkAP6C9fQJNd5Ee</latexit>

0 < P (T = 1|X = x) < 1
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Posi?vity (common support/overlap)

No overlap 
Complete viola-on of posi-vity

Treatment Control

Age

!

Control: T = 0
Treatment T=1
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Posi?vity (common support/overlap)

Some viola-on of posi-vity

Treatment Control

Age

!

Control: T = 0
Treatment T=1
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Posi?vity (common support/overlap)

Complete overlap: No posi-vity viola-on

Treatment Control

Age

Control: T = 0
Treatment T=1
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Posi?vity vs unconfoundedness

Issue: We poten-ally wish to condi-on on many variables to make it more likely 
for unconfoundedness to be sa-sfied … 



Posi?vity vs unconfoundedness

Issue: We poten-ally wish to condi-on on many variables to make it more likely 
for unconfoundedness to be sa-sfied … 

But the more we condi-on on, the harder it is to sa-sfy posi-vity 

Example:  

Easy to check for binary/categorical variable X:

Female

Male

Young Old

Female

Male

<latexit sha1_base64="8akzZVDZPc0hXchdXP1qCWE+2HA=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAh1U5K2qRFaKLpxWaEvaGOZTCft0MmDmYlaYv/DjQtF3Pov7vwbJ20FFT1w4XDOvdx7jxMyKqSuf2hLyyura+upjfTm1vbObmZvvyWCiGPSxAELeMdBgjDqk6akkpFOyAnyHEbazvgi8ds3hAsa+A05CYntoaFPXYqRVNK1XqnnGlXjvlO9O6kY/UxWz+u6WSxbUJGzgmWZihQMs1Q0oaGsBFmwQL2fee8NAhx5xJeYISG6hh5KO0ZcUszINN2LBAkRHqMh6SrqI48IO55dPYXHShlAN+CqfAln6veJGHlCTDxHdXpIjsRvLxH/8rqRdC07pn4YSeLj+SI3YlAGMIkADignWLKJIghzqm6FeIQ4wlIFlVYhfH0K/yetQt4o50tXpWztfBFHChyCI5ADBjgFNXAJ6qAJMODgATyBZ+1We9RetNd565K2mDkAP6C9fQJNd5Ee</latexit>

0 < P (T = 1|X = x) < 1
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Posi?vity vs unconfoundedness

Issue: We poten-ally wish to condi-on on many variables to make it more likely 
for unconfoundedness to be sa-sfied … 

But the more we condi-on on, the harder it is to sa-sfy posi-vity 

Example:  

Tutorial ques-on: Discuss the problem of no support, extrapola-on and model-
misspecifica-on 

Female

Male

Young Old

Female

Male
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Regression Adjustment

• X is a sufficient set of confounders if condi-oning on X, there would be no 
confounding bias  

• For individual (i) there is only one observed outcome:  

• Would like to es-mate (infer) counterfactual:  

• Using a design matrix, fit:  

