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Recall: Naive regression leads to bias
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Recall: Instrumental Variable assumptions

• SUTVA: Potential outcomes for each individual i are unrelated to the 
treatment status of other individuals:


• Non-zero average/relevant: Treatment assignment Z associated with the 
treatment


• Treatment assignment Z is random (Z and Y do not share a cause).

 

• Exclusion Restriction: Any effect of Z on Y is via an effect of Z on T, i.e.,  
Z should not affect Y when T is held constant 


• Monotonicity (increasing encouragement “dose”  
increases probability of treatment, no defiers):

4

Y (i)(Z,T) = Y (i)(Z(i), T (i)) , |Z| = |T| = N individuals
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Recall: Instrumental Variable assumptions
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So far … 

• Lecture 1: Introduction & Motivation, why do we care about causality? 
Why deriving causality from observational data is non-trivial.


• Lecture 2: Recap of probability theory, variables, events, conditional 
probabilities, independence, law of total probability, Bayes’ rule


• Lecture 3: Recap of regression, multiple regression, graphs, SCM 

• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression

Adjustment

Propensity 
score 

Rubin

IV Front-door 
criterion

Rubin, Pearl

Constraint-
based

Score-
based FCMs
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Back to observed confounders 

Matching: Stratification, balancing (propensity) score, IPTW, …


Estimation of propensity scores directly from the data & algorithms 


Sensitivity analysis: No guarantee that matching leads to balance on 
variables we did not match for, people who look comparable may differ.  
If there is hidden bias, how severe is it:


- Does the conclusion change from statistically significant to not? 

- Does it change the direction of effect?

x ?? t|b(x)
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e(x) = p(t = 1|x)

Notice: This is separate from uncertainty due to (causal) statistical 
estimates, rather due to biased introduced by unobserved variables.



Sensitivity Analysis

Randomised trials are unconfounded by design


Observational data may have possible hidden bias/unobserved 
confounder that is not controlled for


No guarantee that matching leads to balance on variables we did not 
match for! 


People who look comparable may differ  
This violates unconfoundedness  assumption


Unconfoundedness is fundamentally (directly) unverifiable

Rosenbaum Design of Observational Studies, Springer, 2010



Types of sensitivity Analysis (non-exhaustive)

•Quick and simple sanity checks


•Super Learning other potential (‘less likely’) confounders 


•Deriving bounds on the causal statistical estimates

9



Sensitivity Analysis: Quick sanity checks

1) Random ‘unobserved’ common cause: Add an independently and randomly 
drawn confounder affecting treatment and outcome,  
re-run the analysis


Example: Specify how the simulated confounder affects treatment and outcome. 
This could be done via a linear model with two equal/different coefficients for a 
continuous treatment or a binary flip (probability that simulated confounder’s 
effect flips the value of treatment/outcome from 0 to 1).

10

T Y

X

X_sim
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If our original causal estimate was 
significant, this operation should 
not change the results ‘much’. 



Sensitivity Analysis: Quick sanity checks

2) Placebo treatment effect: Replace treatment with randomly generated placebo
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The new estimate should be statistically zero.

Y

X

T_sim
Generate T_sim randomly, or,

Permute values of T



Sensitivity Analysis: Quick sanity checks

3) Subset/validate the data: Subsetting the data is similar to cross-validation, 
checking if the causal estimate remain statistically the same 
(Can also use bootstrap samples of original data).


If possible validate on a different data set  
(where the distribution of T, X, Y is expected to be the same)

12
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X

T Y
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Random subset 1 Random subset 2



Sensitivity: Super Learning
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If the subject expert suspect that a variable can be confounder, we should 
include it in the Super Learner, and allow the model to be chosen via V-fold 
cross-validation. 




Sensitivity: Super Learning
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If the subject expert suspect that a variable can be confounder, we should 
include it in the Super Learner, and allow the model to be chosen via V-fold 
cross-validation. 


But some times there are too many potential candidate confounders … 

Perhaps we wish to use feature selection, then perform sensitivity tests 
including selected/non-selected features. 



Example: PCA plots capture variation in a population 

15

Sensitivity: Super Learning
Ancestry



Example: PCA plots capture variation in a population 
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Sensitivity: Super Learning
Ancestry

Add higher-order PCs as 
confounders in the SL and 
test if the estimates change 

(they should stabilise at 
some order).



Sensitivity Analysis: Bounds

• “This difference in the unobserved covariate u, the critic continues, is 
the real reason outcomes differ in the treated and control groups: it is 
not an effect caused by the treatment, but rather a failure on the part of 
the investigators to measure and control imbalances in u. Although not 
strictly necessary, the critic is usually aided by an air of superiority: “This 
would never happen in my laboratory.””


