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So far: Interventions have been limited to actions that force a variable T to take 

on a specified value t.  

More generally: Interventions can involve dynamic policies, i.e., T is made to 

respond in a specific way to another variable Z, via.                       or 

T=t with probability  

Pearl’s Primer book Chapter 3, Page 70

<latexit sha1_base64="k+w+S/6nX6kd/FzqFRPPVrQ9xZQ=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BItQL2W37dZ6EIpePFawrdAuJZtm29hssiRZoS79D148KOLV/+PNf2O2raCiDwYe780wM8+PGFXatj+szNLyyupadj23sbm1vZPf3WsrEUtMWlgwIW98pAijnLQ01YzcRJKg0Gek448vUr9zR6Sigl/rSUS8EA05DShG2khtfTYs3h/38wW7ZNtupVaHhpyW63XXkLLjVisudIyVogAWaPbz772BwHFIuMYMKdV17Eh7CZKaYkamuV6sSITwGA1J11COQqK8ZHbtFB4ZZQADIU1xDWfq94kEhUpNQt90hkiP1G8vFf/yurEO6l5CeRRrwvF8URAzqAVMX4cDKgnWbGIIwpKaWyEeIYmwNgHlTAhfn8L/Sbtccmql6lW10DhfxJEFB+AQFIEDTkADXIImaAEMbsEDeALPlrAerRfrdd6asRYz++AHrLdPOEWO7A==</latexit>

t = g(z)
<latexit sha1_base64="8gBhMnEvE/QQyS9YxlOE5+Lw+NU=">AAAB7XicdVDLTgIxFO34RHyhLt00EhPckBlgcNwR3bjERB4JTEinFKh02knbMcGRf3DjQmPc+j/u/Bs7gIkaPclNTs65N/feE0SMKm3bH9bS8srq2npmI7u5tb2zm9vbbyoRS0waWDAh2wFShFFOGppqRtqRJCgMGGkF44vUb90Sqajg13oSET9EQ04HFCNtpGa9oO/vTnq5vF20bbdc9aAhZyXPcw0pOW6l7ELHWCnyYIF6L/fe7Qsch4RrzJBSHceOtJ8gqSlmZJrtxopECI/RkHQM5Sgkyk9m107hsVH6cCCkKa7hTP0+kaBQqUkYmM4Q6ZH67aXiX14n1gPPTyiPYk04ni8axAxqAdPXYZ9KgjWbGIKwpOZWiEdIIqxNQFkTwten8H/SLBWdarFyVcnXzhdxZMAhOAIF4IBTUAOXoA4aAIMb8ACewLMlrEfrxXqdty5Zi5kD8APW2yd0rI8U</latexit>

P (t|z)
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So far: Interventions have been limited to actions that force a variable T to take 

on a specified value t.  

More generally: Interventions can involve dynamic policies, i.e., T is made to 

respond in a specific way to another variable Z, via.                       or 

T=t with probability 

Example: A doctor administers a drug only to patients whose temperature Z 

exceed a certain level Z=z. The action of the doctor is conditional on the value of 

Z,                                   , where  

The result of such a policy is: 

<latexit sha1_base64="k+w+S/6nX6kd/FzqFRPPVrQ9xZQ=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BItQL2W37dZ6EIpePFawrdAuJZtm29hssiRZoS79D148KOLV/+PNf2O2raCiDwYe780wM8+PGFXatj+szNLyyupadj23sbm1vZPf3WsrEUtMWlgwIW98pAijnLQ01YzcRJKg0Gek448vUr9zR6Sigl/rSUS8EA05DShG2khtfTYs3h/38wW7ZNtupVaHhpyW63XXkLLjVisudIyVogAWaPbz772BwHFIuMYMKdV17Eh7CZKaYkamuV6sSITwGA1J11COQqK8ZHbtFB4ZZQADIU1xDWfq94kEhUpNQt90hkiP1G8vFf/yurEO6l5CeRRrwvF8URAzqAVMX4cDKgnWbGIIwpKaWyEeIYmwNgHlTAhfn8L/Sbtccmql6lW10DhfxJEFB+AQFIEDTkADXIImaAEMbsEDeALPlrAerRfrdd6asRYz++AHrLdPOEWO7A==</latexit>

t = g(z)
<latexit sha1_base64="8gBhMnEvE/QQyS9YxlOE5+Lw+NU=">AAAB7XicdVDLTgIxFO34RHyhLt00EhPckBlgcNwR3bjERB4JTEinFKh02knbMcGRf3DjQmPc+j/u/Bs7gIkaPclNTs65N/feE0SMKm3bH9bS8srq2npmI7u5tb2zm9vbbyoRS0waWDAh2wFShFFOGppqRtqRJCgMGGkF44vUb90Sqajg13oSET9EQ04HFCNtpGa9oO/vTnq5vF20bbdc9aAhZyXPcw0pOW6l7ELHWCnyYIF6L/fe7Qsch4RrzJBSHceOtJ8gqSlmZJrtxopECI/RkHQM5Sgkyk9m107hsVH6cCCkKa7hTP0+kaBQqUkYmM4Q6ZH67aXiX14n1gPPTyiPYk04ni8axAxqAdPXYZ9KgjWbGIKwpOZWiEdIIqxNQFkTwten8H/SLBWdarFyVcnXzhdxZMAhOAIF4IBTUAOXoA4aAIMb8ACewLMlrEfrxXqdty5Zi5kD8APW2yd0rI8U</latexit>

P (t|z)

