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Observation (conditioning) vs intervention

Distinguish between: a variable T takes a value t naturally and cases 

where we fix T=t by denoting the latter do(T=t)

p(Y = y|T = t)

<latexit sha1_base64="VTZLR28zxeG/sVZImj1iLCxMUgo=">AAAB8XicdVDLSgMxFM34rPVVdekmWIS6KZmh2HZRKLpxWaEvbYeSSTNtaCYzJBmhjP0LNy4UcevfuPNvzLQVVPTAhcM593LvPV7EmdIIfVgrq2vrG5uZrez2zu7efu7gsK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KZ+p07KhULRVNPI+oGeCSYzwjWRrqNCje16X2zps8GuTwqInRuOw40pOqgStkQxy6jShXaxkqRB0 s0Brn3/jAkcUCFJhwr1bNRpN0ES80Ip7NsP1Y0wmSCR7RnqMABVW4yv3gGT40yhH4oTQkN5+r3iQQHSk0Dz3QGWI/Vby8V//J6sfYrbsJEFGsqyGKRH3OoQ5i+D4dMUqL51BBMJDO3QjLGEhNtQsqaEL4+hf+TtlO0S8XSdSlfv1jGkQHH4AQUgA3KoA6uQAO0AAECPIAn8Gwp69F6sV4XrSvWcuYI/ID19gnxMJB2</latexit>

Probability that Y=y conditional on finding T=t 

i.e., population distribution of Y among individuals 

whose T value is t (subset)

p(Y = y|do(T = t))

<latexit sha1_base64="VOPkDvOp5hzMwr6iTXO7XoBs4yI=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAjtpiSh2HZRKLpxWaEvaWOZTCbt0EkmzEyUEvsfblwo4tZ/ceffOGkrqOiBC4dz7uXee9yIUalM88NYWV1b39jMbGW3d3b39nMHhx3JY4FJG3PGRc9FkjAakraiipFeJAgKXEa67uQi9bu3REjKw5aaRsQJ0CikPsVIaekmKlzXp/ceL7Tqqlgc5vJmyTTPLNuGmtRss1rRxLYqZrUGLW2lyIMlmsPc+8DjOA5IqDBDUvYtM1JOgoSimJFZdhBLEiE8QSPS1zREAZFOMr96Bk+14kGfC12hgnP1+0SCAimngas7A6TG8reXin95/Vj5VSehYRQrEuLFIj9mUHGYRgA9KghWbKoJwoLqWyEeI4Gw0kFldQhfn8L/SccuWeVS+aqcb5wv48iAY3ACCsACFdAAl6AJ2gADAR7AE3g27oxH48V4XbSuGMuZI/ADxtsnT6mRwg==</latexit>

Probability that Y=y when we intervene to make T=t 

i.e., population distribution of Y if everyone in the population had 

their T value fixed at t. Graph surgery 

Pearl, Causal Inference in Statistics (2016)
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Structural Causal Models (SCM)

An SCM consists of d structural assignments 

Jonas Peters et al, Elements of Causal Inference (2017) 

Xj := fj(PAj , Nj) , j = 1, · · · , d

<latexit sha1_base64="v4GUsHI4bH1BxI5nHFrVSjbpuvQ="></latexit>

Parents of Xj , i.e., direct causes of Xj Jointly independent noise variables



Intervention vs observation: Example

• Consider the following causal model with structure equations:  

where,                                            , are independent and iid. We expect: 

• Apply do(C):  
• The new distribution  
• Since there are no other confounders:  

Jonas Peters et al, Elements of Causal Inference (2017) 

NC , NE ⇠ N (0, 1)
<latexit sha1_base64="I4hnUxQxvCnRPwZt+4AbbYQAafc="></latexit>

C := NC
<latexit sha1_base64="Ti8iniwo6wZxHTmpBqukZh5uL0A=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKexuQmIEIZiLJ4lgHpAsYXYymwyZfTgzK4QlP+HFgyJe/R1v/o2zSQQVLWgoqrrp7nIjzqQyzQ8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404aqd+5p0KyMLhV04g6Ph4FzGMEKy11G+j8Al0PGoN8wSyaZs2sVJEmtZJdLmliWxWraiFLWykKsERzkH/vD0MS+zRQhGMpe5YZKSfBQjHC6SzXjyWNMJngEe1pGmCfSieZ3ztDJ1oZIi8UugKF5ur3iQT7Uk59V3f6WI3lby8V//J6sfLOnIQFUaxoQBaLvJgjFaL0eTRkghLFp5pgIpi+FZExFpgoHVFOh/D1KfqftO2iVSraN+VC/XIZRxaO4BhOwYIq1OEKmtACAhwe4AmejTvj0XgxXhetGWM5cwg/YLx9AnlKjvU=</latexit>

E := 4 · C +NE
<latexit sha1_base64="meGaJJeMkjlAl4WyKPho+EtAGQo=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJKkpbWCUCwFV1LBPqANYTKZtEMnD2YmQi3FX3HjQhG3/oc7/8ZJW0FFD1w4nHMv997jxowKaRgf2sLi0vLKamYtu76xubWt7+y2RJRwTJo4YhHvuEgQRkPSlFQy0ok5QYHLSNsd1lK/fUu4oFF4I0cxsQPUD6lPMZJKcvT9Ojw7h0XYw14kYQ2ewCun7ug5I28YFaNUhopUClaxoIhllsyyCU1lpciBORqO/t7zIpwEJJSYISG6phFLe4y4pJiRSbaXCBIjPER90lU0RAER9nh6/QQeKcWDfsRVhRJO1e8TYxQIMQpc1RkgORC/vVT8y+sm0j+1xzSME0lCPFvkJwzKCKZRQI9ygiUbKYIwp+pWiAeIIyxVYFkVwten8H/SsvJmIW9dF3PVi3kcGXAADsExMEEZVMElaIAmwOAOPIAn8Kzda4/ai/Y6a13Q5jN74Ae0t0+lA5LK</latexit>

C E
Random  

Variables

do(c) E

p(E|do(C)) 6= p(E)
<latexit sha1_base64="GtgFUHmgfWQLYXvTNUMTRxbb5DI=">AAAB/HicdVBdSwJBFJ21L7OvLR97GZJAX2RXRfNNkqBHg/wAXWR2HHVwdnabmQ2Wzf5KLz0U0Ws/pLf+TbNqUFEHLpw5517m3uMGjEplWR9Gam19Y3MrvZ3Z2d3bPzAPjzrSDwUmbewzX/RcJAmjnLQVVYz0AkGQ5zLSdWfNxO/eEiGpz69VFBDHQxNOxxQjpaWhmQ3yF3cjP98sFAac3ED9LAzNnFW0rLpVrUFN6uVSpaxJya7aNRva2kqQAyu0hub7YOTj0CNcYYak7NtWoJwYCUUxI/PMIJQkQHiGJqSvKUcekU68WH4OT7UygmNf6OIKLtTvEzHypIw8V3d6SE3lby8R//L6oRqfOTHlQagIx8uPxiGDyodJEnBEBcGKRZogLKjeFeIpEggrnVdGh/B1KfyfdEpFu1wsXVVyjfNVHGlwDE5AHtigBhrgErRAG2AQgQfwBJ6Ne+PReDFel60pYzWTBT9gvH0CbzKTWQ==</latexit>