Rosenbaum Design of Observational Studies, Springer, 201017



Sensitivity Analysis: Bounds

• “This difference in the unobserved covariate u, the critic continues, is 
the real reason outcomes differ in the treated and control groups: it is 
not an effect caused by the treatment, but rather a failure on the part of 
the investigators to measure and control imbalances in u. Although not 
strictly necessary, the critic is usually aided by an air of superiority: “This 
would never happen in my laboratory.”” 

• “It is important to recognize at the outset that our critic may be, but 
need not be, on the side of the angels. The tobacco industry and its 
(sometimes distinguished) consultants criticized, in precisely this way, 
observational studies linking smoking with lung cancer.”


Rosenbaum Design of Observational Studies, Springer, 201018



Sensitivity Analysis: Bounds

•Take individuals (i) and (j), such that their observed covariates are 
the same:                      hence                    no hidden bias 


•Consider e.g., the odds ratio:


•Otherwise if there is a hidden bias, e.g.,              , one subject is 
twice as likely to receive treatment than not, because of 
unobserved pre-treatment feature 


•    quantifies degree of bias.

X(i) = X(j)
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<latexit sha1_base64="JSclukI1PS3m+J0Gw5mkSla6yZQ=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8hd1NSMwt6EGPEcwDkiXMTmaTMfNYZmaFsOQfvHhQxKv/482/cTaJoKIFDUVVN91dYcyoNq774aysrq1vbOa28ts7u3v7hYPDtpaJwqSFJZOqGyJNGBWkZahhpBsrgnjISCecXGZ+554oTaW4NdOYBByNBI0oRsZK7f4V4hwNCkW35Lp1t1qDltTLfqVsie9VvZoHPWtlKIIlmoPCe38occKJMJghrXueG5sgRcpQzMgs3080iRGeoBHpWSoQJzpI59fO4KlVhjCSypYwcK5+n0gR13rKQ9vJkRnr314m/uX1EhOdBykVcWKIwItFUcKgkTB7HQ6pItiwqSUIK2pvhXiMFMLGBpS3IXx9Cv8nbb/klUv+TaXYuFjGkQPH4AScAQ/UQANcgyZoAQzuwAN4As+OdB6dF+d10briLGeOwA84b5+vjI82</latexit>

� = 2

<latexit sha1_base64="A54C1eQdduPLVbJcHTsohE99kvw="></latexit>

1

�


e(i)true

1�e(i)true

e(j)true

1�e(j)true

 �

19
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Suppose we have estimated the causal effect of treatment T on outcome Y 
and we wish to quantify if this difference is significantly away from zero


Pictorially:  

The zero line

<latexit sha1_base64="myJJM7FwJa/1xTJ88f345CfjreU=">AAAB9XicdVDLSgMxFM3UV62vqktFgkVwVTKltnVXdOOyBfuATi2ZNNOGJpkhySildOk/uHGhiFu3/Q53foM/YdoqqOiBC4dz7uXee/yIM20QenMSC4tLyyvJ1dTa+sbmVnp7p67DWBFaIyEPVdPHmnImac0ww2kzUhQLn9OGPzif+o1rqjQL5aUZRrQtcE+ygBFsrHTliRh6kYCeZj2BO+kMyiKULxYQtOS0VCoVLcmdoDxC0LXWFJny/qT6fnswqXTSr143JLGg0hCOtW65KDLtEVaGEU7HKS/WNMJkgHu0ZanEgur2aHb1GB5ZpQuDUNmSBs7U7xMjLLQeCt92Cmz6+rc3Ff/yWrEJSu0Rk1FsqCTzRUHMoQnhNALYZYoSw4eWYKKYvRWSPlaYGBtUyobw9Sn8n9RzWbeQzVdtGmdgjiTYA4fgGLigCMrgAlRADRCgwB14AI/OjXPvPDnP89aE8zmzC37AefkATsCWHg==</latexit>

µ± �

<latexit sha1_base64="rS9dro87R06FJxu4doNtEKJ0Nno="></latexit>

µ0 ± �0
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Suppose we have estimated the causal effect of treatment T on outcome Y 
and we wish to quantify if this difference is significantly away from zero


Pictorially:  