<latexit sha1_base64="F7vr5iTxKqDXM4EOl6xGuO7lKlo=">AAAB8XicdVBNT8JAEN3iF+IX6tHLRmICF9ICRTyYEL14xASQAA3ZbrewYbttdrcmpOFfePGgMV79N978N24BEzX6kkle3pvJzDw3YlQq0/wwMmvrG5tb2e3czu7e/kH+8Kgrw1hg0sEhC0XPRZIwyklHUcVILxIEBS4jd+70OvXv7omQNORtNYuIE6Axpz7FSGmp74XF9uW42C+VRvmCWTZNu1pvQE0uKo2GrUnFsmtVG1raSlEAK7RG+fehF+I4IFxhhqQcWGaknAQJRTEj89wwliRCeIrGZKApRwGRTrK4eA7PtOJBPxS6uIIL9ftEggIpZ4GrOwOkJvK3l4p/eYNY+Q0noTyKFeF4uciPGVQhTN+HHhUEKzbTBGFB9a0QT5BAWOmQcjqEr0/h/6RbKVv1cu22VmhereLIghNwCorAAuegCW5AC3QABhw8gCfwbEjj0XgxXpetGWM1cwx+wHj7BC6uj/g=</latexit>

do(T = g(Z))
<latexit sha1_base64="fdjlz72e8QBMo40w5Gcczl/FNO8="></latexit>

g(Z) =

(
1 when Z > z

0 otherwise

<latexit sha1_base64="Z6w/wnl8dmU5ZtcBwgqjiYRueho=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VoNyVpmxoXhaIblxX60raUyWTSDp08mJkUSuyfuHGhiFv/xJ1/4/QhqOiBC4dz7uXee5yIUSEN40NLra1vbG6ltzM7u3v7B/rhUUuEMcekiUMW8o6DBGE0IE1JJSOdiBPkO4y0nfHV3G9PCBc0DBpyGpG+j4YB9ShGUkkDXY9yt9XpvRvmGtVh7i6fH+hZo2AYVqliQ0UuirZtKVI0rXLJgqay5siCFeoD/b3nhjj2SSAxQ0J0TSOS/QRxSTEjs0wvFiRCeIyGpKtogHwi+sni8hk8U4oLvZCrCiRcqN8nEuQLMfUd1ekjORK/vbn4l9eNpWf3ExpEsSQBXi7yYgZlCOcxQJdygiWbKoIwp+pWiEeIIyxVWBkVwten8H/SKhbMSqF8U87WLldxpMEJOAU5YIJzUAPXoA6aAIMJeABP4FlLtEftRXtdtqa01cwx+AHt7RPb2JKI</latexit>

p(Y = y|do(T = g(Z))

Make stochastic (to avoid positivity violation, e.g. 75% vs 25%)

50%, 50%



Conditional Interventions & Covariate-specific effects

4

“z-specific effect” of T on Y:  

Distribution of Y in a subset of the population for which Z=z  

(Recall, ATE vs CATE) 

Example: How does the treatment affect a specific age group, or  

individuals with blood sugar levels = z, etc. 

We will use the adjustment formula, but modified for the conditional case above: 

Paths need to remain blocked when we additionally condition on Z.

<latexit sha1_base64="Pv7K1Epf6QIdU8LFnt5bkxDxZv8=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoOQgISZbMZDIOjFY4QsajKEnp6epEnPQnePGGN+xYsHRbz6I978G3uSCCr6oODxXhVV9eyQUSEN40NLLC2vrK4l11Mbm1vbO/puui2CiGPSwgEL+KWNBGHUJy1JJSOXISfIsxnp2KOz2O/cEC5o4DflOCSWhwY+dSlGUkl9PR1mr2rjeyfINmsyd3Rdu8v19YyRN4xysVKFipwUqtWyIgWzXCqWoamsGBmwQKOvv/ecAEce8SVmSIiuaYTSmiAuKWZkmupFgoQIj9CAdBX1kUeENZndPoWHSnGgG3BVvoQz9fvEBHlCjD1bdXpIDsVvLxb/8rqRdKvWhPphJImP54vciEEZwDgI6FBOsGRjRRDmVN0K8RBxhKWKK6VC+PoU/k/ahbxZyZcuSpn66SKOJNgHByALTHAM6uAcNEALYHALHsATeNam2qP2or3OWxPaYmYP/ID29glf/pNk</latexit>

p(Y = y|do(T = t), Z = z)
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“z-specific effect” of T on Y:  

Distribution of Y in a subset of the population for which Z=z  

(Recall, ATE vs CATE) 

Example: How does the treatment affect a specific age group, or  

individuals with blood sugar levels = z, etc. 

We will use the adjustment formula, but modified for the conditional case above: 

Paths need to remain blocked when we additionally condition on Z. 

The z-specific effect                                                                  is identified whenever we can 

measure a set S of variable such that                  satisfies the backdoor criterion. The 

z-specific effect is given by the modified adjustment formula: 

<latexit sha1_base64="Pv7K1Epf6QIdU8LFnt5bkxDxZv8=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoOQgISZbMZDIOjFY4QsajKEnp6epEnPQnePGGN+xYsHRbz6I978G3uSCCr6oODxXhVV9eyQUSEN40NLLC2vrK4l11Mbm1vbO/puui2CiGPSwgEL+KWNBGHUJy1JJSOXISfIsxnp2KOz2O/cEC5o4DflOCSWhwY+dSlGUkl9PR1mr2rjeyfINmsyd3Rdu8v19YyRN4xysVKFipwUqtWyIgWzXCqWoamsGBmwQKOvv/ecAEce8SVmSIiuaYTSmiAuKWZkmupFgoQIj9CAdBX1kUeENZndPoWHSnGgG3BVvoQz9fvEBHlCjD1bdXpIDsVvLxb/8rqRdKvWhPphJImP54vciEEZwDgI6FBOsGRjRRDmVN0K8RBxhKWKK6VC+PoU/k/ahbxZyZcuSpn66SKOJNgHByALTHAM6uAcNEALYHALHsATeNam2qP2or3OWxPaYmYP/ID29glf/pNk</latexit>

p(Y = y|do(T = t), Z = z)

<latexit sha1_base64="Pv7K1Epf6QIdU8LFnt5bkxDxZv8=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoOQgISZbMZDIOjFY4QsajKEnp6epEnPQnePGGN+xYsHRbz6I978G3uSCCr6oODxXhVV9eyQUSEN40NLLC2vrK4l11Mbm1vbO/puui2CiGPSwgEL+KWNBGHUJy1JJSOXISfIsxnp2KOz2O/cEC5o4DflOCSWhwY+dSlGUkl9PR1mr2rjeyfINmsyd3Rdu8v19YyRN4xysVKFipwUqtWyIgWzXCqWoamsGBmwQKOvv/ecAEce8SVmSIiuaYTSmiAuKWZkmupFgoQIj9CAdBX1kUeENZndPoWHSnGgG3BVvoQz9fvEBHlCjD1bdXpIDsVvLxb/8rqRdKvWhPphJImP54vciEEZwDgI6FBOsGRjRRDmVN0K8RBxhKWKK6VC+PoU/k/ahbxZyZcuSpn66SKOJNgHByALTHAM6uAcNEALYHALHsATeNam2qP2or3OWxPaYmYP/ID29glf/pNk</latexit>