p(E|do(C)) = p(E|C)
<latexit sha1_base64="w1dnf1Lf5oaLVWRwJNE53fa3+XE=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVoN2VmWlq7EIpFcFnBPqAdSiaTaUMzD5KMUMfir7hxoYhb/8Odf2OmraCiBy6cnHMvufc4EaNCGsaHtrS8srq2ntnIbm5t7+zqe/ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHGjdTv3BAuaBhcy0lEbB8NA+pRjKSSBvphlL+4c8N8o1CAZzB9NArZgZ4zioZRMypVqEitZJVLilhmxaya0FRWihxYoDnQ3/tuiGOfBBIzJETPNCJpJ4hLihmZZvuxIBHCYzQkPUUD5BNhJ7Ptp/BEKS70Qq4qkHCmfp9IkC/ExHdUp4/kSPz2UvEvrxdL79ROaBDFkgR4/pEXMyhDmEYBXcoJlmyiCMKcql0hHiGOsFSBpSF8XQr/J22raJaK1lU5Vz9fxJEBR+AY5IEJqqAOLkETtAAGt+ABPIFn7V571F6013nrkraYOQA/oL19Atv4kuk=</latexit>



Intervention vs observation: Example
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• Apply do(C):  
• The new distribution  
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• The new distribution  
• Since there are no other confounders: 

Jonas Peters et al, Elements of Causal Inference (2017) 

NC , NE ⇠ N (0, 1)
<latexit sha1_base64="I4hnUxQxvCnRPwZt+4AbbYQAafc="></latexit>

C := NC
<latexit sha1_base64="Ti8iniwo6wZxHTmpBqukZh5uL0A=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKexuQmIEIZiLJ4lgHpAsYXYymwyZfTgzK4QlP+HFgyJe/R1v/o2zSQQVLWgoqrrp7nIjzqQyzQ8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404aqd+5p0KyMLhV04g6Ph4FzGMEKy11G+j8Al0PGoN8wSyaZs2sVJEmtZJdLmliWxWraiFLWykKsERzkH/vD0MS+zRQhGMpe5YZKSfBQjHC6SzXjyWNMJngEe1pGmCfSieZ3ztDJ1oZIi8UugKF5ur3iQT7Uk59V3f6WI3lby8V//J6sfLOnIQFUaxoQBaLvJgjFaL0eTRkghLFp5pgIpi+FZExFpgoHVFOh/D1KfqftO2iVSraN+VC/XIZRxaO4BhOwYIq1OEKmtACAhwe4AmejTvj0XgxXhetGWM5cwg/YLx9AnlKjvU=</latexit>

E := 4 · C +NE
<latexit sha1_base64="meGaJJeMkjlAl4WyKPho+EtAGQo=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJKkpbWCUCwFV1LBPqANYTKZtEMnD2YmQi3FX3HjQhG3/oc7/8ZJW0FFD1w4nHMv997jxowKaRgf2sLi0vLKamYtu76xubWt7+y2RJRwTJo4YhHvuEgQRkPSlFQy0ok5QYHLSNsd1lK/fUu4oFF4I0cxsQPUD6lPMZJKcvT9Ojw7h0XYw14kYQ2ewCun7ug5I28YFaNUhopUClaxoIhllsyyCU1lpciBORqO/t7zIpwEJJSYISG6phFLe4y4pJiRSbaXCBIjPER90lU0RAER9nh6/QQeKcWDfsRVhRJO1e8TYxQIMQpc1RkgORC/vVT8y+sm0j+1xzSME0lCPFvkJwzKCKZRQI9ygiUbKYIwp+pWiAeIIyxVYFkVwten8H/SsvJmIW9dF3PVi3kcGXAADsExMEEZVMElaIAmwOAOPIAn8Kzda4/ai/Y6a13Q5jN74Ae0t0+lA5LK</latexit>

C E
Random  

Variables

do(c) E

p(E|do(C)) 6= p(E)
<latexit sha1_base64="GtgFUHmgfWQLYXvTNUMTRxbb5DI=">AAAB/HicdVBdSwJBFJ21L7OvLR97GZJAX2RXRfNNkqBHg/wAXWR2HHVwdnabmQ2Wzf5KLz0U0Ws/pLf+TbNqUFEHLpw5517m3uMGjEplWR9Gam19Y3MrvZ3Z2d3bPzAPjzrSDwUmbewzX/RcJAmjnLQVVYz0AkGQ5zLSdWfNxO/eEiGpz69VFBDHQxNOxxQjpaWhmQ3yF3cjP98sFAac3ED9LAzNnFW0rLpVrUFN6uVSpaxJya7aNRva2kqQAyu0hub7YOTj0CNcYYak7NtWoJwYCUUxI/PMIJQkQHiGJqSvKUcekU68WH4OT7UygmNf6OIKLtTvEzHypIw8V3d6SE3lby8R//L6oRqfOTHlQagIx8uPxiGDyodJEnBEBcGKRZogLKjeFeIpEggrnVdGh/B1KfyfdEpFu1wsXVVyjfNVHGlwDE5AHtigBhrgErRAG2AQgQfwBJ6Ne+PReDFel60pYzWTBT9gvH0CbzKTWQ==</latexit>

p(E|do(C)) = p(E|C)
<latexit sha1_base64="w1dnf1Lf5oaLVWRwJNE53fa3+XE=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVoN2VmWlq7EIpFcFnBPqAdSiaTaUMzD5KMUMfir7hxoYhb/8Odf2OmraCiBy6cnHMvufc4EaNCGsaHtrS8srq2ntnIbm5t7+zqe/ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nHGjdTv3BAuaBhcy0lEbB8NA+pRjKSSBvphlL+4c8N8o1CAZzB9NArZgZ4zioZRMypVqEitZJVLilhmxaya0FRWihxYoDnQ3/tuiGOfBBIzJETPNCJpJ4hLihmZZvuxIBHCYzQkPUUD5BNhJ7Ptp/BEKS70Qq4qkHCmfp9IkC/ExHdUp4/kSPz2UvEvrxdL79ROaBDFkgR4/pEXMyhDmEYBXcoJlmyiCMKcql0hHiGOsFSBpSF8XQr/J22raJaK1lU5Vz9fxJEBR+AY5IEJqqAOLkETtAAGt+ABPIFn7V571F6013nrkraYOQA/oL19Atv4kuk=</latexit>