The zero line

<latexit sha1_base64="myJJM7FwJa/1xTJ88f345CfjreU=">AAAB9XicdVDLSgMxFM3UV62vqktFgkVwVTKltnVXdOOyBfuATi2ZNNOGJpkhySildOk/uHGhiFu3/Q53foM/YdoqqOiBC4dz7uXee/yIM20QenMSC4tLyyvJ1dTa+sbmVnp7p67DWBFaIyEPVdPHmnImac0ww2kzUhQLn9OGPzif+o1rqjQL5aUZRrQtcE+ygBFsrHTliRh6kYCeZj2BO+kMyiKULxYQtOS0VCoVLcmdoDxC0LXWFJny/qT6fnswqXTSr143JLGg0hCOtW65KDLtEVaGEU7HKS/WNMJkgHu0ZanEgur2aHb1GB5ZpQuDUNmSBs7U7xMjLLQeCt92Cmz6+rc3Ff/yWrEJSu0Rk1FsqCTzRUHMoQnhNALYZYoSw4eWYKKYvRWSPlaYGBtUyobw9Sn8n9RzWbeQzVdtGmdgjiTYA4fgGLigCMrgAlRADRCgwB14AI/OjXPvPDnP89aE8zmzC37AefkATsCWHg==</latexit>

µ± �

<latexit sha1_base64="rS9dro87R06FJxu4doNtEKJ0Nno="></latexit>

µ0 ± �0

Significant 

(          away from zero)


<latexit sha1_base64="yqB8iioU3rOT0834Ex7CfUkkMi8=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrkpaaztutOjGZQV7kXYomTTThiaZIckIZehTuHGhiFsfx52P4s5Mq6CiPwQ+/v8ccs7xI860QejNySwsLi2vZFdza+sbm1v57Z2WDmNFaJOEPFQdH2vKmaRNwwynnUhRLHxO2/74Is3bt1RpFsprM4moJ/BQsoARbKx1cwqPepoNBe7nC6iIUKVWRdDCieu6NQvlY1RBCJZslKpw9h7M1OjnX3uDkMSCSkM41rpbQpHxEqwMI5xOc71Y0wiTMR7SrkWJBdVeMht4Cg+sM4BBqOyTBs7c7x0JFlpPhG8rBTYj/TtLzb+ybmwC10uYjGJDJZl/FMQcmhCm28MBU5QYPrGAiWJ2VkhGWGFi7I1y9ghfm8L/oVUulqrFyhUq1M/BXFmwB/bBISiBGqiDS9AATUCAAHfgATw6yrl3npzneWnG+ezZBT/kvHwAK/GTtw==</latexit>

> 3�

Not significant 

(zero within      )


<latexit sha1_base64="yesK9yhav1Z27JLnLKgrzyq9alo=">AAAB7nicdZDLSgMxFIYz9VbHW9Wlm2ARXJVMqe24EItuXFawF2iHkkkzbWhmJiQZoQx9CDcuFHHhxjdx70Z8GzOtgor+EPj4/3PIOccXnCmN0LuVW1hcWl7Jr9pr6xubW4XtnZaKE0lok8Q8lh0fK8pZRJuaaU47QlIc+py2/fF5lrevqVQsjq70RFAvxMOIBYxgbay201NsGOJ+oYhKCFVqVQQNHLuuWzNQPkIVhKBjokzF0xf7RDy92Y1+4bU3iEkS0kgTjpXqOkhoL8VSM8Lp1O4ligpMxnhIuwYjHFLlpbNxp/DAOAMYxNK8SMOZ+70jxaFSk9A3lSHWI/U7y8y/sm6iA9dLWSQSTSMy/yhIONQxzHaHAyYp0XxiABPJzKyQjLDERJsL2eYIX5vC/6FVLjnVUuUSFetnYK482AP74BA4oAbq4AI0QBMQMAY34A7cW8K6tR6sx3lpzvrs2QU/ZD1/ANHLkug=</latexit>

1�
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Suppose we have estimated the causal effect of treatment T on outcome Y 
and we wish to quantify if this difference is significantly away from zero


Suppose we have the null hypothesis        that the causal effect of treatment 
on outcome is zero.

 

<latexit sha1_base64="DKsRBekyFHWWvBwM3l198SNHnuc=">AAAB6nicdVDLSgMxFM34rPVVFdy4CRbBVcmU2o67Ujddtmgf0A4lk2ba0ExmSDJCGfoJblwo4tatf+EXuHPjt5hpFVT0wIXDOfdy7z1exJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+twlgS2iIhD2XXw4pyJmhLM81pN5IUBx6nHW9ykfqdayoVC8WVnkbUDfBIMJ8RrI10WR+gQS6PCgiVKmUEDTl3HKdiSPEMlRCCtrFS5KuHzXf2XHtpDHKv/WFI4oAKTThWqmejSLsJlpoRTmfZfqxohMkEj2jPUIEDqtxkfuoMnhhlCP1QmhIaztXvEwkOlJoGnukMsB6r314q/uX1Yu07bsJEFGsqyGKRH3OoQ5j+DYdMUqL51BBMJDO3QjLGEhNt0smaEL4+hf+TdrFglwulpkmjBhbIgCNwDE6BDSqgCuqgAVqAgBG4AXfg3uLWrfVgPS5al6zPmQPwA9bTBwUykVk=</latexit>

H0
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Suppose we have estimated the causal effect of treatment T on outcome Y 
and we wish to quantify if this difference is significantly away from zero


Suppose we have the null hypothesis        that the causal effect of treatment 
on outcome is zero.