p(Y = y|do(T = t), Z = z)
<latexit sha1_base64="vPGpUxIk4hUqTC6yYGlMcqMWLYg=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBA8hd0kG9db0IvHiOaByRJmJ7PJkNmHM7NCWPITXjwo4tXf8ebfOJtEUNGChqKqm+4uL+ZMKtP8MJaWV1bX1nMb+c2t7Z3dwt5+S0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa98UXmt++pkCwKb9Qkpm6AhyHzGcFKS51r1CNJjG77haJZMk27UnOQJmdlx7E1KVt2tWIjS1sZirBAo1947w0ikgQ0VIRjKbuWGSs3xUIxwuk030skjTEZ4yHtahrigEo3nd07RcdaGSA/ErpChWbq94kUB1JOAk93BliN5G8vE//yuonyHTdlYZwoGpL5Ij/hSEUoex4NmKBE8YkmmAimb0VkhAUmSkeU1yF8fYr+J61yyaqVqlfVYv18EUcODuEITsCCU6jDJTSgCQQ4PMATPBt3xqPxYrzOW5eMxcwB/IDx9gmNb4+u</latexit>

S [ Z

<latexit sha1_base64="pebsftwk4/7FwfYPPD1MoYNRtEY="></latexit>

p(Y = y|do(T = t), Z = z) =
X

s

p(Y = y|T = t, S = s, Z = z)P (S = s|Z = z)
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“z-specific effect” of T on Y:  

Distribution of Y in a subset of the population for which Z=z  

(Recall, ATE vs CATE) 

Example: How does the treatment affect a specific age group, or  

individuals with blood sugar levels = z, etc. 

We will use the adjustment formula, but modified for the conditional case above: 

Paths need to remain blocked when we additionally condition on Z. 

The z-specific effect                                                                  is identified whenever we can 

measure a set S of variable such that                  satisfies the backdoor criterion. The 

z-specific effect is given by the modified adjustment formula:

<latexit sha1_base64="Pv7K1Epf6QIdU8LFnt5bkxDxZv8=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoOQgISZbMZDIOjFY4QsajKEnp6epEnPQnePGGN+xYsHRbz6I978G3uSCCr6oODxXhVV9eyQUSEN40NLLC2vrK4l11Mbm1vbO/puui2CiGPSwgEL+KWNBGHUJy1JJSOXISfIsxnp2KOz2O/cEC5o4DflOCSWhwY+dSlGUkl9PR1mr2rjeyfINmsyd3Rdu8v19YyRN4xysVKFipwUqtWyIgWzXCqWoamsGBmwQKOvv/ecAEce8SVmSIiuaYTSmiAuKWZkmupFgoQIj9CAdBX1kUeENZndPoWHSnGgG3BVvoQz9fvEBHlCjD1bdXpIDsVvLxb/8rqRdKvWhPphJImP54vciEEZwDgI6FBOsGRjRRDmVN0K8RBxhKWKK6VC+PoU/k/ahbxZyZcuSpn66SKOJNgHByALTHAM6uAcNEALYHALHsATeNam2qP2or3OWxPaYmYP/ID29glf/pNk</latexit>

p(Y = y|do(T = t), Z = z)

<latexit sha1_base64="Pv7K1Epf6QIdU8LFnt5bkxDxZv8=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoOQgISZbMZDIOjFY4QsajKEnp6epEnPQnePGGN+xYsHRbz6I978G3uSCCr6oODxXhVV9eyQUSEN40NLLC2vrK4l11Mbm1vbO/puui2CiGPSwgEL+KWNBGHUJy1JJSOXISfIsxnp2KOz2O/cEC5o4DflOCSWhwY+dSlGUkl9PR1mr2rjeyfINmsyd3Rdu8v19YyRN4xysVKFipwUqtWyIgWzXCqWoamsGBmwQKOvv/ecAEce8SVmSIiuaYTSmiAuKWZkmupFgoQIj9CAdBX1kUeENZndPoWHSnGgG3BVvoQz9fvEBHlCjD1bdXpIDsVvLxb/8rqRdKvWhPphJImP54vciEEZwDgI6FBOsGRjRRDmVN0K8RBxhKWKK6VC+PoU/k/ahbxZyZcuSpn66SKOJNgHByALTHAM6uAcNEALYHALHsATeNam2qP2or3OWxPaYmYP/ID29glf/pNk</latexit>

p(Y = y|do(T = t), Z = z)
<latexit sha1_base64="vPGpUxIk4hUqTC6yYGlMcqMWLYg=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBA8hd0kG9db0IvHiOaByRJmJ7PJkNmHM7NCWPITXjwo4tXf8ebfOJtEUNGChqKqm+4uL+ZMKtP8MJaWV1bX1nMb+c2t7Z3dwt5+S0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa98UXmt++pkCwKb9Qkpm6AhyHzGcFKS51r1CNJjG77haJZMk27UnOQJmdlx7E1KVt2tWIjS1sZirBAo1947w0ikgQ0VIRjKbuWGSs3xUIxwuk030skjTEZ4yHtahrigEo3nd07RcdaGSA/ErpChWbq94kUB1JOAk93BliN5G8vE//yuonyHTdlYZwoGpL5Ij/hSEUoex4NmKBE8YkmmAimb0VkhAUmSkeU1yF8fYr+J61yyaqVqlfVYv18EUcODuEITsCCU6jDJTSgCQQ4PMATPBt3xqPxYrzOW5eMxcwB/IDx9gmNb4+u</latexit>

S [ Z

<latexit sha1_base64="pebsftwk4/7FwfYPPD1MoYNRtEY="></latexit>

p(Y = y|do(T = t), Z = z) =
X

s

p(Y = y|T = t, S = s, Z = z)P (S = s|Z = z)
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Need to ensure conditional on Z does not open back-doors, e.g.,  

if Z is a collider, we need to make sure spurious paths created by it are blocked  