p(C|do(E)) = p(C)
<latexit sha1_base64="AGipelsnaie4CZRjlmW0Pq7x2cI=">AAAB+nicdVBdSwJBFJ21L7OvtR57GZJAX2R3Fc2HQJKgR4PUQBeZnZ3VwdkPZmYLWf0pvfRQRK/9kt76N82qQUUduHDmnHuZe48TMSqkYXxombX1jc2t7HZuZ3dv/0DPH3ZFGHNMOjhkIb91kCCMBqQjqWTkNuIE+Q4jPWfSSv3eHeGChsGNnEbE9tEooB7FSCppqOejYmvmhsXLUgmeQ/UoDfWCUTaMhlGrQ0UaFataUcQya2bdhKayUhTACu2h/j5wQxz7JJCYISH6phFJO0FcUszIPDeIBYkQnqAR6SsaIJ8IO1msPoenSnGhF3JVgYQL9ftEgnwhpr6jOn0kx+K3l4p/ef1Yemd2QoMoliTAy4+8mEEZwjQH6FJOsGRTRRDmVO0K8RhxhKVKK6dC+LoU/k+6VtmslK3raqF5sYojC47BCSgCE9RBE1yBNugADO7BA3gCz9pMe9RetNdla0ZbzRyBH9DePgEp1pIA</latexit>

p(C|do(E)) 6= p(C|E)
<latexit sha1_base64="YyDyaS95hK/qAnCig+J80TbVM+M=">AAACAHicdVDLTgIxFO3gC/E16sKFm0ZiAhsyMxCQHZGQuMREwAQI6ZQCDZ12bDsmBNn4K25caIxbP8Odf2MHMFGjJ7nJ6Tn3pvceP2RUacf5sBIrq2vrG8nN1Nb2zu6evX/QVCKSmDSwYEJe+0gRRjlpaKoZuQ4lQYHPSMsfV2O/dUukooJf6UlIugEacjqgGGkj9eyjMFO964tMLZuFHU5uYPyuZVM9O+3kHKfsFEvQkHLeK+QN8dyiW3Kha6wYabBEvWe/d/oCRwHhGjOkVNt1Qt2dIqkpZmSW6kSKhAiP0ZC0DeUoIKo7nR8wg6dG6cOBkKa4hnP1+8QUBUpNAt90BkiP1G8vFv/y2pEenHWnlIeRJhwvPhpEDGoB4zRgn0qCNZsYgrCkZleIR0girE1mcQhfl8L/SdPLufmcd1lIV86XcSTBMTgBGeCCEqiAC1AHDYDBDDyAJ/Bs3VuP1ov1umhNWMuZQ/AD1tsnfCyUag==</latexit>

C do(E)



Intervention vs observation: Analytical computation

Jonas Peters et al, Elements of Causal Inference (2017) 

Using,                                                         ,                                          .  

Using,                              , and the sum of two normally distributed random 

variables is another normally distributed random variable (by convolution):

C := NC
<latexit sha1_base64="Ti8iniwo6wZxHTmpBqukZh5uL0A=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKexuQmIEIZiLJ4lgHpAsYXYymwyZfTgzK4QlP+HFgyJe/R1v/o2zSQQVLWgoqrrp7nIjzqQyzQ8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404aqd+5p0KyMLhV04g6Ph4FzGMEKy11G+j8Al0PGoN8wSyaZs2sVJEmtZJdLmliWxWraiFLWykKsERzkH/vD0MS+zRQhGMpe5YZKSfBQjHC6SzXjyWNMJngEe1pGmCfSieZ3ztDJ1oZIi8UugKF5ur3iQT7Uk59V3f6WI3lby8V//J6sfLOnIQFUaxoQBaLvJgjFaL0eTRkghLFp5pgIpi+FZExFpgoHVFOh/D1KfqftO2iVSraN+VC/XIZRxaO4BhOwYIq1OEKmtACAhwe4AmejTvj0XgxXhetGWM5cwg/YLx9AnlKjvU=</latexit>

E := 4 · C +NE
<latexit sha1_base64="meGaJJeMkjlAl4WyKPho+EtAGQo=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJKkpbWCUCwFV1LBPqANYTKZtEMnD2YmQi3FX3HjQhG3/oc7/8ZJW0FFD1w4nHMv997jxowKaRgf2sLi0vLKamYtu76xubWt7+y2RJRwTJo4YhHvuEgQRkPSlFQy0ok5QYHLSNsd1lK/fUu4oFF4I0cxsQPUD6lPMZJKcvT9Ojw7h0XYw14kYQ2ewCun7ug5I28YFaNUhopUClaxoIhllsyyCU1lpciBORqO/t7zIpwEJJSYISG6phFLe4y4pJiRSbaXCBIjPER90lU0RAER9nh6/QQeKcWDfsRVhRJO1e8TYxQIMQpc1RkgORC/vVT8y+sm0j+1xzSME0lCPFvkJwzKCKZRQI9ygiUbKYIwp+pWiAeIIyxVYFkVwten8H/SsvJmIW9dF3PVi3kcGXAADsExMEEZVMElaIAmwOAOPIAn8Kzda4/ai/Y6a13Q5jN74Ae0t0+lA5LK</latexit>

C E

do(c) E

NC , NE ⇠ N (0, 1), NC ?? NE
<latexit sha1_base64="fNFmFSUwCAAKbdIFeittKec4WhA="></latexit>

Var[aX] = a2Var[X]
<latexit sha1_base64="WyL4J24oZDtZLwPvBzcHoon7tCk=">AAACCHicdVA9SwNBEN3zM8avU0sLF4NgFe4uITGFELSxVDAxkJxhbrPRJXsf7M6J4Uhp41+xsVDE1p9g579xoxFU9MHA470ZZuYFiRQaHefNmpqemZ2bzy3kF5eWV1bttfWmjlPFeIPFMlatADSXIuINFCh5K1EcwkDys2BwOPbPrrjSIo5OcZhwP4SLSPQFAzRS197qIL/GrAlq1IaWvw/n3jel5XftglN0nJpTqVJDaiWvXDLEcytu1aWuscYokAmOu/ZrpxezNOQRMglat10nQT8DhYJJPsp3Us0TYAO44G1DIwi59rOPR0Z0xyg92o+VqQjph/p9IoNQ62EYmM4Q8FL/9sbiX147xf6en4koSZFH7HNRP5UUYzpOhfaE4gzl0BBgSphbKbsEBQxNdnkTwten9H/S9IpuqeidlAv1g0kcObJJtskucUmV1MkROSYNwsgNuSMP5NG6te6tJ+v5s3XKmsxskB+wXt4BkTKaVQ==</latexit>

4C ⇠ N (0, 16)
<latexit sha1_base64="r7a9JBYS8qBejjk22Xi7qMTFXww=">AAACAnicdVDLSsNAFJ34rPUVdSVuBotQQUqSltbuit24kgr2AU0ok+m0HTqThJmJUEJx46+4caGIW7/CnX/jpK2gogcuHM65l3vv8SNGpbKsD2NpeWV1bT2zkd3c2t7ZNff2WzKMBSZNHLJQdHwkCaMBaSqqGOlEgiDuM9L2x/XUb98SIWkY3KhJRDyOhgEdUIyUlnrmYakOXUk5dDlSI4xYcjXNW2d2+bRn5qyCZVWtcgVqUi06paImjl22Kza0tZUiBxZo9Mx3tx/imJNAYYak7NpWpLwECUUxI9OsG0sSITxGQ9LVNECcSC+ZvTCFJ1rpw0EodAUKztTvEwniUk64rzvTQ+VvLxX/8rqxGpx7CQ2iWJEAzxcNYgZVCNM8YJ8KghWbaIKwoPpWiEdIIKx0alkdwten8H/Scgp2seBcl3K1i0UcGXAEjkEe2KACauASNEATYHAHHsATeDbujUfjxXidty4Zi5kD8APG2yfgZ5XS</latexit>