• Assump-ons: Overlap and addi-vity

35

T =

0

BBBB@

1 0
1 0
.. ..
0 1
0 1

1

CCCCA

<latexit sha1_base64="V+Taq8YIMQSZsckmKN+RsAVF0eI="></latexit>

Drug

X =

0

BBBB@

1 0
0 1
.. ..
1 0
0 1

1

CCCCA

<latexit sha1_base64="IrSAICuzzpW+6WAEf9p0DoZSw78="></latexit>

Young

Y = �XX + �TT + ✏
<latexit sha1_base64="lWIDDvoFMuna1T+j4f7ZbYD0088=">AAACCXicdVDLSgMxFM3UV62vqks3wSIIhTLTltYuhKIblxX6GGlLyaS3bWjmQZIRyjBbN/6KGxeKuPUP3Pk3ZtoKKnogcDjnXG7ucQLOpDLNDyO1srq2vpHezGxt7+zuZfcP2tIPBYUW9bkvbIdI4MyDlmKKgx0IIK7DoeNMLxO/cwtCMt9rqlkAfZeMPTZilCgtDbL45rzngCKDyI7t/JI242a+B4FkPInkzIJp1sxKFWtSKxXLJU2KVsWqWtjSVoIcWqIxyL73hj4NXfAU5UTKrmUGqh8RoRjlEGd6oYSA0CkZQ1dTj7gg+9H8khifaGWIR77Qz1N4rn6fiIgr5cx1dNIlaiJ/e4n4l9cN1eisHzEvCBV4dLFoFHKsfJzUgodMAFV8pgmhgum/YjohglCly8voEr4uxf+TdrFglQrF63KufrGsI42O0DE6RRaqojq6Qg3UQhTdoQf0hJ6Ne+PReDFeF9GUsZw5RD9gvH0CvjmaZA==</latexit>

⌧ = Ê[⌧ (i)] = Ê[y(i)1 � y(i)0 ] =
1

N

NX

i=0

⇣
y(i)1 � y(i)0

⌘

<latexit sha1_base64="WbTWK3I0Vx5XeT+HXSWxJjiZj3c="></latexit>

<latexit sha1_base64="XcTopXEfSETh7FOlB77NN0af2vQ=">AAACAnicdVDLSgMxFM3UV62vUVfiJliEuikzbW3trujGZQX7gLYOmTRtQzOZIckIwzC48VfcuFDErV/hzr8x01ZQ0QMXDufcm9x73IBRqSzrw8gsLa+srmXXcxubW9s75u5eW/qhwKSFfeaLroskYZSTlqKKkW4gCPJcRjru9CL1O7dESOrzaxUFZOChMacjipHSkmMeRDdxgZ4kTtwP+ZCI9J1YJQ5NHDNvFS2rblVrUJN6uVQpa1Kyq3bNhra2UuTBAk3HfO8PfRx6hCvMkJQ92wrUIEZCUcxIkuuHkgQIT9GY9DTlyCNyEM9OSOCxVoZw5AtdXMGZ+n0iRp6UkefqTg+pifztpeJfXi9Uo7NBTHkQKsLx/KNRyKDyYZoHHFJBsGKRJggLqneFeIIEwkqnltMhfF0K/yftUtE+LVpXlXzjfBFHFhyCI1AANqiBBrgETdACGNyBB/AEno1749F4MV7nrRljMbMPfsB4+wRrRZgc</latexit>

y(i)ti

<latexit sha1_base64="d6/PjYT/vtO/n2H7zIpejOPMdpM="></latexit>0

BBBB@

y(1)

y(2)

..
y(N�1)

y(N)

1

CCCCA
=

0

BBBB@

�t=0 + �x=young

�t=0 + �x=old

..
�t=1 + �x=young

�t=1 + �x=old

1

CCCCA

T Y

X

<latexit sha1_base64="MpZC1lFrXnwHewY6uyilyBZGnI0="></latexit>

ŷ(i)1�ti = Ê
h
y(i)|1� ti, x

(i)
i

Ctrl Old



Adjustment formula (will be revisited later)

T Y

X

<latexit sha1_base64="J66kkDDZY1QM4Pjs1HfcwKdmhT8="></latexit>

E[Y1 � Y0|X] =E[Y1|X]� E[Y0|X]

=E[Y1|T = 1, X]� E[Y0|T = 0, X]

=E[Y |T = 1, X]� E[Y |T = 0, X]

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X
<latexit sha1_base64="sb1pXwbO4xTwEb0eMRv4sf02RPU=">AAAB+HicdVDLSgMxFM3UV62PVl26CRahIpZMqe24EIpuXFbok3YYMmmmDc08SDJCLf0SNy4UceunuPNvzLQVVPTAhcM593LvPW7EmVQIfRipldW19Y30ZmZre2c3m9vbb8kwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O75O/PYdFZKFQUNNImr7eBgwjxGstOTkst3LRtcxTwvmWeOk6yAnl0dFhMrVCoKaXFiWVdWkdI7KCEFTWwnyYIm6k3vvD0IS+zRQhGMpeyaKlD3FQjHC6SzTjyWNMBnjIe1pGmCfSns6P3wGj7UygF4odAUKztXvE1PsSznxXd3pYzWSv71E/Mvrxcqz7CkLoljRgCwWeTGHKoRJCnDABCWKTzTBRDB9KyQjLDBROquMDuHrU/g/aZWKZqVYvi3na1fLONLgEByBAjBBFdTADaiDJiAgBg/gCTwb98aj8WK8LlpTxnLmAPyA8fYJHOGRdw==</latexit>