 
The alternative hypothesis       is that the causal effect of treatment on 
outcome is ‘significantly’ non-zero.


This significance is quantified by a p-value, obtained via statistical testing.

<latexit sha1_base64="DKsRBekyFHWWvBwM3l198SNHnuc=">AAAB6nicdVDLSgMxFM34rPVVFdy4CRbBVcmU2o67Ujddtmgf0A4lk2ba0ExmSDJCGfoJblwo4tatf+EXuHPjt5hpFVT0wIXDOfdy7z1exJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+twlgS2iIhD2XXw4pyJmhLM81pN5IUBx6nHW9ykfqdayoVC8WVnkbUDfBIMJ8RrI10WR+gQS6PCgiVKmUEDTl3HKdiSPEMlRCCtrFS5KuHzXf2XHtpDHKv/WFI4oAKTThWqmejSLsJlpoRTmfZfqxohMkEj2jPUIEDqtxkfuoMnhhlCP1QmhIaztXvEwkOlJoGnukMsB6r314q/uX1Yu07bsJEFGsqyGKRH3OoQ5j+DYdMUqL51BBMJDO3QjLGEhNt0smaEL4+hf+TdrFglwulpkmjBhbIgCNwDE6BDSqgCuqgAVqAgBG4AXfg3uLWrfVgPS5al6zPmQPwA9bTBwUykVk=</latexit>

H0

<latexit sha1_base64="9lQCNdxvSVXKXz8C8jtrHes0UDg=">AAAB6nicdVDLSgMxFM34rPVVFdy4CRbBVcmU2o67Ujddtmgf0A4lk2ba0ExmSDJCGfoJblwo4tatf+EXuHPjt5hpFVT0wIXDOfdy7z1exJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+twlgS2iIhD2XXw4pyJmhLM81pN5IUBx6nHW9ykfqdayoVC8WVnkbUDfBIMJ8RrI10WR/Yg1weFRAqVcoIGnLuOE7FkOIZKiEEbWOlyFcPm+/sufbSGORe+8OQxAEVmnCsVM9GkXYTLDUjnM6y/VjRCJMJHtGeoQIHVLnJ/NQZPDHKEPqhNCU0nKvfJxIcKDUNPNMZYD1Wv71U/Mvrxdp33ISJKNZUkMUiP+ZQhzD9Gw6ZpETzqSGYSGZuhWSMJSbapJM1IXx9Cv8n7WLBLhdKTZNGDSyQAUfgGJwCG1RAFdRBA7QAASNwA+7AvcWtW+vBely0LlmfMwfgB6ynDwa2kVo=</latexit>

H1
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Suppose we have estimated the causal effect of treatment T on outcome Y 
and we wish to quantify if this difference is significantly away from zero


Suppose we have the null hypothesis        that the causal effect of treatment 
on outcome is zero.

 
The alternative hypothesis       is that the causal effect of treatment on 
outcome is ‘significantly’ non-zero.


This significance is quantified by a p-value, obtained via statistical testing.


A commonly used statistic in this context is a t-test (or z-test).

<latexit sha1_base64="DKsRBekyFHWWvBwM3l198SNHnuc=">AAAB6nicdVDLSgMxFM34rPVVFdy4CRbBVcmU2o67Ujddtmgf0A4lk2ba0ExmSDJCGfoJblwo4tatf+EXuHPjt5hpFVT0wIXDOfdy7z1exJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+twlgS2iIhD2XXw4pyJmhLM81pN5IUBx6nHW9ykfqdayoVC8WVnkbUDfBIMJ8RrI10WR+gQS6PCgiVKmUEDTl3HKdiSPEMlRCCtrFS5KuHzXf2XHtpDHKv/WFI4oAKTThWqmejSLsJlpoRTmfZfqxohMkEj2jPUIEDqtxkfuoMnhhlCP1QmhIaztXvEwkOlJoGnukMsB6r314q/uX1Yu07bsJEFGsqyGKRH3OoQ5j+DYdMUqL51BBMJDO3QjLGEhNt0smaEL4+hf+TdrFglwulpkmjBhbIgCNwDE6BDSqgCuqgAVqAgBG4AXfg3uLWrfVgPS5al6zPmQPwA9bTBwUykVk=</latexit>