4C ?? NE
<latexit sha1_base64="hvs/XNifmnVi5BgZGHjjtnb/BTs=">AAACAnicdVDLSgMxFM3UV62vUVfiJloEV2VmWlq7KxbBlVSwD+gMQyZN29DMgyQjlKG48VfcuFDErV/hzr8x046goicETs65l5t7vIhRIQ3jQ8stLa+sruXXCxubW9s7+u5eR4Qxx6SNQxbynocEYTQgbUklI72IE+R7jHS9STP1u7eECxoGN3IaEcdHo4AOKUZSSa5+UGlCOyI8gvZRerLHlXvh6kWjZBh1o1qDitTLVqWsiGVWzZoJTWWlKIIMLVd/twchjn0SSMyQEH3TiKSTIC4pZmRWsGNBIoQnaET6igbIJ8JJ5ivM4IlSBnAYcnUDCefq944E+UJMfU9V+kiOxW8vFf/y+rEcnjkJDaJYkgAvBg1jBmUI0zzggHKCJZsqgjCn6q8QjxFHWKrUCiqEr03h/6RjlcxyybquFBvnWRx5cAiOwSkwQQ00wCVogTbA4A48gCfwrN1rj9qL9roozWlZzz74Ae3tEzrElWw=</latexit>

E ⇠ N
�
µ4C + µNE ,�

2
4C + �2

NE

�
<latexit sha1_base64="FHFz3tCVszCeqplZSwzNFQHRDi4="></latexit>

) E ⇠ N (0, 17)
<latexit sha1_base64="yfVZkYg0fOxXqt8NMMaQUwlirVI="></latexit>

6= N (12, 1) = p(E|do(C = 3)) = p(E|C = 3)
<latexit sha1_base64="pyTqloLlgRVpPxpEL5mnBAB12fI="></latexit>

p(E) = N (0, 17) 6= N (8, 1) = p(E|do(C = 2)) = p(E|C = 2)
<latexit sha1_base64="cgWWkeMTMq+u6QqH2ZwEww1OE7Q="></latexit>

A fixed number



Intervention vs observation: Analytical computation

Jonas Peters et al, Elements of Causal Inference (2017) 

C := NC
<latexit sha1_base64="Ti8iniwo6wZxHTmpBqukZh5uL0A=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKexuQmIEIZiLJ4lgHpAsYXYymwyZfTgzK4QlP+HFgyJe/R1v/o2zSQQVLWgoqrrp7nIjzqQyzQ8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404aqd+5p0KyMLhV04g6Ph4FzGMEKy11G+j8Al0PGoN8wSyaZs2sVJEmtZJdLmliWxWraiFLWykKsERzkH/vD0MS+zRQhGMpe5YZKSfBQjHC6SzXjyWNMJngEe1pGmCfSieZ3ztDJ1oZIi8UugKF5ur3iQT7Uk59V3f6WI3lby8V//J6sfLOnIQFUaxoQBaLvJgjFaL0eTRkghLFp5pgIpi+FZExFpgoHVFOh/D1KfqftO2iVSraN+VC/XIZRxaO4BhOwYIq1OEKmtACAhwe4AmejTvj0XgxXhetGWM5cwg/YLx9AnlKjvU=</latexit>

E := 4 · C +NE
<latexit sha1_base64="meGaJJeMkjlAl4WyKPho+EtAGQo=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJKkpbWCUCwFV1LBPqANYTKZtEMnD2YmQi3FX3HjQhG3/oc7/8ZJW0FFD1w4nHMv997jxowKaRgf2sLi0vLKamYtu76xubWt7+y2RJRwTJo4YhHvuEgQRkPSlFQy0ok5QYHLSNsd1lK/fUu4oFF4I0cxsQPUD6lPMZJKcvT9Ojw7h0XYw14kYQ2ewCun7ug5I28YFaNUhopUClaxoIhllsyyCU1lpciBORqO/t7zIpwEJJSYISG6phFLe4y4pJiRSbaXCBIjPER90lU0RAER9nh6/QQeKcWDfsRVhRJO1e8TYxQIMQpc1RkgORC/vVT8y+sm0j+1xzSME0lCPFvkJwzKCKZRQI9ygiUbKYIwp+pWiAeIIyxVYFkVwten8H/SsvJmIW9dF3PVi3kcGXAADsExMEEZVMElaIAmwOAOPIAn8Kzda4/ai/Y6a13Q5jN74Ae0t0+lA5LK</latexit>

C E

NC , NE ⇠ N (0, 1), NC ?? NE
<latexit sha1_base64="fNFmFSUwCAAKbdIFeittKec4WhA="></latexit>

C do(E)

in the original distribution above

p(C|do(E = 2)) = N (0, 1) = p(C|do(E = Any r > 0)) = p(C)
<latexit sha1_base64="vaBjTYcSGA4ny/6uiLXEv7j2RVA=">AAACNHicdVBdSxtBFJ3VfmjsR2offRkMQhZKmN2IqQ8RWykIQrFgVMiGMDu5mwzOzi4zd8Ww5kf1pT+kL6Xgg0X62t/QWU2LLe2BgcM593LnnDhX0iJjX72FxQcPHz1eWq6tPHn67Hn9xeqxzQojoCcylZnTmFtQUkMPJSo4zQ3wNFZwEp/tVf7JORgrM32E0xwGKR9rmUjB0UnD+kHe3LscZc133dD3uzRKOU4EV+X7WaQgwS Z7FURGjifod39PRggXWL7RUzqjZof5Pu1SZ/rDeoO1GNtmWx3qyHY73Gw7EgZbQSeggbMqNMgch8P652iUiSIFjUJxa/sBy3FQcoNSKJjVosJCzsUZH0PfUc1TsIPyNvSMbjhlRJPMuKeR3qr3N0qeWjtNYzdZhbJ/e5X4L69fYPJ6UEqdFwha3B1KCkUxo1WDdCQNCFRTR7gw0v2Vigk3XKDrueZK+JWU/p8ch62g3Qo/bDZ2387rWCJrZJ00SUA6ZJfsk0PSI4J8JF/INfnmffKuvBvv+93ogjffeUn+gPfjJ3X4p68=</latexit>