Y = TY1 + (1� T )Y0
By construc-on:

Also need posi-vity 



Adjustment formula (will be revisited later)

T Y

X

<latexit sha1_base64="J66kkDDZY1QM4Pjs1HfcwKdmhT8="></latexit>

E[Y1 � Y0|X] =E[Y1|X]� E[Y0|X]

=E[Y1|T = 1, X]� E[Y0|T = 0, X]

=E[Y |T = 1, X]� E[Y |T = 0, X]

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X
<latexit sha1_base64="sb1pXwbO4xTwEb0eMRv4sf02RPU=">AAAB+HicdVDLSgMxFM3UV62PVl26CRahIpZMqe24EIpuXFbok3YYMmmmDc08SDJCLf0SNy4UceunuPNvzLQVVPTAhcM593LvPW7EmVQIfRipldW19Y30ZmZre2c3m9vbb8kwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O75O/PYdFZKFQUNNImr7eBgwjxGstOTkst3LRtcxTwvmWeOk6yAnl0dFhMrVCoKaXFiWVdWkdI7KCEFTWwnyYIm6k3vvD0IS+zRQhGMpeyaKlD3FQjHC6SzTjyWNMBnjIe1pGmCfSns6P3wGj7UygF4odAUKztXvE1PsSznxXd3pYzWSv71E/Mvrxcqz7CkLoljRgCwWeTGHKoRJCnDABCWKTzTBRDB9KyQjLDBROquMDuHrU/g/aZWKZqVYvi3na1fLONLgEByBAjBBFdTADaiDJiAgBg/gCTwb98aj8WK8LlpTxnLmAPyA8fYJHOGRdw==</latexit>

Y = TY1 + (1� T )Y0
By construc-on:

Also need posi-vity 
<latexit sha1_base64="ZQLyUs3MY+bwA8pUsceRqSNq9FE="></latexit>

E[Y1 � Y0] =EX

h
E[Y1 � Y0|X]

i

=EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i
ATE The adjustment formula



Adjustment formula (will be revisited later)

T Y

X

<latexit sha1_base64="J66kkDDZY1QM4Pjs1HfcwKdmhT8="></latexit>

E[Y1 � Y0|X] =E[Y1|X]� E[Y0|X]

=E[Y1|T = 1, X]� E[Y0|T = 0, X]

=E[Y |T = 1, X]� E[Y |T = 0, X]

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X
<latexit sha1_base64="sb1pXwbO4xTwEb0eMRv4sf02RPU=">AAAB+HicdVDLSgMxFM3UV62PVl26CRahIpZMqe24EIpuXFbok3YYMmmmDc08SDJCLf0SNy4UceunuPNvzLQVVPTAhcM593LvPW7EmVQIfRipldW19Y30ZmZre2c3m9vbb8kwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O75O/PYdFZKFQUNNImr7eBgwjxGstOTkst3LRtcxTwvmWeOk6yAnl0dFhMrVCoKaXFiWVdWkdI7KCEFTWwnyYIm6k3vvD0IS+zRQhGMpeyaKlD3FQjHC6SzTjyWNMBnjIe1pGmCfSns6P3wGj7UygF4odAUKztXvE1PsSznxXd3pYzWSv71E/Mvrxcqz7CkLoljRgCwWeTGHKoRJCnDABCWKTzTBRDB9KyQjLDBROquMDuHrU/g/aZWKZqVYvi3na1fLONLgEByBAjBBFdTADaiDJiAgBg/gCTwb98aj8WK8LlpTxnLmAPyA8fYJHOGRdw==</latexit>