H0

<latexit sha1_base64="9lQCNdxvSVXKXz8C8jtrHes0UDg=">AAAB6nicdVDLSgMxFM34rPVVFdy4CRbBVcmU2o67Ujddtmgf0A4lk2ba0ExmSDJCGfoJblwo4tatf+EXuHPjt5hpFVT0wIXDOfdy7z1exJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+twlgS2iIhD2XXw4pyJmhLM81pN5IUBx6nHW9ykfqdayoVC8WVnkbUDfBIMJ8RrI10WR/Yg1weFRAqVcoIGnLuOE7FkOIZKiEEbWOlyFcPm+/sufbSGORe+8OQxAEVmnCsVM9GkXYTLDUjnM6y/VjRCJMJHtGeoQIHVLnJ/NQZPDHKEPqhNCU0nKvfJxIcKDUNPNMZYD1Wv71U/Mvrxdp33ISJKNZUkMUiP+ZQhzD9Gw6ZpETzqSGYSGZuhWSMJSbapJM1IXx9Cv8n7WLBLhdKTZNGDSyQAUfgGJwCG1RAFdRBA7QAASNwA+7AvcWtW+vBely0LlmfMwfgB6ynDwa2kVo=</latexit>

H1

<latexit sha1_base64="zslCkHujP6aQ7Q+qDvgU4AjzV+s="></latexit>

signal

noise
=

ATE

�ATE
⇠ t-distributed (or z-distributed)



Significance: p-value

Probability of obtaining a measurement of statistics that is 
more extreme than the value t0, given the null hypothesis.

<latexit sha1_base64="xH72rYNa4rLzu6wDBXxCFG/uq5k="></latexit>

p-value = Pr

 ���
signal

noise

��� > t0

�����H0

!

<latexit sha1_base64="IMPsT1J9762Swu8Uurd8tRSRgo8=">AAAB5HicdZDLSgMxFIYz9VbHW3XrJlgEVyUttR0XYtGNywr2Au1QMumZNpq5kGSEMvQJ3LhQ3Ao+jHs34tuYaRVU9IfAx/+fQ845Xiy40oS8W7mFxaXllfyqvba+sblVsLfbKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajnd9luWdG5CKR+GlnsTgBnQUcp8zqo11QQaFIikRUq3XCDZw5DhO3UDlkFQJwWUTZSqevNjH8fOb3RwUXvvDiCUBhJoJqlSvTGLtplRqzgRM7X6iIKbsmo6gZzCkASg3nQ06xfvGGWI/kuaFGs/c7x0pDZSaBJ6pDKgeq99ZZv6V9RLtO27KwzjRELL5R34isI5wtjUecglMi4kByiQ3s2I2ppIybW5jmyN8bYr/h3alVK6VqsXGKZorj3bRHjpAZVRHDXSOmqiFGAJ0i+7Rg3Vl3VmP88Kc9dmxg37IevoAxuCPGA==</latexit>

0<latexit sha1_base64="G1HeE5LO/NhkzzhS/jwbgMjWHHQ=">AAAB63icdVDLSgMxFM3UV62vquDGTbAIbiyZUttxV+rGZQv2Ae1QMmmmDU1mhiQjlKG/4MaFIm5d+hd+gTs3fouZVkFFD1w4nHMv997jRZwpjdCblVlaXlldy67nNja3tnfyu3ttFcaS0BYJeSi7HlaUs4C2NNOcdiNJsfA47XiTi9TvXFOpWBhc6WlEXYFHAfMZwTqVTvUADfIFVESoXK0gaMi54zhVQ0pnqIwQtI2VolA7aL6z5/pLY5B/7Q9DEgsaaMKxUj0bRdpNsNSMcDrL9WNFI0wmeER7hgZYUOUm81tn8NgoQ+iH0lSg4Vz9PpFgodRUeKZTYD1Wv71U/Mvrxdp33IQFUaxpQBaL/JhDHcL0cThkkhLNp4ZgIpm5FZIxlphoE0/OhPD1KfyftEtFu1IsN00adbBAFhyCI3ACbFAFNXAJGqAFCBiDG3AH7i1h3VoP1uOiNWN9zuyDH7CePgCx3ZG8</latexit>�t0
<latexit sha1_base64="vW2KEJlcEA+Tg7iOuVH7a9nnbjg=">AAAB6nicdVDLSgMxFM3UV62vquDGTbAIrkqm1Hbclbpx2aJ9QDuUTJppQzOZIckIZegnuHGhiFu3/oVf4M6N32KmVVDRAxcO59zLvfd4EWdKI/RmZZaWV1bXsuu5jc2t7Z387l5bhbEktEVCHsquhxXlTNCWZprTbiQpDjxOO97kPPU711QqFoorPY2oG+CRYD4jWBvpUg/QIF9ARYTK1QqChpw5jlM1pHSKyghB21gpCrWD5jt7rr80BvnX/jAkcUCFJhwr1bNRpN0ES80Ip7NcP1Y0wmSCR7RnqMABVW4yP3UGj40yhH4oTQkN5+r3iQQHSk0Dz3QGWI/Vby8V//J6sfYdN2EiijUVZLHIjznUIUz/hkMmKdF8aggmkplbIRljiYk26eRMCF+fwv9Ju1S0K8Vy06RRBwtkwSE4AifABlVQAxegAVqAgBG4AXfg3uLWrfVgPS5aM9bnzD74AevpA0g6kYU=</latexit>