6= p(C|E = 2)
<latexit sha1_base64="eCvXCz4fbPNB8GcCMNB3TRBXtEE=">AAAB9HicdVBdSwJBFJ21L7Mvq8dehiSwF9ldRfMhkCTo0SA/QBeZHWd1cHZ2nZkVZPN39NJDEb32Y3rr3zSrBhV14MLhnHu59x43ZFQq0/wwUmvrG5tb6e3Mzu7e/kH28Kglg0hg0sQBC0THRZIwyklTUcVIJxQE+S4jbXdcT/z2lAhJA36nZiFxfDTk1KMYKS05PU4mMMzX768v7fN+NmcWTLNqlitQk2rRLhU1sa2yVbGgpa0EObBCo5997w0CHPmEK8yQlF3LDJUTI6EoZmSe6UWShAiP0ZB0NeXIJ9KJF0fP4ZlWBtALhC6u4EL9PhEjX8qZ7+pOH6mR/O0l4l9eN1LehRNTHkaKcLxc5EUMqgAmCcABFQQrNtMEYUH1rRCPkEBY6ZwyOoSvT+H/pGUXrGLBvi3lalerONLgBJyCPLBABdTADWiAJsBgAh7AE3g2psaj8WK8LltTxmrmGPyA8fYJXiWRMQ==</latexit>

Proof: Use product rule:

For a bivariate normal distribution (2 joint normal distributions), the marginal: 

p(C|E) =
p(C,E)

p(E)
<latexit sha1_base64="wyZs2rmhjKFzXj5Xgrvt8CjXJQI=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahBSmTsdq6EIql4LKCfUBbSibNtKGZB0lGKGPBjb/ixoUibv0Jd/6N6UNQ0QNJTs65l+QeJ+RMKsv6MBILi0vLK8nV1Nr6xuaWub1Tl0EkCK2RgAei6WBJOfNpTTHFaTMUFHsOpw1nWJ74jRsqJAv8azUKacfDfZ+5jGClpa65F2bKt5XsedsVmMT6clTJjvWp966ZtnKWVURFG2pyhuyTvCY2KiB0CpG2JkiDOapd873dC0jkUV8RjqVsIStUnRgLxQin41Q7kjTEZIj7tKWpjz0qO/F0hjE81EoPuoHQy1dwqn7viLEn5chzdKWH1UD+9ibiX14rUm6xEzM/jBT1yewhN+JQBXASCOwxQYniI00wEUz/FZIB1mkoHVtKh/A1Kfyf1O0cOs7ZV/l06WIeRxLsgwOQAQgUQAlcgiqoAQLuwAN4As/GvfFovBivs9KEMe/ZBT9gvH0CvmGWUg==</latexit>

p(C|E) = N (µ̃, �̃2) s.t. µ̃ = µC + ⇢
�C

�E
(E � µE), �̃2 = �2

C

�
1� ⇢2

�
<latexit sha1_base64="tbtbqFUrS9I7ghDxpjQs1bJKbVw="></latexit>



Intervention vs observation: Analytical computation

Jonas Peters et al, Elements of Causal Inference (2017) 

C := NC
<latexit sha1_base64="Ti8iniwo6wZxHTmpBqukZh5uL0A=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKexuQmIEIZiLJ4lgHpAsYXYymwyZfTgzK4QlP+HFgyJe/R1v/o2zSQQVLWgoqrrp7nIjzqQyzQ8js7K6tr6R3cxtbe/s7uX3D9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0404aqd+5p0KyMLhV04g6Ph4FzGMEKy11G+j8Al0PGoN8wSyaZs2sVJEmtZJdLmliWxWraiFLWykKsERzkH/vD0MS+zRQhGMpe5YZKSfBQjHC6SzXjyWNMJngEe1pGmCfSieZ3ztDJ1oZIi8UugKF5ur3iQT7Uk59V3f6WI3lby8V//J6sfLOnIQFUaxoQBaLvJgjFaL0eTRkghLFp5pgIpi+FZExFpgoHVFOh/D1KfqftO2iVSraN+VC/XIZRxaO4BhOwYIq1OEKmtACAhwe4AmejTvj0XgxXhetGWM5cwg/YLx9AnlKjvU=</latexit>

E := 4 · C +NE
<latexit sha1_base64="meGaJJeMkjlAl4WyKPho+EtAGQo=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJKkpbWCUCwFV1LBPqANYTKZtEMnD2YmQi3FX3HjQhG3/oc7/8ZJW0FFD1w4nHMv997jxowKaRgf2sLi0vLKamYtu76xubWt7+y2RJRwTJo4YhHvuEgQRkPSlFQy0ok5QYHLSNsd1lK/fUu4oFF4I0cxsQPUD6lPMZJKcvT9Ojw7h0XYw14kYQ2ewCun7ug5I28YFaNUhopUClaxoIhllsyyCU1lpciBORqO/t7zIpwEJJSYISG6phFLe4y4pJiRSbaXCBIjPER90lU0RAER9nh6/QQeKcWDfsRVhRJO1e8TYxQIMQpc1RkgORC/vVT8y+sm0j+1xzSME0lCPFvkJwzKCKZRQI9ygiUbKYIwp+pWiAeIIyxVYFkVwten8H/SsvJmIW9dF3PVi3kcGXAADsExMEEZVMElaIAmwOAOPIAn8Kzda4/ai/Y6a13Q5jN74Ae0t0+lA5LK</latexit>

C E

NC , NE ⇠ N (0, 1), NC ?? NE
<latexit sha1_base64="fNFmFSUwCAAKbdIFeittKec4WhA="></latexit>

Proof (Cont.): Use Cov(aX, bY + cZ) = ab Cov(X,Y ) + ac Cov(X,Z)
<latexit sha1_base64="k7fDrcNkPoWhEgF5P9FPnnwa3oY="></latexit>

) ⇢ =
Cov(C,E)

�C�E
=

4Cov(NC , NC) + Cov(NC , NE)

�C�E
=

4p
17

<latexit sha1_base64="06FapC2tgnYpVGUwRpkLp/k20l8="></latexit>

p(C|do(E)) 6= p(C|E)
<latexit sha1_base64="YyDyaS95hK/qAnCig+J80TbVM+M=">AAACAHicdVDLTgIxFO3gC/E16sKFm0ZiAhsyMxCQHZGQuMREwAQI6ZQCDZ12bDsmBNn4K25caIxbP8Odf2MHMFGjJ7nJ6Tn3pvceP2RUacf5sBIrq2vrG8nN1Nb2zu6evX/QVCKSmDSwYEJe+0gRRjlpaKoZuQ4lQYHPSMsfV2O/dUukooJf6UlIugEacjqgGGkj9eyjMFO964tMLZuFHU5uYPyuZVM9O+3kHKfsFEvQkHLeK+QN8dyiW3Kha6wYabBEvWe/d/oCRwHhGjOkVNt1Qt2dIqkpZmSW6kSKhAiP0ZC0DeUoIKo7nR8wg6dG6cOBkKa4hnP1+8QUBUpNAt90BkiP1G8vFv/y2pEenHWnlIeRJhwvPhpEDGoB4zRgn0qCNZsYgrCkZleIR0girE1mcQhfl8L/SdPLufmcd1lIV86XcSTBMTgBGeCCEqiAC1AHDYDBDDyAJ/Bs3VuP1ov1umhNWMuZQ/AD1tsnfCyUag==</latexit>

) p(C|E = 2) = N
✓

8

17
,�2 =

1

17

◆
)