Back to our z-dependent policy                                                              : 
<latexit sha1_base64="Z6w/wnl8dmU5ZtcBwgqjiYRueho=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VoNyVpmxoXhaIblxX60raUyWTSDp08mJkUSuyfuHGhiFv/xJ1/4/QhqOiBC4dz7uXee5yIUSEN40NLra1vbG6ltzM7u3v7B/rhUUuEMcekiUMW8o6DBGE0IE1JJSOdiBPkO4y0nfHV3G9PCBc0DBpyGpG+j4YB9ShGUkkDXY9yt9XpvRvmGtVh7i6fH+hZo2AYVqliQ0UuirZtKVI0rXLJgqay5siCFeoD/b3nhjj2SSAxQ0J0TSOS/QRxSTEjs0wvFiRCeIyGpKtogHwi+sni8hk8U4oLvZCrCiRcqN8nEuQLMfUd1ekjORK/vbn4l9eNpWf3ExpEsSQBXi7yYgZlCOcxQJdygiWbKoIwp+pWiEeIIyxVWBkVwten8H/SKhbMSqF8U87WLldxpMEJOAU5YIJzUAPXoA6aAIMJeABP4FlLtEftRXtdtqa01cwx+AHt7RPb2JKI</latexit>

p(Y = y|do(T = g(Z))

Since Z occurs before T

<latexit sha1_base64="60jc4LbXQVJWj+3L0tSkV6zTG0Q="></latexit>

p(Y = y|do(T = g(Z)) =
X

z

p(Y = y|do(T = g(Z)), Z = z)p(Z = z|do(T = g(Z))

=
X

z

p(Y = y|do(T = g(Z)), Z = z)p(Z = z)

=
X

z

p(Y = y|do(T = t), Z = z)|t=g(z)p(Z = z)
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Need to ensure conditional on Z does not open back-doors, e.g.,  

if Z is a collider, we need to make sure spurious paths created by it are blocked  

Back to our z-dependent policy                                                              : 
<latexit sha1_base64="Z6w/wnl8dmU5ZtcBwgqjiYRueho=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VoNyVpmxoXhaIblxX60raUyWTSDp08mJkUSuyfuHGhiFv/xJ1/4/QhqOiBC4dz7uXee5yIUSEN40NLra1vbG6ltzM7u3v7B/rhUUuEMcekiUMW8o6DBGE0IE1JJSOdiBPkO4y0nfHV3G9PCBc0DBpyGpG+j4YB9ShGUkkDXY9yt9XpvRvmGtVh7i6fH+hZo2AYVqliQ0UuirZtKVI0rXLJgqay5siCFeoD/b3nhjj2SSAxQ0J0TSOS/QRxSTEjs0wvFiRCeIyGpKtogHwi+sni8hk8U4oLvZCrCiRcqN8nEuQLMfUd1ekjORK/vbn4l9eNpWf3ExpEsSQBXi7yYgZlCOcxQJdygiWbKoIwp+pWiEeIIyxVWBkVwten8H/SKhbMSqF8U87WLldxpMEJOAU5YIJzUAPXoA6aAIMJeABP4FlLtEftRXtdtqa01cwx+AHt7RPb2JKI</latexit>

p(Y = y|do(T = g(Z))

Since Z occurs before T

<latexit sha1_base64="60jc4LbXQVJWj+3L0tSkV6zTG0Q="></latexit>

p(Y = y|do(T = g(Z)) =
X

z

p(Y = y|do(T = g(Z)), Z = z)p(Z = z|do(T = g(Z))

=
X

z

p(Y = y|do(T = g(Z)), Z = z)p(Z = z)

=
X

z

p(Y = y|do(T = t), Z = z)|t=g(z)p(Z = z)

Suppose Z only takes one value in this sum z*, then only one term Z=z* occurs in 

the sum with probability one. More generally, 

If multiple Zs can occur, the stochastic intervention is an average of the  

z-specific effects.  
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Q: What is the causal effect of T on Y?

YT

Z
B C

W

A D

Pearl’s Primer book, 3.5.1
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YT

Z
B C

W

A D

Pearl’s Primer book, 3.5.1

Q: What is the causal effect of T on Y? 

Recalling the adjustment formula, we need to condition on Z, which is a collider 

node, so need to block the spurious path by e.g., condition on A (a parent of T)

<latexit sha1_base64="65lpj4MNbaR0NBEbtwgAohYSu+s="></latexit>

p(Y = y|do(T = t)) =
X

z,a

p(Y = y|T = t, Z = z,A = a)p(Z = z,A = a)
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YT

Z
B C

W

A D

Pearl’s Primer book, 3.5.1

Q: What is the causal effect of T on Y? 

Recalling the adjustment formula, we need to condition on Z, which is a collider 

node, so need to block the spurious path by e.g., condition on C will also work:

<latexit sha1_base64="+5oGlN9dN2WCTZ1IGS8RVWF6Klc="></latexit>

p(Y = y|do(T = t)) =
X

z,c

p(Y = y|T = t, Z = z, C = c)p(Z = z, C = c)
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YT

Z
B C

W

A D

Pearl’s Primer book, 3.5.1

Q: What is the c-specific causal effect of T on Y? 

(From the rule on slide 6.)

<latexit sha1_base64="F6n+2Rph35462DJm8kmhzqGbsBk="></latexit>

p(Y = y|do(T = t), C = c) =
X

z

p(Y = y|T = t, Z = z, C = c)p(Z = z|C = c)
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YT

Z
B C

W

A D

Pearl’s Primer book, 3.5.1

Q: What is the z-specific causal effect of T on Y? 

(From the rule on slide 6.)

<latexit sha1_base64="C8sx+Aa9wbD1gLrO7y6Blh/W6EQ="></latexit>

p(Y = y|do(T = t), Z = z) =
X

c

p(Y = y|T = t, Z = z, C = c)p(C = c|Z = z)