t0



Significance: p-value

Probability of obtaining a measurement of statistics that is 
more extreme than the value t0, given the null hypothesis.

<latexit sha1_base64="xH72rYNa4rLzu6wDBXxCFG/uq5k="></latexit>

p-value = Pr

 ���
signal

noise

��� > t0

�����H0

!

<latexit sha1_base64="IMPsT1J9762Swu8Uurd8tRSRgo8=">AAAB5HicdZDLSgMxFIYz9VbHW3XrJlgEVyUttR0XYtGNywr2Au1QMumZNpq5kGSEMvQJ3LhQ3Ao+jHs34tuYaRVU9IfAx/+fQ845Xiy40oS8W7mFxaXllfyqvba+sblVsLfbKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajnd9luWdG5CKR+GlnsTgBnQUcp8zqo11QQaFIikRUq3XCDZw5DhO3UDlkFQJwWUTZSqevNjH8fOb3RwUXvvDiCUBhJoJqlSvTGLtplRqzgRM7X6iIKbsmo6gZzCkASg3nQ06xfvGGWI/kuaFGs/c7x0pDZSaBJ6pDKgeq99ZZv6V9RLtO27KwzjRELL5R34isI5wtjUecglMi4kByiQ3s2I2ppIybW5jmyN8bYr/h3alVK6VqsXGKZorj3bRHjpAZVRHDXSOmqiFGAJ0i+7Rg3Vl3VmP88Kc9dmxg37IevoAxuCPGA==</latexit>

0<latexit sha1_base64="G1HeE5LO/NhkzzhS/jwbgMjWHHQ=">AAAB63icdVDLSgMxFM3UV62vquDGTbAIbiyZUttxV+rGZQv2Ae1QMmmmDU1mhiQjlKG/4MaFIm5d+hd+gTs3fouZVkFFD1w4nHMv997jRZwpjdCblVlaXlldy67nNja3tnfyu3ttFcaS0BYJeSi7HlaUs4C2NNOcdiNJsfA47XiTi9TvXFOpWBhc6WlEXYFHAfMZwTqVTvUADfIFVESoXK0gaMi54zhVQ0pnqIwQtI2VolA7aL6z5/pLY5B/7Q9DEgsaaMKxUj0bRdpNsNSMcDrL9WNFI0wmeER7hgZYUOUm81tn8NgoQ+iH0lSg4Vz9PpFgodRUeKZTYD1Wv71U/Mvrxdp33IQFUaxpQBaL/JhDHcL0cThkkhLNp4ZgIpm5FZIxlphoE0/OhPD1KfyftEtFu1IsN00adbBAFhyCI3ACbFAFNXAJGqAFCBiDG3AH7i1h3VoP1uOiNWN9zuyDH7CePgCx3ZG8</latexit>�t0
<latexit sha1_base64="vW2KEJlcEA+Tg7iOuVH7a9nnbjg=">AAAB6nicdVDLSgMxFM3UV62vquDGTbAIrkqm1Hbclbpx2aJ9QDuUTJppQzOZIckIZegnuHGhiFu3/oVf4M6N32KmVVDRAxcO59zLvfd4EWdKI/RmZZaWV1bXsuu5jc2t7Z387l5bhbEktEVCHsquhxXlTNCWZprTbiQpDjxOO97kPPU711QqFoorPY2oG+CRYD4jWBvpUg/QIF9ARYTK1QqChpw5jlM1pHSKyghB21gpCrWD5jt7rr80BvnX/jAkcUCFJhwr1bNRpN0ES80Ip7NcP1Y0wmSCR7RnqMABVW4yP3UGj40yhH4oTQkN5+r3iQQHSk0Dz3QGWI/Vby8V//J6sfYdN2EiijUVZLHIjznUIUz/hkMmKdF8aggmkplbIRljiYk26eRMCF+fwv9Ju1S0K8Vy06RRBwtkwSE4AifABlVQAxegAVqAgBG4AXfg3uLWrfVgPS5aM9bnzD74AevpA0g6kYU=</latexit>

t0



Significance: p-value

Probability of obtaining a measurement of statistics that is 
more extreme than the value t0, given the null hypothesis.