<latexit sha1_base64="0jCzIDRfln75luFxOgGNfwP3y8s=">AAACR3icdVBNaxNBGJ5N1db4Feuxl8EgpCBhZ01NPARKi9BTaYtJC9k0vDuZTYbMfjDzriVs99956bU3/4IXD5bi0dkkQhR9YODhed6PeZ8gVdKg6351KhsPHj7a3HpcffL02fMXtZfbfZNkmoseT1SiLwIwQslY9FCiEhepFhAFSpwHs8PSP/8stJFJ/AnnqRhGMIllKDmglUa1S/9MTqYIWidXNG0cXn/seru0S/0IcMpB5c eFr0SIDT/UwPNOkbN28dY3chLBpdddqmyh+rqctEvXJlZHtbrbdN0O63jUkg/M22tZ4rE2Y+8ps1aJOlnhZFS79ccJzyIRI1dgzIC5KQ5z0Ci5EkXVz4xIgc9gIgaWxhAJM8wXORT0jVXGNEy0fTHShbrekUNkzDwKbGV5nvnbK8V/eYMMw84wl3GaoYj5clGYKYoJLUOlY6kFRzW3BLiW9q+UT8FGgzb6MoTfl9L/k77XZO+a3mmrvn+wimOL7JDXpEEYaZN9ckROSI9w8oV8Iz/InXPjfHfunZ/L0oqz6nlF/kDF+QXPTLFY</latexit>



The adjustment formula

To know how effective the drugs is in the population, compare the hypothetical 

interventions by which 

(i) the drug is administered uniformly to the entire population do(T=1) vs  

(ii) complement, i.e., everyone is prevented from taking the drug do(T=0)  

Aim: Estimate the difference (Average Causal Effect ACE, aka ATE)

T: Drug usage 
X: Sex 
Y: Recovery 

YT

X

p(Y = 1|do(T = 1))� p(Y = 1|do(T = 0))

<latexit sha1_base64="RwaKN6W4Vkpz4V9W+RPWpQ2++hw=">AAACBnicdVDLSgMxFM3UV62vUZciBIvQLiyZodh2USi6cVmhL2mHkknTNjTzIMkIpXblxl9x40IRt36DO//GTFuhih64cHLOveTe44acSYXQp5FYWV1b30hupra2d3b3zP2DhgwiQWidBDwQLRdLyplP64opTluhoNhzOW26o8vYb95SIVng19Q4pI6HBz7rM4KVlrrmcZi5KVt3vSBTK1vZ7NnSE2WzXTONcgidW7YNNSnZqFjQxLYKqFiClrZipMEC1a750ekFJPKorwjHUrYtFCpngoVihNNpqhNJGmIywgPa1tTHHpXOZHbGFJ5qpQf7gdDlKzhTlycm2JNy7Lm608NqKH97sfiX145Uv+hMmB9Givpk/lE/4lAFMM4E9pigRPGxJpgIpneFZIgFJkonl9IhfF8K/ycNO2flc/nrfLpysYgjCY7ACcgACxRABVyBKqgDAu7BI3gGL8aD8WS8Gm/z1oSxmDkEP2C8fwGqEpYU</latexit>

Pearl, Causal Inference in Statistics (2016)



The adjustment formula

Pearl, Causal Inference in Statistics (2016)

Using a causal theory, we aim to write                                                 in terms of 

quantities we can compute from the data, i.e., conditional probabilities.  

The causal effect                                                  is equal to conditional probability                                   

in the manipulated graph 

Key observation:          shares 2 properties with     : 

(i)                                               is invariant under the intervention, X is not affected by 

removing the arrow from X to T, i.e. the proportion of males and females 

remain the same before and after the intervention 

(ii)                                                                                                       is invariant

p(Y = y|do(T = t))

<latexit sha1_base64="VOPkDvOp5hzMwr6iTXO7XoBs4yI=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAjtpiSh2HZRKLpxWaEvaWOZTCbt0EkmzEyUEvsfblwo4tZ/ceffOGkrqOiBC4dz7uXee9yIUalM88NYWV1b39jMbGW3d3b39nMHhx3JY4FJG3PGRc9FkjAakraiipFeJAgKXEa67uQi9bu3REjKw5aaRsQJ0CikPsVIaekmKlzXp/ceL7Tqqlgc5vJmyTTPLNuGmtRss1rRxLYqZrUGLW2lyIMlmsPc+8DjOA5IqDBDUvYtM1JOgoSimJFZdhBLEiE8QSPS1zREAZFOMr96Bk+14kGfC12hgnP1+0SCAimngas7A6TG8reXin95/Vj5VSehYRQrEuLFIj9mUHGYRgA9KghWbKoJwoLqWyEeI4Gw0kFldQhfn8L/SccuWeVS+aqcb5wv48iAY3ACCsACFdAAl6AJ2gADAR7AE3g27oxH48V4XbSuGMuZI/ADxtsnT6mRwg==</latexit>

p(Y = y|do(T = t))

<latexit sha1_base64="VOPkDvOp5hzMwr6iTXO7XoBs4yI=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAjtpiSh2HZRKLpxWaEvaWOZTCbt0EkmzEyUEvsfblwo4tZ/ceffOGkrqOiBC4dz7uXee9yIUalM88NYWV1b39jMbGW3d3b39nMHhx3JY4FJG3PGRc9FkjAakraiipFeJAgKXEa67uQi9bu3REjKw5aaRsQJ0CikPsVIaekmKlzXp/ceL7Tqqlgc5vJmyTTPLNuGmtRss1rRxLYqZrUGLW2lyIMlmsPc+8DjOA5IqDBDUvYtM1JOgoSimJFZdhBLEiE8QSPS1zREAZFOMr96Bk+14kGfC12hgnP1+0SCAimngas7A6TG8reXin95/Vj5VSehYRQrEuLFIj9mUHGYRgA9KghWbKoJwoLqWyEeI4Gw0kFldQhfn8L/SccuWeVS+aqcb5wv48iAY3ACCsACFdAAl6AJ2gADAR7AE3g27oxH48V4XbSuGMuZI/ADxtsnT6mRwg==</latexit>

pm(Y = y|T = t)

<latexit sha1_base64="dJNM2venHR6Q8CwkjQ1nk0lkhVU=">AAAB83icdVDLSgMxFM3UV62vqks3wSLUTZkZim0XhaIblxX6knYomTRtQzOZkGSEYexvuHGhiFt/xp1/Y6atoKIHLhzOuZd77/EFo0rb9oeVWVvf2NzKbud2dvf2D/KHRx0VRhKTNg5ZKHs+UoRRTtqaakZ6QhIU+Ix0/dlV6nfviFQ05C0dC+IFaMLpmGKkjTQQw6B4W4/vW3V9PswX7JJtXziuCw2puXa1YojrVOxqDTrGSlEAKzSH+ffBKMRRQLjGDCnVd2yhvQRJTTEj89wgUkQgPEMT0jeUo4AoL1ncPIdnRhnBcShNcQ0X6veJBAVKxYFvOgOkp+q3l4p/ef1Ij6teQrmINOF4uWgcMahDmAYAR1QSrFlsCMKSmlshniKJsDYx5UwIX5/C/0nHLTnlUvmmXGhcruLIghNwCorAARXQANegCdoAAwEewBN4tiLr0XqxXpetGWs1cwx+wHr7BHjXkVY=</latexit>