Y = TY1 + (1� T )Y0
By construc-on:

Also need posi-vity 

i.e., can be es-mated from observa-onal data 

Real worldHypothe-cal 
world

<latexit sha1_base64="AZRfgbC8AlGv7hKT/V8NGtHo3H4="> bA==</latexit>

E[Y1 � Y0] =EX

h
E[Y1 � Y0|X]

i

=EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i

| {z }

Causal iden-fiability

The adjustment formula



Regression Adjustment: Another perspec?ve

Fit a model for  

(last -me we subs-tuted T=1 and T=0 into individual treatment effect 
 =                                      , then took average over all individuals i, via 
linear regression). Under the linearity assump-on:  

39

<latexit sha1_base64="kg4KqXAU6OMU13tHpUJMOh+sjiA=">AAACBHicdVDLTgIxFO3gC/GFumTTSEyGREmHjIA7ohuXkMgjASSdUqCh80jbMZIJCzf+ihsXGuPWj3Dn39gBNGr0JDc5Pefe9N7jBJxJhdC7kVhaXlldS66nNja3tnfSu3sN6YeC0DrxuS9aDpaUM4/WFVOctgJBsetw2nTG57HfvKZCMt+7VJOAdl089NiAEay01EtnaqZ1dHMVmSw3zcFjWDPR17OXzqI8QnapiKAmp+VyuaRJ4QTZCEFLWzGyYIFqL/3W6fskdKmnCMdSti0UqG6EhWKE02mqE0oaYDLGQ9rW1MMuld1odsQUHmqlDwe+0OUpOFO/T0TYlXLiOrrTxWokf3ux+JfXDtWg3I2YF4SKemT+0SDkUPkwTgT2maBE8YkmmAimd4VkhAUmSueW0iF8Xgr/J41C3irm7ZqdrZwt4kiCDDgAJrBACVTABaiCOiDgFtyDR/Bk3BkPxrPxMm9NGIuZffADxusHhlWVgA==</latexit>

Q(1, x(i))�Q(0, x(i))

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0

<latexit sha1_base64="jvC4gJGZngmiL5nEvnluQBqfv2I=">AAACBHicdVBNS0JBFJ1nX2ZfVks3QxIYhIxi+loEUgQtFfyK50PmjaMOzvtgZl4gLxdt+ittWhTRth/Rrn/TPDWoqAMXDufcy733OAFnUiH0YSSWlldW15LrqY3Nre2d9O5eS/qhILRJfO6LjoMl5cyjTcUUp51AUOw6nLad8UXst2+okMz3GmoSUNvFQ48NGMFKS710pp5rHHeO4BnsuliNHCe6nFrXt1qzYS+dRXmESpUygpqcmqZZ0aR4gkoIwYK2YmTBArVe+r3b90noUk8RjqW0CihQdoSFYoTTaaobShpgMsZDamnqYZdKO5o9MYWHWunDgS90eQrO1O8TEXalnLiO7owvlb+9WPzLs0I1MO2IeUGoqEfmiwYhh8qHcSKwzwQlik80wUQwfSskIywwUTq3lA7h61P4P2kV84VyvlQvZavniziSIAMOQA4UQAVUwRWogSYg4A48gCfwbNwbj8aL8TpvTRiLmX3wA8bbJyCClok=</latexit>

Q(T,X) = E[Y |T,X]



Regression Adjustment: Another perspec?ve

Fit a model for  

(last -me we subs-tuted T=1 and T=0 into individual treatment effect 
 =                                      , then took average over all individuals i, via 
linear regression). Under the linearity assump-on:  