Example: c-specific effect of T on Y

YT

Z
B C

W

A D

Pearl’s Primer book, 3.5.1

Q: What is the z-dependent causal effect of T on Y, under the strategy:
<latexit sha1_base64="h5e2lcz7TBCtdPcocVelBpaX9f8="></latexit>

g(Z) =

(
0 Z  2

1 Z > 2
where 

<latexit sha1_base64="3zE4ttAEYihuhs8IRyg+t0C1kVY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgIpSkTWrdFd24rGBbsQllMp22QyeTMDMRSqi/4saFIm79EHf+jdOHoKIHLhzOuZd77wkTRqWy7Q8jt7K6tr6R3yxsbe/s7pn7B20ZpwKTFo5ZLG5CJAmjnLQUVYzcJIKgKGSkE44vZn7njghJY36tJgkJIjTkdEAxUlrqmcVb6FMO/cyxKlbVci3Pn/bMkl22ba9aq0NNzir1uqdJxfHcqgcdbc1QAks0e+a7349xGhGuMENSdh07UUGGhKKYkWnBTyVJEB6jIelqylFEZJDNj5/CY6304SAWuriCc/X7RIYiKSdRqDsjpEbytzcT//K6qRrUg4zyJFWE48WiQcqgiuEsCdingmDFJpogLKi+FeIREggrnVdBh/D1KfyftCtlp1Z2r9xS43wZRx4cgiNwAhxwChrgEjRBC2AwAQ/gCTwb98aj8WK8LlpzxnKmCH7AePsEtviS6A==</latexit>

Z 2 {1, 2, 3, 4, 5}

<latexit sha1_base64="t+i/VdzFHy8L5GGsXIsExhhwvrI="></latexit>

p(Y = y|do(T = g(Z)) =
X

z

p(Y = y|do(T = g(Z)), Z = z)p(Z = z)

= p(Y = y|do(T = 0), Z = 1)p(Z = 1)

+ p(Y = y|do(T = 0), Z = 2)p(Z = 2)

+ p(Y = y|do(T = 1), Z = 3)p(Z = 3)

+ p(Y = y|do(T = 1), Z = 4)p(Z = 4)

+ p(Y = y|do(T = 1), Z = 5)p(Z = 5)

product rule



Example: c-specific effect of T on Y

YT

Z
B C

W

A D

Pearl’s Primer book, 3.5.1

Q: What is the z-dependent causal effect of T on Y, under the strategy:
<latexit sha1_base64="h5e2lcz7TBCtdPcocVelBpaX9f8="></latexit>

g(Z) =

(
0 Z  2

1 Z > 2
where 

<latexit sha1_base64="3zE4ttAEYihuhs8IRyg+t0C1kVY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgIpSkTWrdFd24rGBbsQllMp22QyeTMDMRSqi/4saFIm79EHf+jdOHoKIHLhzOuZd77wkTRqWy7Q8jt7K6tr6R3yxsbe/s7pn7B20ZpwKTFo5ZLG5CJAmjnLQUVYzcJIKgKGSkE44vZn7njghJY36tJgkJIjTkdEAxUlrqmcVb6FMO/cyxKlbVci3Pn/bMkl22ba9aq0NNzir1uqdJxfHcqgcdbc1QAks0e+a7349xGhGuMENSdh07UUGGhKKYkWnBTyVJEB6jIelqylFEZJDNj5/CY6304SAWuriCc/X7RIYiKSdRqDsjpEbytzcT//K6qRrUg4zyJFWE48WiQcqgiuEsCdingmDFJpogLKi+FeIREggrnVdBh/D1KfyftCtlp1Z2r9xS43wZRx4cgiNwAhxwChrgEjRBC2AwAQ/gCTwb98aj8WK8LlpzxnKmCH7AePsEtviS6A==</latexit>

Z 2 {1, 2, 3, 4, 5}

<latexit sha1_base64="t+i/VdzFHy8L5GGsXIsExhhwvrI="></latexit>

p(Y = y|do(T = g(Z)) =
X

z

p(Y = y|do(T = g(Z)), Z = z)p(Z = z)

= p(Y = y|do(T = 0), Z = 1)p(Z = 1)

+ p(Y = y|do(T = 0), Z = 2)p(Z = 2)

+ p(Y = y|do(T = 1), Z = 3)p(Z = 3)

+ p(Y = y|do(T = 1), Z = 4)p(Z = 4)

+ p(Y = y|do(T = 1), Z = 5)p(Z = 5)

product rule

Use results from the  

z-specific effect 
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Practical problem with intervention procedures: backdoor and front-door 

criteria tell us whether it is possible to predict the result of interventions, e.g., 

can be expressed in terms of observed probabilities. 

This requires conditioning on a set Z of covariates satisfying one of the criteria 

… but in practice, this conditioning may be problematic! 

For example: 

1. Z may consist of many variables, each spanning many values 

2. Number of samples with                  may be small —> poor statistics  

One approach (recall): Inverse Probability Weighing (IPW)

<latexit sha1_base64="OO/+Y/kjfTB4JUQ+KvKP/VgAXSA=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIyWWYmYQkl0jAi8cIZpEkhJ5OJ2nSs9BdIwljLv6KFw+KePUzvPk3dhZBRR8UPN6roqqeGwquwLI+jJXVtfWNzcRWcntnd28/dXBYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMdXcz8xi2Tigf+NUxC1vHIwOd9TgloqZs6DjM35Qm+w21gY4h7wTTTLI+z2W4qbZmW7eRLNrZMu5iznJImTiGfKxaxbVpzpNES1W7qvd0LaOQxH6ggSrVsK4ROTCRwKtg02Y4UCwkdkQFraeoTj6lOPH9gis+00sP9QOryAc/V7xMx8ZSaeK7u9AgM1W9vJv7ltSLolzox98MImE8Xi/qRwBDgWRq4xyWjICaaECq5vhXTIZGEgs4sqUP4+hT/T+qOaRdM5yqfrpwv40igE3SKMshGRVRBl6iKaoiiKXpAT+jZuDcejRfjddG6YixnjtAPGG+fbxWVrA==</latexit>

p(Y = y|do(X = x))

<latexit sha1_base64="7CQ+mY1cHvFD8AqXkcmIXVkWGGM=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLT0ulGKbhxWdE+sB1KJs20oZnMkGSEOvQT3LhQxK1f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF/M/PYdlYrF4kZPEupHeChYyAjWRrq+PbvvF0vIRo5bqTkQ2Y5XRm7NELdaKXsedGw0Rwks0egX33uDmKQRFZpwrFTXQYn2Myw1I5xOC71U0QSTMR7SrqECR1T52fzUKTwxygCGsTQlNJyr3ycyHCk1iQLTGWE9Ur+9mfiX1011WPMzJpJUU0EWi8KUQx3D2d9wwCQlmk8MwUQycyskIywx0Sadggnh61P4P2m5tlO13atKqX6+jCMPjsAxOAUO8EAdXIIGaAIChuABPIFni1uP1ov1umjNWcuZQ/AD1tsnePiN7g==</latexit>