YT

X

pm

<latexit sha1_base64="XMYphsi8/n6TCb7nfVUkU2mlp50=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKewuwSS3oBePEc0DkiXMTmaTITOzy8ysEJZ8ghcPinj1i7z5N04egooWNBRV3XR3hQln2rjuh5NbW9/Y3MpvF3Z29/YPiodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCydXc79xTpVks78w0oYHAI8kiRrCx0m0yEINiyS277oXn+8iSuu/Wqpb4XtWt1ZFnrTlKsEJzUHzvD2OSCioN4VjrnucmJsiwMoxwOiv0U00TTCZ4RHuWSiyoDrLFqTN0ZpUhimJlSxq0UL9PZFhoPRWh7RTYjPVvby7+5fVSE9WCjMkkNVSS5aIo5cjEaP43GjJFieFTSzBRzN6KyBgrTIxNp2BD+PoU/U/aftmrlCs3lVLjchVHHk7gFM7Bgyo04Bqa0AICI3iAJ3h2uPPovDivy9acs5o5hh9w3j4BuJmOGw==</latexit>

p

<latexit sha1_base64="J1Z5k3ohnAenCFaZLrrfyXymD1s=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kuxba3ohePLdhaaJeSTdM2NptdkqxQlv4CLx4U8epP8ua/MdtWUNEHA4/3ZpiZF8SCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHR0lirI2jUSkugHRTHDJ2oYbwbqxYiQMBLsNpleZf3vPlOaRvDGzmPkhGUs+4pQYK7XiQbGEyxhfuJ6HLKl7uFa1xHOruFZHrrUylGCF5qD43h9GNAmZNFQQrXsujo2fEmU4FWxe6CeaxYROyZj1LJUkZNpPF4fO0ZlVhmgUKVvSoIX6fSIlodazMLCdITET/dvLxL+8XmJGNT/lMk4Mk3S5aJQIZCKUfY2GXDFqxMwSQhW3tyI6IYpQY7Mp2BC+PkX/k45XdivlSqtSalyu4sjDCZzCObhQhQZcQxPaQIHBAzzBs3PnPDovzuuyNeesZo7hB5y3TzhRjTs=</latexit>

pm(X = x) = p(X = x)

<latexit sha1_base64="reK38aC2tMS/D6WR4xr11y8yx0I=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxC3ZQkFNsuCkU3LivYB7QhTKaTduhMEmYmYg39EjcuFHHrp7jzb5y0FVT0wOUezrmXuXP8mFGpLOvDyK2tb2xu5bcLO7t7+0Xz4LAro0Rg0sERi0TfR5IwGpKOooqRfiwI4j4jPX96mfm9WyIkjcIbNYuJy9E4pAHFSGnJM4uxx8v95t1ZM140zyxZFcs6tx0HatJwrHpNE8euWfUGtLWVoQRWaHvm+3AU4YSTUGGGpBzYVqzcFAlFMSPzwjCRJEZ4isZkoGmIOJFuujh8Dk+1MoJBJHSFCi7U7xsp4lLOuK8nOVIT+dvLxL+8QaKCupvSME4UCfHyoSBhUEUwSwGOqCBYsZkmCAuqb4V4ggTCSmdV0CF8/RT+T7pOxa5WqtfVUutiFUceHIMTUAY2qIEWuAJt0AEYJOABPIFn4954NF6M1+VozljtHIEfMN4+ATiCki0=</latexit>

pm(Y = y|X = x, T = t) = p(Y = y|X = x, T = t)

<latexit sha1_base64="8+Y0vfM7q4dloFS/gxOy2oedy4M=">AAACCHicdVDLSgMxFM3UV62vqksXBotQQcrMUGy7KBTduKzQl7TDkEnTNjQzE5KMWGqXbvwVNy4UcesnuPNvzLQVrOiBCyfn3EvuPR5nVCrT/DQSS8srq2vJ9dTG5tb2Tnp3ryHDSGBSxyELRctDkjAakLqiipEWFwT5HiNNb3gR+80bIiQNg5oaceL4qB/QHsVIaclNH3LXz16XR3et8u1praxOynzh6aYzZs40zyzbhpqUbLNY0MS2CmaxBC1txciAOapu+qPTDXHkk0BhhqRsWyZXzhgJRTEjk1QnkoQjPER90tY0QD6Rznh6yAQea6ULe6HQFSg4VX9OjJEv5cj3dKeP1ED+9mLxL68dqV7RGdOAR4oEePZRL2JQhTBOBXapIFixkSYIC6p3hXiABMJKZ5fSIXxfCv8nDTtn5XP5q3ymcj6PIwkOwBHIAgsUQAVcgiqoAwzuwSN4Bi/Gg/FkvBpvs9aEMZ/ZBwsw3r8AT8uYRQ==</latexit>



The adjustment formula

Pearl, Causal Inference in Statistics (2016)

Moreover, T and X are d-separated in the modified model: 

YT

X

pm(X = x|T = t) = pm(X = x) = p(X = x)
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Use Pm as an  
intermediate tool
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p(Y = y|do(T = t)) =
X
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p(Y = y|T = t,X = x)p(X = x)
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Adjusting for X (controlling for X) … seen before?  

Example: T=1 taking the drug, X=1 male, Y=1 recovery

YT

X



The adjustment formula

Pearl, Causal Inference in Statistics (2016)

T=1 taking drug
X=1 male 
Y=1 recovery

p(Y = y|do(T = 1)) = p(Y = 1|T = 1, X = 1)p(X = 1) + p(Y = 1|T = 1, X = 0)p(X = 0)
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p(Y = 1|do(T = 1)) =
0.93(87 + 270)

700
+

0.73(263 + 80)

700
= 0.832
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p(Y = 1|do(T = 0)) =
0.87(87 + 270)
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+

0.69(263 + 80)

700
= 0.7818
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ACE : p(Y = 1|do(T = 1))� p(Y = 1|do(T = 0)) = 0.832� 0.7818 = 0.0505
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Stratification!

Note equivalence 
to Rubin’s FW



Pearl & Rubin 

Pearl, Causal Inference in Statistics (2016)

Pearl

E(Y |do(T = 1)) = E(Y |T = 1, X = 1)p(X = 1) + E(Y |T = 1, X = 0)p(X = 0)

E(Y |do(T = 0)) = E(Y |T = 0, X = 1)p(X = 1) + E(Y |T = 0, X = 0)p(X = 0)
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E(Y |do(T = 1))� E(Y |do(T = 0))
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Rubin recall potential outcomes y0(i) and y1(i) and ATE:

⌧ = Ê[⌧ (i)] =Ê[y(i)1 � y(i)0 ] =
1

N

NX

i=0

⇣
y(i)1 � y(i)0

⌘
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=
1

N

 
X

i2males

⇣
y(i)1 � y(i)0

⌘
+

X

i2females

⇣
y(i)1 � y(i)0

⌘!