40

<latexit sha1_base64="kg4KqXAU6OMU13tHpUJMOh+sjiA=">AAACBHicdVDLTgIxFO3gC/GFumTTSEyGREmHjIA7ohuXkMgjASSdUqCh80jbMZIJCzf+ihsXGuPWj3Dn39gBNGr0JDc5Pefe9N7jBJxJhdC7kVhaXlldS66nNja3tnfSu3sN6YeC0DrxuS9aDpaUM4/WFVOctgJBsetw2nTG57HfvKZCMt+7VJOAdl089NiAEay01EtnaqZ1dHMVmSw3zcFjWDPR17OXzqI8QnapiKAmp+VyuaRJ4QTZCEFLWzGyYIFqL/3W6fskdKmnCMdSti0UqG6EhWKE02mqE0oaYDLGQ9rW1MMuld1odsQUHmqlDwe+0OUpOFO/T0TYlXLiOrrTxWokf3ux+JfXDtWg3I2YF4SKemT+0SDkUPkwTgT2maBE8YkmmAimd4VkhAUmSueW0iF8Xgr/J41C3irm7ZqdrZwt4kiCDDgAJrBACVTABaiCOiDgFtyDR/Bk3BkPxrPxMm9NGIuZffADxusHhlWVgA==</latexit>

Q(1, x(i))�Q(0, x(i))

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0

<latexit sha1_base64="jvC4gJGZngmiL5nEvnluQBqfv2I=">AAACBHicdVBNS0JBFJ1nX2ZfVks3QxIYhIxi+loEUgQtFfyK50PmjaMOzvtgZl4gLxdt+ittWhTRth/Rrn/TPDWoqAMXDufcy733OAFnUiH0YSSWlldW15LrqY3Nre2d9O5eS/qhILRJfO6LjoMl5cyjTcUUp51AUOw6nLad8UXst2+okMz3GmoSUNvFQ48NGMFKS710pp5rHHeO4BnsuliNHCe6nFrXt1qzYS+dRXmESpUygpqcmqZZ0aR4gkoIwYK2YmTBArVe+r3b90noUk8RjqW0CihQdoSFYoTTaaobShpgMsZDamnqYZdKO5o9MYWHWunDgS90eQrO1O8TEXalnLiO7owvlb+9WPzLs0I1MO2IeUGoqEfmiwYhh8qHcSKwzwQlik80wUQwfSskIywwUTq3lA7h61P4P2kV84VyvlQvZavniziSIAMOQA4UQAVUwRWogSYg4A48gCfwbNwbj8aL8TpvTRiLmX3wA8bbJyCClok=</latexit>

Q(T,X) = E[Y |T,X]

<latexit sha1_base64="O9OGIBGm7fLc+QoquzfEW5uBbgc="></latexit>

ATE = EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i

=
⇣
↵0 + �xE[X] + �t

⌘
�

⇣
↵0 + �xE[X]

⌘

= �t



Important remarks about the previous form:

1) Depends on the structure of the causal graph of interest 

2) Data need not be linear  
model-misspecifica-on -> sta-s-cal bias
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Important remarks about the previous form:

2) Data need not be linear, example: 

Say we fiqed  
And obtained      for the causal effect,  

BUT, in reality the true data genera-ng distribu-on is e.g. 

Or e.g. non-linear: 

42

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0
<latexit sha1_base64="WslrmxIs1NxFaXWNGqIp2BkpgL4=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcyGNVlvQS8eI5gHJEuYncwmQ2YfzPQKYclHePGgiFe/x5t/42wSQUULGoqqbrq7/EQKDYR8WIW19Y3NreJ2aWd3b/+gfHjU0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXud+954rLeLoDmYJ90I6jkQgGAUjdQc+BzqEYblCqoQ4jTrBhly6rtswpHZBHEKwbawcFbRCa1h+H4xiloY8Aiap1n2bJOBlVIFgks9Lg1TzhLIpHfO+oRENufayxblzfGaUEQ5iZSoCvFC/T2Q01HoW+qYzpDDRv71c/MvrpxC4XiaiJAUeseWiIJUYYpz/jkdCcQZyZghlSphbMZtQRRmYhEomhK9P8f+kU6va9apz61SaV6s4iugEnaJzZKMGaqIb1EJtxNAUPaAn9Gwl1qP1Yr0uWwvWauYY/YD19gm3Z4/Y</latexit>

�t

<latexit sha1_base64="bxsPKjNTYlI6stM6WvW+vUzGVAo="></latexit>

E[Y |T,X] = e↵0+�xX+�tT+�X.T

<latexit sha1_base64="QyYGH0+fs1aObUOxeo1NdTPin2k="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + �X.T + ✏ , E[✏] = 0

!