<latexit sha1_base64="xH72rYNa4rLzu6wDBXxCFG/uq5k="></latexit>

p-value = Pr

 ���
signal

noise

��� > t0

�����H0

!

<latexit sha1_base64="IMPsT1J9762Swu8Uurd8tRSRgo8=">AAAB5HicdZDLSgMxFIYz9VbHW3XrJlgEVyUttR0XYtGNywr2Au1QMumZNpq5kGSEMvQJ3LhQ3Ao+jHs34tuYaRVU9IfAx/+fQ845Xiy40oS8W7mFxaXllfyqvba+sblVsLfbKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajnd9luWdG5CKR+GlnsTgBnQUcp8zqo11QQaFIikRUq3XCDZw5DhO3UDlkFQJwWUTZSqevNjH8fOb3RwUXvvDiCUBhJoJqlSvTGLtplRqzgRM7X6iIKbsmo6gZzCkASg3nQ06xfvGGWI/kuaFGs/c7x0pDZSaBJ6pDKgeq99ZZv6V9RLtO27KwzjRELL5R34isI5wtjUecglMi4kByiQ3s2I2ppIybW5jmyN8bYr/h3alVK6VqsXGKZorj3bRHjpAZVRHDXSOmqiFGAJ0i+7Rg3Vl3VmP88Kc9dmxg37IevoAxuCPGA==</latexit>

0<latexit sha1_base64="G1HeE5LO/NhkzzhS/jwbgMjWHHQ=">AAAB63icdVDLSgMxFM3UV62vquDGTbAIbiyZUttxV+rGZQv2Ae1QMmmmDU1mhiQjlKG/4MaFIm5d+hd+gTs3fouZVkFFD1w4nHMv997jRZwpjdCblVlaXlldy67nNja3tnfyu3ttFcaS0BYJeSi7HlaUs4C2NNOcdiNJsfA47XiTi9TvXFOpWBhc6WlEXYFHAfMZwTqVTvUADfIFVESoXK0gaMi54zhVQ0pnqIwQtI2VolA7aL6z5/pLY5B/7Q9DEgsaaMKxUj0bRdpNsNSMcDrL9WNFI0wmeER7hgZYUOUm81tn8NgoQ+iH0lSg4Vz9PpFgodRUeKZTYD1Wv71U/Mvrxdp33IQFUaxpQBaL/JhDHcL0cThkkhLNp4ZgIpm5FZIxlphoE0/OhPD1KfyftEtFu1IsN00adbBAFhyCI3ACbFAFNXAJGqAFCBiDG3AH7i1h3VoP1uOiNWN9zuyDH7CePgCx3ZG8</latexit>�t0
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Highly likely that the estimate 
is not from the null-distribution 
Reject the null in favour of alt



Significance: p-value

Figure from WikiPedia: Type I, Type II errors

• Correct inference:

True negative:       not rejected, and the estimate is indeed from 
True Positive:        is rejected correctly, the estimate is indeed from

• Incorrect inference:

False negative:       not rejected, but the estimate is from        (type II error)

False positive:       is rejected incorrectly but the estimate is from       not 

(Type I error)
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Sensitivity Analysis bound: An example [non-examinable]

29

• S pairs, s = 1,...,S of two subjects, one treated, one control, matched for 
observed covariates


• Statistical test: Wilcoxon’s signed rank test (non-parametric), W is the sum 
of the ranks of the positive differences between treatment and control

Rosenbaum Sensitivity Analysis in Observational Studies, 2005

Control Treatment

85 98

82 87

102 92

… …

100 80

95 110

http://www-stat.wharton.upenn.edu/~rosenbap/BehStatSen.pdf


Sensitivity Analysis bound: An example [non-examinable]
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• S pairs, s = 1,...,S of two subjects, one treated, one control, matched for 
observed covariates


• Statistical test: Wilcoxon’s signed rank test (non-parametric), W is the sum 
of the ranks of the positive differences between treatment and control

Rosenbaum Sensitivity Analysis in Observational Studies, 2005

Control Treatment Difference

85 98 13

82 87 5

102 92 -10

… … …

100 80 -20

95 110 15

http://www-stat.wharton.upenn.edu/~rosenbap/BehStatSen.pdf


Sensitivity Analysis bound: An example [non-examinable]
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• S pairs, s = 1,...,S of two subjects, one treated, one control, matched for 
observed covariates