<latexit sha1_base64="joJwUBl8w18aP3J4qKZjqTwMKTA="></latexit>



Pearl: To adjust or not to adjust

Pearl, Causal Inference in Statistics (2016)

The previous example may give the impression that X-specific analysis, as 

compared to nonspecific, is the correct way forward. This is not the case.  

For example, let T=drug, Y=recovery, X= blood pressure post-treatment, 

i.e., important to take into account how the data is generated. Here, we 

know: 

(i) the drug affects recovery by lowering the blood pressure 

(ii) but it has a toxic effect for those who take it 

NB: Data (numbers) in this table are identical to those in Table 1.1.

YT

X



Pearl: To adjust or not to adjust

Pearl, Causal Inference in Statistics (2016)

YT

X

For general population, the drug might improve recovery rates because of its effect on 

blood pressure. But in low BP/high BP post-treatment subpopulations, we only observe 

the toxic effect of the drug. 

Aim, as before, to gauge the overall causal effect of the drug on recovery. 

Unlike before, it does not make sense to separate results by blood pressure as treatment 

affect recovery via reducing BP.  

Contrast this with the a situation per BP is measure before treatment and direction of 

arrow from T to X is reversed.  

Therefore, we should recommend treatment in this case because 78% < 83% .  



Pearl: To adjust or not to adjust

Pearl, Causal Inference in Statistics (2016)

Pearls algorithmic approach tells us to adjust or not. Starting with: 

                                               , intervene on T. But since no arrow is entering T, there 

will be no change in the graph:   

p(Y = 1|do(T = 1))
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p(Y = 1|do(T = 1)) = p(Y = 1|T = 1)
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X

The Causal Effect Rule: Given a graph G in which a set of variables PA are 

designated as the parents of T, the causal effect of T on Y is given by:

p(Y = y|do(T = t)) =
X

x

p(Y = y|T = t, PA = X)p(PA = X)
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The Backdoor Criterion

Pearl, Causal Inference 
 in Statistics (2016)

Under what conditions does a causal model permit computing the causal effect of one variable 

on another, from data obtained from passive observations, with no intervention? i.e., 

Under what conditions is the structure of a causal graph sufficient of computing a causal effect 

from a given data set? Identifiability 

Backdoor Criterion: Given an ordered pair of variables (T,Y) in a DAG G, a set of variables X 

satisfies the backdoor criterion relative to (T,Y) if: 

(i) no node in X is a descendent of T  

(ii) X block every path between T and Y that contains an arrow into T 

If X satisfies the backdoor criterion then the causal effect of T on Y is given by: 

p(Y = y|do(T = t)) =
X

x

p(Y = y|T = t,X = x)p(X = x)

<latexit sha1_base64="3shhAmbqFD1YUJBsFUDFvQryug4="></latexit>
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The Backdoor Criterion

Pearl, Causal Inference 
 in Statistics (2016)

Under what conditions does a causal model permit computing the causal effect of one variable 

on another, from data obtained from passive observations, with no intervention? i.e., 

Under what conditions is the structure of a causal graph sufficient of computing a causal effect 

from a given data set? Identifiability 

Backdoor Criterion: Given an ordered pair of variables (T,Y) in a DAG G, a set of variables X 

satisfies the backdoor criterion relative to (T,Y) if: 

(i) no node in X is a descendent of T  

(ii) X block every path between T and Y that contains an arrow into T 

If X satisfies the backdoor criterion then the causal effect of T on Y is given by:  

In other words, condition on a set of nodes X such that: 

(i) We block all spurious paths between T and Y 

(ii) We leave all direct paths from T to Y unperturbed 

(iii) We create no new spurious paths (do not unblock any new paths) 

p(Y = y|do(T = t)) =
X

x

p(Y = y|T = t,X = x)p(X = x)

<latexit sha1_base64="3shhAmbqFD1YUJBsFUDFvQryug4="></latexit>



The Backdoor Criterion: Example 1

Pearl, Causal Inference in Statistics (2016)

T = Drug, Y = recovery, W = weight, Z = unmeasured socioeconomic status 

Z affects both weight and choice to receive treatment (but Z data was not 

recorded) 

Can we compute the causal effect of T on Y, using W only  

(even though Z is not measured)?

Y

W

T

Z



The Backdoor Criterion: Example 1

Pearl, Causal Inference in Statistics (2016)

Y

W

T

Z

T = Drug, Y = recovery, W = weight, Z = unmeasured socioeconomic status 

Z affects both weight and choice to receive treatment (but Z data was not 

recorded) 

Can we compute the causal effect of T on Y, using W only  

(even though Z is not measured)?  

Yes:, W satisfies the back-door path because: 

(i) W blocks T <- Z -> W -> Y 

(ii) W leaves the directed path from T to Y unperturbed 

(iii) W is not a collider and is not a descendent of T

<latexit sha1_base64="EVWJUZyt6skYIrQa4awk9N0mN90="></latexit>

p(Y = y|do(T = t)) =
X

w

p(Y = y|T = t,W = w)p(W = w)



The Backdoor Criterion: Example 2

Pearl, Causal Inference in Statistics (2016)

In computing the causal effect of T on Y, which variables should/not  

we condition on?

YT

X1

X2

X5

X6

X3



The Backdoor Criterion: Example 2

Pearl, Causal Inference in Statistics (2016)

In computing the causal effect of T on Y, which variables should/not  

we condition on?

YT

X1

X2

X5

X6

X3

NOT X5 and X6 

Because descendants of T 

and colliders, i.e., 

Conditioning opens a new 

path between T and X!

Condition on X1 

Condition on either or 

both X2, X3



The Backdoor Criterion: Example 3

Pearl, Causal Inference in Statistics (2016)

Previous examples might have given the impression that  

“We should never contain on colliders!”

YT

Z
X1 X3



The Backdoor Criterion: Example 3

Pearl, Causal Inference in Statistics (2016)

YT

Z
X1 X3

Previous examples might have given the impression that  

“We should never contain on colliders!” 

This is not correct, because sometimes it’s unavoidable: 

In this case, we need to condition on Z to stop the backdoor T <- Z -> Y 

But then, this opens a new backdoor T <- X1 -> Z <- X2  -> Y 

So we need to condition on {Z,X1} or {Z,X2} or {Z,X1,X2} 

Therefore, even though Z is a collider, we managed to get causal identifiably



Rubin & Pearl

Pearl, Causal Inference in Statistics (2016)

Rubin Pearl

SUTVA
Implicit assumption of no interference between 

any pairs of individual

Unconfoundedness Back-door criterion satisfied

Potential outcomes: y0(i), y1(i) 

Observed: y0(i), Unobserved: y*1(i)

Counterfactuals are equivalent to individual 
unobserved outcomes in Rubin 

Do-operation



Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial. 

• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule 

• Lecture 3: Recap of regression, multiple regression, graphs, SCM  

• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
score 

Rubin

IV
Front-door 

criterion

Rubin, Pearl

Constraint-
based

Score-
based

FCMs
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Methods for Causal Inference 
Lecture 10: Pearl’s adjustment formula