Z = z
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Approach: Inverse Probability Weighing (IPW) 

Requires:  

1. Adjustment set of variables       to apply one of the criteria  

2. Corresponding propensity score function:  

<latexit sha1_base64="xTbL2zjLF/dXh0a9at1a/YLt6gU=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnrGkMlJAl48JmAWTIbQ06kkbXoWunuEMOQLvHhQxKuf5M2/sbMIKvqg4PFeFVX1gkRwpQn5sHJr6xubW/ntws7u3v5B8fCopeJUMmiyWMSyE1AFgkfQ1FwL6CQSaBgIaAeTq7nfvgepeBzd6GkCfkhHER9yRrWRGrf9YonYxHHLVQcT2/EuiFs1xK2ULzwPOzZZoIRWqPeL771BzNIQIs0EVarrkET7GZWaMwGzQi9VkFA2oSPoGhrREJSfLQ6d4TOjDPAwlqYijRfq94mMhkpNw8B0hlSP1W9vLv7ldVM9rPoZj5JUQ8SWi4apwDrG86/xgEtgWkwNoUxycytmYyop0yabggnh61P8P2m5tlOx3Ua5VLtcxZFHJ+gUnSMHeaiGrlEdNRFDgB7QE3q27qxH68V6XbbmrNXMMfoB6+0TGNKNIw==</latexit>

Z
<latexit sha1_base64="VNHLBKRlDMD2c6gDXRtPuFBo33g=">AAAB/HicdVBbSwJBFJ61m9lty8dehiRQiGV3FfXFEHrp0SAvpIvMjqMOzl6YmQ11s7/SSw9F9NoP6a1/03gJKuqDAx/fdw7nnM8NGRXSND+0xNr6xuZWcju1s7u3f6AfHjVEEHFM6jhgAW+5SBBGfVKXVDLSCjlBnstI0x1dzP3mLeGCBv61nITE8dDAp32KkVRSV08PsuOzaQ5WYJhtVcZ3N5VprqtnTMO07ELZgqZhlfKmXVbELhbypRK0DHOBDFih1tXfO70ARx7xJWZIiLZlhtKJEZcUMzJLdSJBQoRHaEDaivrII8KJF8fP4KlSerAfcFW+hAv1+0SMPCEmnqs6PSSH4rc3F//y2pHsl52Y+mEkiY+Xi/oRgzKA8yRgj3KCJZsogjCn6laIh4gjLFVeKRXC16fwf9KwDato2FeFTPV8FUcSHIMTkAUWKIEquAQ1UAcYTMADeALP2r32qL1or8vWhLaaSYMf0N4+AW+ck1w=</latexit>

g(x, z) = p(X = x|Z = z)



Justification for Inverse Probability Weighing (IPW)
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Comparison with conditional probability 

Like filtering: 

1. Omit all cases for which, e.g., X = x does not hold 

2. Normalise the surviving cases so probabilities add up to one. 

In practice, this is done by uniformly multiplying by a factor                                , i.e., 

Can think of this as the probability of each surviving case being boosted by this 

1/P(X=x) factor (uniformly so).

<latexit sha1_base64="DXjzf/eULegQyKkVXPmuexdO0Io="></latexit>

p(Y = y, Z = z|X = x) =
p(Y = y, Z = z,X = x)

p(X = x)

<latexit sha1_base64="qMMYkB7WgbyrqJv0dPJ7aUFEaiQ=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUzZiZlk43SsGNywr2ge1QMmmmDc1khiQjltK/cONCEbf+jTv/xvQhqOiBC4dz7uXee4KEM6UR+rAyK6tr6xvZzdzW9s7uXn7/oKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHQ581t3VCoWixs9Tqgf4YFgISNYG+nWgWcwKbbP7097+QKykeOWqw5EtuOVkFs1xK2US54HHRvNUQBL1Hv5924/JmlEhSYcK9VxUKL9CZaaEU6nuW6qaILJCA9ox1CBI6r8yfziKTwxSh+GsTQlNJyr3ycmOFJqHAWmM8J6qH57M/Evr5PqsOpPmEhSTQVZLApTDnUMZ+/DPpOUaD42BBPJzK2QDLHERJuQciaEr0/h/6Tp2k7Fdq/LhdrFMo4sOALHoAgc4IEauAJ10AAECPAAnsCzpaxH68V6XbRmrOXMIfgB6+0TlTaPkQ==</latexit>

1/p(X = x)
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Hypothetical probability 

Examine the population created by the operation                              , and see how 

each case is changed as a result of this operation.  

This follows from the adjustment formula w.r.t. an adjustment set Z: 

So, each case                                                       in the population has its probability (non-

uniformly!) boosted by the factor                                             .

<latexit sha1_base64="RKKWG95RvqRu517doW8f1gPrKdc=">AAAB9XicdVDJSgNBEO1xjXGLevTSGIR4GWYmIZOLEvDiMYJZIBlDT6eTNOlZ6K7RhCH/4cWDIl79F2/+jZ1FUNEHBY/3qqiq58eCK7CsD2NldW19YzOzld3e2d3bzx0cNlSUSMrqNBKRbPlEMcFDVgcOgrViyUjgC9b0R5czv3nHpOJReAOTmHkBGYS8zykBLd12gI0h7UXTQut8fNbN5S3Tsp1SxcaWabtFy6lo4pRLRdfFtmnNkUdL1Lq5904voknAQqCCKNW2rRi8lEjgVLBptpMoFhM6IgPW1jQkAVNeOr96ik+10sP9SOoKAc/V7xMpCZSaBL7uDAgM1W9vJv7ltRPoV7yUh3ECLKSLRf1EYIjwLALc45JREBNNCJVc34rpkEhCQQeV1SF8fYr/Jw3HtMumc13KVy+WcWTQMTpBBWQjF1XRFaqhOqJIogf0hJ6Ne+PReDFeF60rxnLmCP2A8fYJmrmSlQ==</latexit>

do(X = x)

<latexit sha1_base64="FcCakGZHhUG8IlAYj80CkCtfkxI="></latexit>

p(Y = y|do(X = x)) =
X

z

p(Y = y|X = x, Z = z)p(Z = z)

=
X

z

p(Y = y|X = x, Z = z)p(X = x|Z = z)p(Z = z)

p(X = x|Z = z)

=
X

z

p(Y = y,X = x, Z = z)

p(X = x|Z = z)