• Statistical test: Wilcoxon’s signed rank test (non-parametric), W is the sum 
of the ranks of the positive differences between treatment and control

Rosenbaum Sensitivity Analysis in Observational Studies, 2005

Control Treatment Difference Abs Diff

85 98 13 13

82 87 5 5

102 92 -10 10

… … … …

100 80 -20 20

95 110 15 15

http://www-stat.wharton.upenn.edu/~rosenbap/BehStatSen.pdf


Sensitivity Analysis bound: An example [non-examinable]
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• S pairs, s = 1,...,S of two subjects, one treated, one control, matched for 
observed covariates


• Statistical test: Wilcoxon’s signed rank test (non-parametric), W is the sum 
of the ranks of the positive differences between treatment and control

Rosenbaum Sensitivity Analysis in Observational Studies, 2005

Control Treatment Difference Abs Diff Rank

85 98 13 13 3

82 87 5 5 1

102 92 -10 10 2

… … … … Based on 
number here 

100 80 -20 20 5

95 110 15 15 4

http://www-stat.wharton.upenn.edu/~rosenbap/BehStatSen.pdf


Sensitivity Analysis bound: An example [non-examinable]

33

• S pairs, s = 1,...,S of two subjects, one treated, one control, matched for 
observed covariates


• Statistical test: Wilcoxon’s signed rank test (non-parametric), W is the sum 
of the ranks of the positive differences between treatment and control

Rosenbaum Sensitivity Analysis in Observational Studies, 2005

Control Treatment Difference Abs Diff Rank

85 98 13 13 3

82 87 5 5 1

102 92 -10 10 2

… … … … Based on 
number here 

100 80 -20 20 5

95 110 15 15 4

Rank sum of -ves: 7 
Rank sum of +ve: 8 
Wstat = 7 (the smaller of above) 

Wcritical: Look-up table 
Total number of individuals: N 
Threshold: 0.05

If Wstat < Wcritical reject  
i.e. drug group significantly 
different from control

http://www-stat.wharton.upenn.edu/~rosenbap/BehStatSen.pdf


Sensitivity Analysis bound: An example [non-examinable]
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• S pairs, s = 1,...,S of two subjects, one treated, one control, matched for 
observed covariates


• Statistical test: Wilcoxon’s signed rank test (non-parametric), W is the sum 
of the ranks of the positive differences between treatment and control


• In a moderately large randomized (here matched) experiment, under the 
null hypothesis of no effect, W is approximately normally distributed

Rosenbaum Sensitivity Analysis in Observational Studies, 2005

E[W ] = S(S + 1)/4 , Var[W ] = S(S + 1)(2S + 1)/24

http://www-stat.wharton.upenn.edu/~rosenbap/BehStatSen.pdf


Sensitivity Analysis bound: An example [non-examinable]

35 Rosenbaum Sensitivity Analysis in Observational Studies, 2005

•Example: W=300, S=25 pairs in a randomised experiment

•In a randomised experiment ( , well-matched):


•Compared to a normal distribution: p-value = 0.0001

•In a moderately large observational study, under the null 

hypothesis of no effect, the distribution of W is approximately 
bounded between two Normal distributions (notice: )
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E[W ] = 162.5 , Var[W ] = 1381.25 , deviate Z = (300� 162.5)/
p
1381.25 = 3.70

µmax = �S(S + 1)/2 , µmin = (1� �)S(S + 1)/2

�2 = �(1� �)S(S + 1)(2S + 1)/6

� = �/(1 + �) Notice 
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http://www-stat.wharton.upenn.edu/~rosenbap/BehStatSen.pdf


Sensitivity Analysis bound: An example [non-examinable]

•Example: W=300, S=25 pairs in a randomised experiment

•For , 


•For the tobacco and lung cancer example,            .


� = 2 � = �/(1 + �) = 2/3

µmax = �S(S + 1)/2 = 216.67 , µmin = (1� �)S(S + 1)/2 = 108.33

�2 = �(1� �)S(S + 1)(2S + 1)/6 = 1227.78

Z1 = 5.47 ) p = 0.00000002

Z2 = 2.38 ) p = 0.009 still significant, even with � = 2

Notice: Here there are two sources of uncertainty:

1) Due to the causal statistical estimates

2) Due to sensitivity analysis (of unobserved variables, bias)

� = 6



School of Informatics 
2023-2024

Ava Khamseh

Methods for Causal Inference 
Lecture 7: Sensitivity Analysis