Important remarks about the previous form:

2) Data need not be linear, example: 

Say we fiqed  
And obtained      for the causal effect,  

BUT, in reality the true data genera-ng distribu-on is e.g. 

Or e.g. non-linear:  

Then 
is not simply     !! !

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0
<latexit sha1_base64="WslrmxIs1NxFaXWNGqIp2BkpgL4=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcyGNVlvQS8eI5gHJEuYncwmQ2YfzPQKYclHePGgiFe/x5t/42wSQUULGoqqbrq7/EQKDYR8WIW19Y3NreJ2aWd3b/+gfHjU0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXud+954rLeLoDmYJ90I6jkQgGAUjdQc+BzqEYblCqoQ4jTrBhly6rtswpHZBHEKwbawcFbRCa1h+H4xiloY8Aiap1n2bJOBlVIFgks9Lg1TzhLIpHfO+oRENufayxblzfGaUEQ5iZSoCvFC/T2Q01HoW+qYzpDDRv71c/MvrpxC4XiaiJAUeseWiIJUYYpz/jkdCcQZyZghlSphbMZtQRRmYhEomhK9P8f+kU6va9apz61SaV6s4iugEnaJzZKMGaqIb1EJtxNAUPaAn9Gwl1qP1Yr0uWwvWauYY/YD19gm3Z4/Y</latexit>

�t

<latexit sha1_base64="QyYGH0+fs1aObUOxeo1NdTPin2k="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + �X.T + ✏ , E[✏] = 0

<latexit sha1_base64="bxsPKjNTYlI6stM6WvW+vUzGVAo="></latexit>

E[Y |T,X] = e↵0+�xX+�tT+�X.T

<latexit sha1_base64="D5ml2lWfUrtviSZBDBU2mkO6wMA="></latexit>

ATE = EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i

<latexit sha1_base64="WslrmxIs1NxFaXWNGqIp2BkpgL4=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcyGNVlvQS8eI5gHJEuYncwmQ2YfzPQKYclHePGgiFe/x5t/42wSQUULGoqqbrq7/EQKDYR8WIW19Y3NreJ2aWd3b/+gfHjU0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXud+954rLeLoDmYJ90I6jkQgGAUjdQc+BzqEYblCqoQ4jTrBhly6rtswpHZBHEKwbawcFbRCa1h+H4xiloY8Aiap1n2bJOBlVIFgks9Lg1TzhLIpHfO+oRENufayxblzfGaUEQ5iZSoCvFC/T2Q01HoW+qYzpDDRv71c/MvrpxC4XiaiJAUeseWiIJUYYpz/jkdCcQZyZghlSphbMZtQRRmYhEomhK9P8f+kU6va9apz61SaV6s4iugEnaJzZKMGaqIb1EJtxNAUPaAn9Gwl1qP1Yr0uWwvWauYY/YD19gm3Z4/Y</latexit>

�t
Valid causal inference requires correctly-specified 
models and mathema-cal guarantees!



Overview of the course

• Lecture 1: Introduc-on & Mo-va-on, why do we care about causality? 
Why deriving causality from observa-onal data is non-trivial. 

• Lecture 2: Recap of probability theory, variables, events, condi-onal 
probabili-es, independence, law of total probability, Bayes’ rule 

• Lecture 3: Recap of regression, mul-ple regression, graphs, SCM  
• Lecture 4-20: Causality

Causal Effect Es-ma-on Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
score 

Rubin

IV Front-door 
criterion

Rubin, Pearl

Constraint-
based

Score-
based FCMs
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