<latexit sha1_base64="DuPGuZ81k3rEi+gohmMD81ekJzE=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0WoUEKSlqabSsGNywr2oW0ok+m0HTp5ODMpxtDvcONCEbd+jDv/xulDUNEDFw7n3Mu997gho0IaxoeWWlldW99Ib2a2tnd297L7B00RRByTBg5YwNsuEoRRnzQklYy0Q06Q5zLScsfnM781IVzQwL+ScUgcDw19OqAYSSU5+etqXGhX7wo31fvTXjZn6IZplSomNHTTLhpWRRGrXCraNjR1Y44cWKLey753+wGOPOJLzJAQHdMIpZMgLilmZJrpRoKECI/RkHQU9ZFHhJPMj57CE6X04SDgqnwJ5+r3iQR5QsSeqzo9JEfitzcT//I6kRxUnIT6YSSJjxeLBhGDMoCzBGCfcoIlixVBmFN1K8QjxBGWKqeMCuHrU/g/aVq6Wdaty1KudraMIw2OwDHIAxPYoAYuQB00AAa34AE8gWdtoj1qL9rrojWlLWcOwQ9ob58y9ZEX</latexit>

(Y = y,X = x, Z = z)
<latexit sha1_base64="BsSxgrxn08jVNKm1fW81AhiyrlY=">AAAB9XicdVDLSgMxFM34rPVVdekmWIS6GTPT0ummUnDjsoJ9YDuWTJppQzMPkoxaa//DjQtF3Pov7vwb04egogcuHM65l3vv8WLOpELow1hYXFpeWU2tpdc3Nre2Mzu7dRklgtAaiXgkmh6WlLOQ1hRTnDZjQXHgcdrwBqcTv3FNhWRReKGGMXUD3AuZzwhWWrqy4DGMc83y7f1l+e6ok8kiE1l2oWRBZFpOHtklTexiIe840DLRFFkwR7WTeW93I5IENFSEYylbFoqVO8JCMcLpON1OJI0xGeAebWka4oBKdzS9egwPtdKFfiR0hQpO1e8TIxxIOQw83Rlg1Ze/vYn4l9dKlF9yRyyME0VDMlvkJxyqCE4igF0mKFF8qAkmgulbIeljgYnSQaV1CF+fwv9J3TatommfF7KVk3kcKbAPDkAOWMABFXAGqqAGCBDgATyBZ+PGeDRejNdZ64Ixn9kDP2C8fQKQAZFG</latexit>

1/p(X = x|Z = z)
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Simpson’s paradox: Drug that seems to help men and woman separately, but hurt 

the general population 

X = took drug, Y = recovered, Z = sex

Pearl’s Primer book, p73-74



Example on Inverse Probability Weighing (IPW)

Condition on “X = Yes”: 

Table is produced in two steps: 

1. Those with “X = No” are removed 

2. Weights in final row are renormalised (so they add up to one) by multiplying 

with the constant 1 / P(X = yes), computed by using “X = Yes” from 3.3: 
0.501

<latexit sha1_base64="wzNwPggOqCFn2ox1BzjNt0i3ZrE="></latexit>

P (Y, Z|X) =
P (Y, Z,X)

P (X)

Pearl’s Primer book, p73-74



Example on Inverse Probability Weighing (IPW)

<latexit sha1_base64="JyA6FFqX2CsMlmQl4RO8dU9LHHU=">AAACAnicdVDLSgNBEJyN7/iKehIvg0GIl2V3DSYXJeDFYwSjkSSE2UknGZx9MNMrhiV48Ve8eFDEq1/hzb9x8hBUtKChpqqb6S4/lkKj43xYmZnZufmFxaXs8srq2npuY/NCR4niUOORjFTdZxqkCKGGAiXUYwUs8CVc+tcnI//yBpQWUXiOgxhaAeuFois4QyO1c9tNhFtMO9GwUKdHdPK6Aj3cb+fyju24XrHsUsd2SweOVzbEOywelErUtZ0x8mSKajv33uxEPAkgRC6Z1g3XibGVMoWCSxhmm4mGmPFr1oOGoSELQLfS8QlDumeUDu1GylSIdKx+n0hZoPUg8E1nwLCvf3sj8S+vkWC33EpFGCcIIZ981E0kxYiO8qAdoYCjHBjCuBJmV8r7TDGOJrWsCeHrUvo/ufBs99D2zor5yvE0jkWyQ3ZJgbikRCrklFRJjXByRx7IE3m27q1H68V6nbRmrOnMFvkB6+0TI4qXRg==</latexit>

do(X = Yes)

0.247

Next, consider the population                                  : 

1. Calculate the distribution of weights, i.e., according to Table 3.3: 

 

 

 

2. Multiply weights by 1/0.247 (Z = Male) and 1/0.765 (Z = Female), obtain: 

 

 

 

 

 

 

 

We deduce: 
Pearl’s Primer book, p73-74

Be careful with 
rounding errors



Remarks on Inverse Probability Weighing (IPW)

Remarks: 

1. Redistribution of the probabilities is not uniform (cf. 3.5: Rows 1 and 2) 

2. May lead to significant computational savings: Only need to estimate the 

propensity score                                                                 for the values Z = z that are 

actually observed in the data, i.e., for at most as many Z as the sample size 

 

If Z has many more values than the sample size, this can be a great help 

3. Caution: The method of IPW to compute  

 

 

is only valid when the set of variables Z satisfies the backdoor criterion.

<latexit sha1_base64="OO/+Y/kjfTB4JUQ+KvKP/VgAXSA=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIyWWYmYQkl0jAi8cIZpEkhJ5OJ2nSs9BdIwljLv6KFw+KePUzvPk3dhZBRR8UPN6roqqeGwquwLI+jJXVtfWNzcRWcntnd28/dXBYV0EkKavRQASy6RLFBPdZDTgI1gwlI54rWMMdXcz8xi2Tigf+NUxC1vHIwOd9TgloqZs6DjM35Qm+w21gY4h7wTTTLI+z2W4qbZmW7eRLNrZMu5iznJImTiGfKxaxbVpzpNES1W7qvd0LaOQxH6ggSrVsK4ROTCRwKtg02Y4UCwkdkQFraeoTj6lOPH9gis+00sP9QOryAc/V7xMx8ZSaeK7u9AgM1W9vJv7ltSLolzox98MImE8Xi/qRwBDgWRq4xyWjICaaECq5vhXTIZGEgs4sqUP4+hT/T+qOaRdM5yqfrpwv40igE3SKMshGRVRBl6iKaoiiKXpAT+jZuDcejRfjddG6YixnjtAPGG+fbxWVrA==</latexit>

p(Y = y|do(X = x))

23

<latexit sha1_base64="VNHLBKRlDMD2c6gDXRtPuFBo33g=">AAAB/HicdVBbSwJBFJ61m9lty8dehiRQiGV3FfXFEHrp0SAvpIvMjqMOzl6YmQ11s7/SSw9F9NoP6a1/03gJKuqDAx/fdw7nnM8NGRXSND+0xNr6xuZWcju1s7u3f6AfHjVEEHFM6jhgAW+5SBBGfVKXVDLSCjlBnstI0x1dzP3mLeGCBv61nITE8dDAp32KkVRSV08PsuOzaQ5WYJhtVcZ3N5VprqtnTMO07ELZgqZhlfKmXVbELhbypRK0DHOBDFih1tXfO70ARx7xJWZIiLZlhtKJEZcUMzJLdSJBQoRHaEDaivrII8KJF8fP4KlSerAfcFW+hAv1+0SMPCEmnqs6PSSH4rc3F//y2pHsl52Y+mEkiY+Xi/oRgzKA8yRgj3KCJZsogjCn6laIh4gjLFVeKRXC16fwf9KwDato2FeFTPV8FUcSHIMTkAUWKIEquAQ1UAcYTMADeALP2r32qL1or8vWhLaaSYMf0N4+AW+ck1w=</latexit>

g(x, z) = p(X = x|Z = z)
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Mediation
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A variable may cause another, directly or indirectly through a set me mediating 

variables.  

Example: Treatment decrease blood pressure, and through this process, 

increases recovery. But treatment has a direct negative effect on recovery.  

‘Overall, is treatment good or bad?’ (We did this in lecture 10) 

‘How much of the effect is direct and how much indirect?’ Non-trivial! 

YT

X

Drug Outcome 

Blood pressure
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Q: If and to what degree a company discriminates by gender (T) in hiring (Y). 

(i) Direct discrimination based on gender (illegal) 

(ii) Indirect: Gender affects hiring practices, e.g., could be that women are more/

less likely to go in a particular field  

To answer the question, we are focusing on (i), meaning we need to keep (ii) 

steady and measure the remaining relationship between gender and hiring

YT

X

Gender Hiring 

Qualification‘With qualifications held constant,  

any change hiring would have been 

due to gender alone.’
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Q: If and to what degree a company discriminates by gender (T) in hiring (Y). 

(i) Direct discrimination based on gender (illegal) 

(ii) Indirect: Gender affects hiring practices, e.g., could be that women are more/

less likely to go in a particular field  

To answer the question, we are focusing on (i), meaning we need to keep (ii) 

steady and measure the remaining relationship between gender and hiring

YT

X

Gender Hiring 

QualificationOne way is to condition on the mediator, and see if:  

p(Hired | Female, Highly qualified) = or != 

p(Hired | Male, Highly qualified) 

If not equal, then there is a direct effect of gender on hiring
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Complication: Suppose there is a confounder for the mediator X and outcome Y. 

Individuals from higher income families are more likely to have gone to uni 

and/or have more connection that would help them get hired.  

Now, if we condition on qualification to get the direct effect, we have a collider! 

T -> X <- W -> Y

YT

X

Gender Hiring 

Qualification

W

Income
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Complication: Suppose there is a confounder for the mediator X and outcome Y. 

Individuals from higher income families are more likely to have gone to uni 

and/or have more connection that would help them get hired.  

Now, if we condition on qualification to get the direct effect, we have a collider! 

T -> X <- W -> Y 

So we have to block that path … 

YT

X

Gender Hiring 

Qualification

W

Income
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Apply the do-operator on qualification.  

In the hypothetical graph below, there are no spurious paths and only 

the direct effect remains. Again, need to reduce the do-operators to usual  

expression in terms of probabilities. We have: 

Controlled Direct Effect (CDE): 

YT

X

Gender Hiring 

Qualification

W

Income

<latexit sha1_base64="42jNN/dDVQBi07TP30w818TQbRk="></latexit>

p(Y = y|do(T = t), do(X = x))� p(Y = y|do(T = t0), do(X = x))
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Apply the do-operator on qualification.  

In the hypothetical graph below, there are no spurious paths and only 

the direct effect remains. Again, need to reduce the do-operators to usual  

expression in terms of probabilities. We have: 

Controlled Direct Effect (CDE): 

YT

X

Gender Hiring 

Qualification

W

Income

<latexit sha1_base64="42jNN/dDVQBi07TP30w818TQbRk="></latexit>

p(Y = y|do(T = t), do(X = x))� p(Y = y|do(T = t0), do(X = x))

Notice: Direct effect may differ for different values of 

X, e.g., hiring practices may discriminate against 

women in jobs requiring higher qualifications etc.
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Controlled Direct Effect (CDE): 
<latexit sha1_base64="42jNN/dDVQBi07TP30w818TQbRk="></latexit>

p(Y = y|do(T = t), do(X = x))� p(Y = y|do(T = t0), do(X = x))

There are 2 back-door paths from X to Y in the original graph:  

1) through gender T, which is blocked by T 

2) Through income W, so we condition on W

YT

X

Gender Hiring 

Qualification

W

Income

There are no backdoor paths from T to Y, hence the above is equal to: 
<latexit sha1_base64="NDVbZObGqbFuZnL+0teTjeoEYR0="></latexit>

p(Y = y|T = t, do(X = x))� p(Y = y|T = t0, do(X = x))

<latexit sha1_base64="pYgThosGECRvambyVNAS+Ih0Z5U="></latexit>X

w

⇣
p(Y = y|T = t,X = x,W = w)� p(Y = y|T = t0, X = x,W = w)

⌘
p(W = w)
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In general: the CDE of T on Y, meditated by X is identifiable if:  

1) There exits a set S1 of variables that blocks all back-door paths from X to Y 

2) There exits a set S2 of variables that blocks all back-door paths from T to Y, after 

deleting all arrows entering X.  

Remark: (2) is not necessary in randomised control trials 
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